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Abstract

Mono-implicit Runge-Kutta (MIRK) methods are Runge-Kutta methods having its stages depending
on its output. In this paper, we develop a family of second derivative mono-implicit Runge-Kutta
(SDMIRK) methods for the numerical solution of stiff initial value problems (IVPs) in ordinary
differential equations (ODEs). The SDMIRK methods are extension of the MIRK having first and
second derivative terms. The general order conditions for the stages and output methods are presented.
The SDMIRK methods for stages s = 3 and s = 4 derived were found to be A-stable, while methods for
s =5 and s = 6 are A(«)-stable. Implementation procedures and numerical experiment are discussed
herein. Results obtained by the SDMIRK method are favourable than the results of second derivative
backward difference formular (SDBDF) and second derivative linear multistep method (SDLMM).

1 Introduction

The modelling of physical phenomena often occur in science, engineering and economics, with some of
their applications including the determination of motion of planetary bodies, rate of decay of radioactive
elements and change in population over a period of time [5]. These mathematical models always give birth
to differential equations that contain some derivatives of unknown function with respect to independent
variables. If a differential equation involves a derivative with respect to a single dependent variable, it is
called an ordinary differential equation (ODE). Here, our focus is on a subclass of implicit Runge-Kutta
(IRK) method called mono-implicit Runge-Kutta (MIRK) method [7] for the numerical solution of stiff
initial value problems (IVPs) of ODEs in the form

y'(z) = f(z,y(x)), y(xo) = yo, (1)

where y € R™ and f : R x R™ — R™,
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Runge-Kutta method (RKM) was first proposed by Carl Runge in 1895, further contributions were
made by Heun and Martin in 1900 and 1901 respectively [10]. Most explicit RKMs have small region
of absolute stability, it is generally known that 4th order explicit RKM have a region of stability which
intersects the imaginary and the negative real axis at |hA| &~ 2.7 [12,28]. This stability limitation can be
resolved by considering IRK integrators. Ehle [19] revealed that the s-stage implicit RKMs derived by
Butcher [6,7] are all A-stable in the spirit of Dahlquist [16]. One practical disadvantage such methods suffer
is that, the solution of the non-linear implicit equations occurring at each time step is harder to achieve
than in the case of linear multistep methods. Cash [12] constructed efficient L-stable IRK methods similar
in design to the classical RKMs suitable for integration of both stiff and non-stiff systems of inherently
stable ODEs. The IRK methods derived in [12] have reasonable order accuracy while still maintaining
computational accuracy, and preserving the one-step nature of the methods. Voss and Muir [12] revealed
that the implicit Runge-Kutta methods suffer from the phenomena of order reduction when applied for
the integration of stiff ODEs; regardless of its classical order, the output method will behave as if its order
is that of its stage order. Chen [15] proposed IRK methods that prevent the methods from behaving as if
they of lower order (i.e suffering from order reduction) by extending the tableau of different types of IRK
methods to obtain methods with higher stage order. Okuonghae and Ikhile [37] considered the extension
of popular Runge-Kutta method to second derivative IRK methods for the direct solution of stiff initial
value ordinary differential equations. The use of collocation and interpolation technique was used for the
derivation of these methods. The last stage of the input approximation is identical to the output method,
and the methods examined are L(«)—stable. Several researchers have also developed IRK methods for
stiff IVPs of ODEs include [2-5, 7—10, 12, 18, 21-24,26,29,31,34,35,40,41,50-53] just to mention a few.
RKMs have also been extended to two-step RKMs (see [13-15]) and second derivative TSRK methods
(see [13]). The extension and formation of Runge-Kutta methods has given wider popularity to the RKMs.
The general form of an s—stage RKM is

Yo=yn+hY anflky), r=1(1)s,
o 2)
Yn+l = Yn + thTf(YT),
r=1

where h is the step size, s is the number of stages, Y,, r = 1(1)s are the stages and the numerical
approximation to the exact solution y(z, + ¢;h), yn+1 is the output method and approximation to the

exact solution y(x,, + h), and b, arj are real and constant coefficients.

The RKM (2) can be represented in Butcher’s tableau defined as

c| A
bT
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where A = {ar,j};ﬁ’j:l, c=(c1,ca.yc)T, b7 = (by, ba..., bs).

