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Abstract

In this paper we introduce the notion of (α, β, c)-interpolative metric space as an extension of

(α, c)-interpolative metric space [1]. The (α, β, c)-interpolative metric space can be regarded as a

generalization of generalized metric space [2]. Additionally, we prove the Banach contraction mapping

theorem [3] in (α, β, c)-interpolative metric space.

1 Introduction and Preliminaries

Definition 1.1. [1] Let X be a nonempty set. We say that d : X ×X 7→ [0,∞) is an (α, c)-interpolative

metric if

(a) d(x, y) = 0, if and only if, x = y, for all x, y ∈ X

(b) d(x, y) = d(y, x) for all x, y ∈ X

(c) there exists and α ∈ (0, 1) and c ≥ 0 such that

d(x, y) ≤ d(x, z) + d(z, y) + c[d(x, z)αd(z, y)1−α]

for all (x, y, z) ∈ X ×X ×X.

Then we call (X, d) an (α, c)-interpolative metric space.

Example 1.2. [1] Let (X, δ) be a metric space. Define d : X ×X 7→ [0,∞) by

d(x, y) = δ(x, y)(1 + δ(x, y)),

then (X, d) is a

(
1
2 , 2

)
- interpolative metric space.
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Theorem 1.3. [1] Let (X, d) be a complete (α, c)-interpolative metric space, and let T : X 7→ X be a

mapping. Suppose that there exists q with 0 < q < 1 such that

d(Tx, Ty) ≤ qd(x, y)

for all x, y ∈ X. Then T has a unique fixed point in X.

2 Main Result

Definition 2.1. Let X be a nonempty set. We call d : X ×X 7→ [0,∞) an (α, β, c)-interpolative metric

if

(a) 0 < d(x, y) for all x, y ∈ X and d(x, y) = 0 iff x = y

(b) d(x, y) = d(y, x) for all x, y ∈ X

(c) there exists α, β ∈ (0, 1) and c ≥ 0 such that

d(x, y) ≤ d(x,w) + d(w, z) + d(z, y) + c[d(x,w)αd(w, z)βd(z, y)1−α−β]

for all x, y ∈ X and for all distinct points w, z ∈ X − {x, y}.

Then we call (X, d) an (α, β, c)-interpolative metric space.

Example 2.2. Let (X, δ) be a generalized metric space. Define d : X ×X 7→ [0,∞) by

d(x, y) = δ(x, y)(1 + δ(x, y)),

then (X, d) is a

(
1
3 ,

1
3 , 3

)
- interpolative metric space.

Proof. Since (X, δ) is a generalized metric space, it is trivial to check (a) and (b) of Definition 2.1. Now
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we check (c) of Definition 2.1 as follows

d(x, y) = δ(x, y)(1 + δ(x, y))

≤ (δ(x,w) + δ(w, z) + δ(z, y))(1 + δ(x,w) + δ(w, z) + δ(z, y))

≤ δ(x,w)(δ(x,w) + 1) + δ(x,w)(δ(w, z) + δ(z, y)) + δ(w, z)(δ(w, z) + 1) + δ(w, z)(δ(x,w) + δ(z, y))

+ δ(z, y)(δ(z, y) + 1) + δ(z, y)(δ(x,w) + δ(w, z))

≤ δ(x,w)(δ(x,w) + 1) + δ(x,w)δ(w, z)δ(z, y) + δ(w, z)(δ(w, z) + 1) + δ(w, z)δ(x,w)δ(z, y)

+ δ(z, y)(δ(z, y) + 1) + δ(z, y)δ(x,w)δ(w, z)

≤ δ(x,w) + δ(w, z) + δ(z, y) + 3δ(x,w)δ(w, z)δ(z, y)

≤ δ(x,w) + δ(w, z) + δ(z, y) + 3δ(x,w)
1
3 (1 + δ(x,w))

2
3 δ(w, z)

1
3 (1 + δ(w, z))

2
3

δ(z, y)
1
3 (1 + δ(z, y))

2
3

≤ δ(x,w) + δ(w, z) + δ(z, y) + 3δ(x,w)
1
3 δ(w, z)

1
3 δ(z, y)

1
3

and the proof is finished.

Definition 2.3. Let (X, d) be an (α, β, c)-interpolative metric space, and let {xn} be a sequence in X.

We say that {xn} converges to x in X, if and only if, d(xn, x)→ 0 as n→∞.

Definition 2.4. Let (X, d) be an (α, β, c)-interpolative metric space, and let {xn} be a sequence in X.