1.1 The Mono Inplicit Runge-Kutta Methods

Among the various sub-classes of implicit Runge-Kutta methods (IRK) been proposed for the numerical
solution of stiff ODEs is mono-implicit Runge-Kutta (MIRK) method ( [13, 14, 18, 30].
| proposed MIRK methods of orders 10 and 12 alongside their the local truncation error,

Capper and
Moore |
numerical experiments were conducted on some test problems and it was found that the order 12 scheme
provides a significantly greater accuracy than the tenth order scheme. Also, [17] investigated the conditions
to be met by MIRK methods in order to generate a mono-implicit Runge-Kutta-Nystrom (MIRKN)
method that is P-stable. [

ODEs and also derived optimal symmetric methods of orders 2, 4 and 6. |

| considered MIRKN methods that are suitable for systems of second order
| introduced continuous
MIRKN methods which allows continuous solution and derivative approximation. Most MIRK methods
do suffer order reduction (a condition where a numerical scheme converges with numerical order lower
than its theoretical order), therefore [18] proposed a generalization of MIRK methods that do not suffer
order reduction when applied for the numerical solution of stiff ODEs. The general form of a MIRK

method is defined as

r—1
Y =1 —=v)yn + 0rYnt1 + hzxr,jf(}/j), r=1,..,s,
s H 3)
YUnt1 = Yo+ 10> b f(Y),
r=1

where h is the step size, s is the number of stages, Y,, r = 1(1)s are the stages and the numerical
approximation to the exact solution y(x, + ¢;h), yn4+1 is the output method and approximation to the
exact solution y(z, + h), and b, z,; are real and constant coefficients. The MIRK method (3) can be

represented in a tableau given as

Cl | U1 0 0 0
C2 | Vg | 21 0 cee 0
clv| X .
T = ) (4)
Cs | Us | Qg1 Qg2 Ass
bl b2 . bs

where v = (v, va,...,v5)7, c = v+ Xe = (c1, o, ...,

is x,j. X is strictly lower triangular matrix.
Runge-Kutta (IRK) (2) with A = X + vb? [12].

cs)T and X is s by s matrix whose (r, j)th component
The MIRK method (3) is equivalent to the implicit
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The stability function, R(z), of the MIRK method (4) [15,35] is given by
:(z, e—v) (5)
P(z,—v) ’
where

P(z,a) =14 zb7 (I — 2X)"'a, 7 € R®,
The stability function is used to determine the stability properties of a MIRK method.
Definition 1.1. The MIRK method (3) is A—stable if |R(z)| < 1, whenever Re(z) < 0.

Definition 1.2. The MIRK method (3) is L—stable if it is A—stable and |R(z)| — 0 as z — oo.

IRK methods that satisfy Definitions 1 and 2 are suitable for the numerical solution of stiff problems (1)
[16,417]. The advantage of MIRK methods (3) is that in implementation, it attract low computational cost
in term of the number of non-linear equations to be solved. The other sections of this paper are arranged
as follows; Section 2 introduces the generalization to the second derivative mono-implicit Runge-Kutta
(SDMIRK) methods, Section 3 presents the order conditions and linear stability of the SDMIRK methods,
while in Section 4 examples of the SDMIRK methods are derived and numerical experiments are carried

out in Section 5.

2 Generalized SDMIRK Methods

Several authors have extended classical numerical methods (which includes, Runge-Kutta methods, linear
multistep methods and general linear methods) to second derivative methods, some of which are the works
of [23,29,31,33-37,39,43,47-19]. In the same spirit, the MIRK (3) is extended to SDMIRK methods.

The proposed generalized SDMIRK scheme for the numerical integration of (1) is given as:

r—1 r—1
Yr - (1 - Ur)yn + UrYn+1 + hzwr]f(yvj) + h2 Zi'rjg(y;)a r= 1(1)57
i=1 i=1

Yn+l = Yn + hz brf(Y;") + h2 ZETQ(Y;)a
r=1

r=1

where h is the step size, s is the number of stages, Y., r = 1(1)s are the stages and the numerical
approximation to the exact solution y(x, + ¢;h), yp+1 is the output method and approximation to the
exact solution y(z,+h), f(Y;) = ¢/ (xn+37h), g(Y;) = y"(xn+jh) and by, by, x, ;, T, ; are real and constant

coefficients. The abscissa ¢, = v, + Z:;ll Tpi + Z;:ll Zr; which is equivalent to ¢ = Xe + Xe + v in matrix
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form. The SDMIRK method (6) can also be written in the Butcher’s tableau as

C1|v1 |11 o Xis | X11 v T
clo| XX it :
bT BT - _ _ . ( )

Cs | Vs | Ts1 -+ Tgs | Tsl -+ Tgs

‘ ‘ by --- by | b --- b,

In this paper, the coefficients of the SDMIRK method (6) shall be presented in the tableau format (7).

3 Order Conditions and Stability of the SDMIRK Method (6)

The stages Y, = 1(1)s of the SDMIRK method (6) are of order ¢, and it is given by,
Y, = y(zn + ¢,h) + O(h4Th), r=1(1)s, (8)
and the output method ¥, is of order p, and it is given by,
Ynt1 = y(Tn + h) + O(KPT1). 9)

It is therefore possible to derive the stage order conditions and the order order conditions by expanding

(11) and (12) by Taylor series about z,,, we therefore state the following theorem.
Theorem 3.1. The stage Y, of the SODMIRK method (6) is of order q if

Xe+e=c, j=1, e=(1,1..,1)7T,

X1 n X2 n v c
G- TG
and the error constant Cyy1 of the stage Y, is

catl Xct Xcet1 )
C,1 = — < + + ) , qg>1. 11
T g+ 1) ¢ (g-1)! (¢g+1) (1)

Proof. For the stages of the SDMIRK method (6), the local truncation error (Ite) is given as
lte(xy) = y(@n + ch) — ((e — v)y(zn) + vy(zy + h) + KXY (@, + ch) + h2Xy" (x, + ch)) (12)
expanding (12) by Taylor’s series about x,, gives

lte(xn) = Coy(zn) + Crhy (x4) + Coh®y" (x4) + -+ + Cqhly D (2,) + Cq1 Ry (2,) + O(hTF2)
< Cq+1hq+1y(‘1+1)(:pn) + O(h9?).
(13)

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 583-603
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where
Co =0,

Ci=c—(Xe+e),
ngg—f—(XchXJr%),

q Xced—1 Xcd4—2
Co= 5~ (B + 5+ 41)

+1 a1
Cq+1 _ — (}({'ﬁq 4 éc_ql)! + (qﬁl)!) .

Since the method is of order ¢, then
Co=Cr=---=C; =0,
and Cy41 # 0. Thus giving the order conditions (10) and error constant (11).

Theorem 3.2. The output method of the SDMIRK method (6) is of order p if

ble =1, j=1, e=(1,1....,1)7,
blei—1 bl ei—2 1
. + = = J= 2a 3a P
G- G-2)! !
and the error constant Cpi1 of the output method is
1 bler plep—t
Chr1 = — + , > 1.

T ! <p! (p—l)!) "=

(14)

(15)

Proof. For the output method of the SDMIRK method (6), the local truncation error (Ite) is given as

lte(zn) = y(@n + h) — (y(zn) + W'y (z, + ch) + W21y (x, + ch))

again, expanding (16) by Taylor’s series about x,, gives

(16)

lte(zn) = Coy(xy) + Crhy' (z,) + Coh?*y (z,) + - - - + Cphpy(p) () + C’th”Hy(pH)(:z:n) + O(hPT?)

< Cpr hP Lyt (2,) + O(hPH2).

where
Cop=0,
01 =1- bTe,
Co= 1 — (BTe+57),

1 bT p—1 ET p—2
Co= — (5 + 5%

_ 1 bl | Blerm!
CP+1—<p+1>!_<T!C+ (pim)'

(17)
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The output method is of order p, then
Co=Cr=---=C, =0,
however, Cp41 # 0. Thus giving the order conditions (14) and error constant (15). O

Definition 3.3. The SDMIRK method (6) is pre-consistent if

Xe+v=c,
(18)
ble=1.
Definition 3.4. The SDMIRK method (6) is consistent if p > 1.
Applying the SDMIRK method (6) written in the tableau form (7) to the scalar test problem,
y'(@)=Xy(z), A>0, (19)
we have
Yn+1 = R(2)yn, (20)
where, ~
(z,e —v)
R(z) = ——=, 21
(0) = = (21)
with the definition that
P(z,w) =1+ (2b7 + 2207 (I — 2X — 22X) " tw. (22)

The R(z) in (19) is the stability function of the SDMIRK method (6).

Definition 3.5. The SDMIRK method (6) is A—stable if R(z) defined by (17) satisfies |R(z)| < 1,
whenever Re(z) < 0.

Definition 3.6. The SDMIRK method (6) is L—stable if it is A—stable and R(z) defined by (17) satisfies
|R(z)| = 0 as z — oo.