We say that {xn} is a Cauchy sequence in X, if and only if, limn→∞ sup{d(xn, xm) : m > n} = 0.

Definition 2.5. Let (X, d) be an (α, β, c)-interpolative metric space. We say that (X, d) is a complete

(α, β, c)-interpolative metric space if every Cauchy sequence converges in X.

Theorem 2.6. Let (X, d) be a complete (α, β, c)-interpolative metric space, and let T : X 7→ X be a

mapping. Suppose that there exists q with 0 < q < 1 such that

d(Tx, Ty) ≤ qd(x, y)

for all x, y ∈ X. Then T has a unique fixed point in X.

Proof. Let x0 ∈ X. Define the sequence {xn} by xn+1 = Txn for all n ∈ N0. If xn0 = xn0+1 for any

n0 ∈ N0, then xn0 = xn0+1 = Txn0 and so xn0 is the fixed point of T , and the proof is finished. Now

assume that xn 6= xn+1 for all n ∈ N0, then it follows that d(xn, xn+1) > 0 for all n ∈ N0. From the

contractive condition of the theorem we have d(xn, xn+1) ≤ qd(xn, xn−1) for all n ∈ N0. Now by induction

we have

d(xn, xn+1) ≤ qnd(x0, x1)

for all n ∈ N0. Letting n → ∞ in the above inequality we deduce that limn→∞ d(xn, xn+1) = 0. Since

limn→∞ d(xn, xn+1) = 0, there exists k ∈ N such that d(xn, xn+1) ≤ 1 for all n ≥ k. Now we show that the
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obtained sequence has no periodic point. Assume that m,n ∈ N with m > n. If xn = xm, then Tn(x0) =

Tm(x0). Thus, Tm−n(Tn(x0)) = Tn(x0), hence Tn(x0) is a fixed point of Tm−n. Also T (Tm−n(Tn(x0))) =

Tm−n(T (Tn(x0))) = T (Tn(x0)). Thus, T (Tn(x0)) is a fixed point of Tm−n. Consequently, we see that

T (Tn(x0)) = Tn(x0). As a result, Tn(x0) is a fixed point of T . Now assume that xn 6= xm. We show that

the sequence {xn} is Cauchy by induction. At first, observe we have

d(xn, xn+3) ≤ d(xn, xn+1) + d(xn+1, xn+2) + d(xn+2, xn+3)

+ c[d(xn, xn+1)
αd(xn+1, xn+2)

βd(xn+2, xn+3)
1−α−β].

By letting n→∞ in the above inequality and using the fact that limn→∞ d(xn, xn+1) = 0 we deduce that

limn→∞ d(xn, xn+3) = 0. Now observe we have that

d(xn, xn+5) ≤ d(xn, xn+3) + d(xn+3, xn+4) + d(xn+4, xn+5)

+ c[d(xn, xn+3)
αd(xn+3, xn+4)

βd(xn+4, xn+5)
1−α−β].

By letting n → ∞ in the above inequality and using the fact that limn→∞ d(xn, xn+1) = 0 and

limn→∞ d(xn, xn+3) = 0 we deduce that limn→∞ d(xn, xn+5) = 0. Now assume that limn→∞ d(xn, xn+r) =

0 for some r ∈ N, and observe we have the following

d(xn, xn+r+2) ≤ d(xn, xn+r) + d(xn+r, xn+r+1) + d(xn+r+1, xn+r+2)

+ c[d(xn, xn+r)
αd(xn+r, xn+r+1)

βd(xn+r+1, xn+r+2)
1−α−β].

By letting n → ∞ in the above inequality and using the fact that limn→∞ d(xn, xn+1) = 0 and

limn→∞ d(xn, xn+r) = 0 we deduce that limn→∞ d(xn, xn+r+2) = 0. Thus, {xn} is a Cauchy sequence.

Since (x, d) is a complete (α, β, c)-interpolative metric space, the sequence {xn} converges to z ∈ X. Now

we show that z is a fixed point of T . Observe that

d(xn+1, T z) = d(Txn, T z) ≤ qd(xn, z).

By letting n → ∞ in the above inequality we deduce that d(Tz, z) = 0, that is, Tz = z. Now we show

the fixed point is unique. For this, let y 6= z be another fixed point of T . Observe we have

d(z, y) = d(Tz, Ty) ≤ qd(z, y).

The above inequality implies that (1 − q)d(z, y) ≤ 0, and since 0 < q < 1, we have d(z, y) = 0, that is

z = y, and the proof is finished.
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