In the next section, we construct SDMIRK methods with s = 3,4,5,6. These methods are derived in a
way that the stage order ¢ equals the output order p. This is to ensure that the SDMIRK methods do

not suffer order reduction [see 43].

4 Derivation of the Methods

In the derivation of the SDMIRK method (6) with stage number s and of order ¢ = p, the procedures are:

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 583-603
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i. choose values for s,q and p. Here, we choose ¢ = p.

ii. set the values of s, ¢ and p into the order conditions (10) and (13) for the stages and output method

respectively.
iii. obtain the arising system of equations.

iv. solve the arising system of equations in terms of the unknown real constant coefficients

v, bra bh Ly g, j?‘,j'

v. set values for the abscissae ¢, 7 = 1(1)s. Here, the ¢, values are chosen as ¢; = 0, ¢ = 1, and
cr #c1, =3(1)s, ¢ # c2, r =3(1)s.

Here are some examples of SDMIRK method (6).

4.1 Method of order p=q¢=6; s =3

Following the approach discussed above, the stage order conditions for the SDMIRK method (6) with

s =3,p=q =06 are given as

2 2 3 3 ) 4
_ v c Xc _ v c Xc Xc ) c

e+v=c, c+ e+2 5 _2 + c+6 5 6 +_ 5 +24 21’ (23)
Xt X3 ) P X Xt v I

20 6 120 1200 120 ' 24 720 720’
and the output method order conditions are
_ 1 - 1 - 1
ble=1, ble+ble==, b'P+207c==, b'S+3012 = 1
2 ’ 13 ’ 1 (24)
Vet + 47 =2, bTP +50 ¢t = -,
5 6
Next we solve the system of equations (21) and (22) in terms of v, X, X,b and b and choose values for
the abscissae ¢. Here, ¢; = 0, co = 1 and ¢3 # 0,1. Choosing c3 = %, the SDMIRK method (6) with

s =3,p=¢q =6 is given in the tableau form as

0 0 0 0 0 0 0 0
c \ v \ X X 1| 1 0 0 0 0 0 0 -
‘ ‘bT pT ~ 4| 4303125 | —3879865 —4640625 55 —1098075 2041875 0 (25)
5 | “13312 26625 26624 104 53248 53248
‘ ‘ 46609 4297 107648 ‘ 901 —797 —416
101250 7936 67381875 13500 7260 408375

The stability function of the SDMIRK method (23) is

5760 — 35602 — 46822 + 46223 + 12124

R(z) = .
(2) 3(1920 — 3040z + 192422 — 57023 + 752%)

http://www. earthlinepublishers.com
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The boundary locus plot of the SDMIRK method (23) is shown in Figure 1. The stability plot shows
that the SDMIRK method (23) is A—stable (since the stability lies in the entire left half of the complex

plane).

Figure 1: Boundary locus plot of the SDMIRK method (23).

4.2 Method of order p=q¢=7; s=4

The stage order conditions of the SDMIRK method (6) with s =4, p = ¢ = 7 are given as

_ ) e Xc? _ v A3 X3 X2 ) A
X = Xe+Xe4+-—=—, —+Xc+-= —_—+ — =
crvse Aetdeds Ty TR TE 6 T2 Tu (26)
Xc4+Xc3+ v Vo Xc5+Xc4+ v b X06+Xc5+ (A e’
24 6 120 1207 120 24 720 7200 720 120 5040 5040’

and the output method order conditions are

_ 11 _ 11 1.
ble=1, ble+ble==, 207 +ble==, b+ 207 =—,

2’ 2 6 6 2 24 o7

1bT4+16T3_ 1 le5+1ET4_ 1 1bT6+ 1ET5_ 1 ( )
247 ¢ T6” T 1200 1200 ¢ T2a” ¢ T 00 7200 ¢ T1200 ¢ T 0407

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 583-603
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Solving the systems of equations (24) and (25), then setting ¢ = (0, 1, %, %)T gives the SDMIRK method
(6) of order p = q =7 for s = 4 defined by

ol oo o o oo o 0 0
110 0o 0o 0|0 0 0 0
ol XX _ ] 1| s o ol L (28)
bT [_)T -2 2 32 32 192 192 24 ’
3| 131 | 237 —a59 2w | 2 45 9 0
4 | 2048 | 4096 4096 250 8192 8192 512
0 251 -5 381 | —d6 —523 —1163 5648
91 91 91 4095 2730 1365 4095

with the stability function given as

(2) = 16773120 — 288115202 — 151771202% — 32210402% — 3814682 — 271182° — 10592°
)7 16773120 — 45584640z + 2202096022 — 524520023 + 7518122 — 6690625 + 317725

The boundary locus plot of the SDMIRK method (26) is shown in Figure 2, and it is seen that the
SDMIRK method (26) is A—stable. (having the region of absolute stability in the interval (—oo, 0]).

% i ! ! ! ! ) ; ; !

a2 B8 & 4 5 g 8 4
-5

Figure 2: Boundary locus plot of the SDMIRK method (26).

http://www. earthlinepublishers.com
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4.3 Method of order p=g¢=9; s=5

The stage order conditions for the SDMIRK method (6) with s = 5 and order p = ¢ = 9 are given as

2 2 3 3 T 2 4
_ v C Xc — v c Xc Xc v c
X = X X —=—, — 4+ X -, —+—+ — = —
crvse AetdetgToy AN T e 6 T2 Ta
XA XA v c® X XA ) b X&  Xd v ¢’ (29)

20 776 T120 1200 120 T 24 T720 7200 720 T 120 T 5040 5040°
Xc’ n Xcb n v o Xc8 n Xc’ n v o
5040 ' 720 ' 40320  40320° 40320 ' 5040 = 362880 362880

and the output order conditions are given as

- 1 1 - 1 1 1- 1
ble=1, ble4+ble= 2 ibTCQ +blec= 6’ EbTCS + —bl'e? =

2° © 24
1 1 11 1. 11 1 1
7bT 4 *bT 3 _ 7bT 5 7bT 4_ _— 7bT 6 7bT S5 _
21" ¢ T T 1200 C 72" Tme 700 © Tia0 ¢ T sodo (30)
be’ bc® 1 bc® be’ 1

5040 T 720  40320° 40320 T 5040 _ 362880°

. oy . _ 1 2 3\T
Solving the order conditions (27) and (28), then setting ¢ = (0,1, 3,3,%)" -
c ‘ v ‘ X ‘ X
G
0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1| 313 —38 49 0 -1 0 4 5 —21 —21 0
3| 729 729 729 9 2187 2187 81 81
2 416 —49 38 1 0 0 5 4 =21 =21 0
3| 729 729 729 9 2187 2187 81 81
3 | 77409 | —288063 208749 448335 299619 0 9693 7335 48843 88209
4 | 131 | 4194304 4194304 4194304 4194304 1194304 4194304 4194304 4194304
0 35671 5184 55323  —2080768 | _1_ 61 —297 351 512
287280 16625 10640 448875 380 13630 13300 2128 1995

(31)

The stability function of the SDMIRK method (29) is

1787114240 + 113784652802z + 32255949602° + 545859002" + 64691460z" + 48885122° + 2740952° + 1044127 + 2252°

R(z) = - )
(2) 17871114240 + 6492648960z + 142362360022 — 3097764023 + 3949422024 — 370416025 + 34494926 — 2042727 + 67528

whose boundary locus plot shown in Figure 3 suggests that the SDMIRK method (29) is A(«)—stable.

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 583-603
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[miz)

Re(z)
Figure 3: Boundary locus plot of the SDMIRK method (29).
4.4 Method of order p=¢=11; s =6

The stage order conditions for the SDMIRK method (6) with s = 6 and of order p = ¢ = 11 are given as

- v Xc? - v X3 X v ct
Xe+wv=c, XC+X€+§:§7 T+XC+8:€’ 7+T+24_24’
X X3 v e X X v b X X v c’
21 "6 T2 1200 120 T 22 T720 7200 720 T 120 ' 5040 5040’
X X v 3 X8 X7 v _ &
5040 + 720 + 40320 403207 40320 + 5040 + 362880 362880
Xc X8 v B cl0 Xl X v B !
362880 + 40320 + 3628800  3628800° 3628800 + 362880 + 39916800 39916800’

(32)

and the output method order conditions are

Vle=1, ble+ble= %, %ch2 +ble= é, échg + %BTCQ = i,
1 1- 1 1 1- 1 1 1 - 1
ﬂbT& + échg = 120" mch‘r’ + ﬂbT& = 750’ ﬁObTCG + 50ch5 = £040’
be’ bcb 1 bed be’ B 1 (33)
~ 5040 + 720~ 40320’ 40320_+ 5040 362880
be? bc® B 1 b0 be? B 1
362880 + 40320  3628800° 3628800 + 362880 39916800
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995

3 4
43

win

I ) 9

N[

Solving the system of equations (30) and (31), then setting ¢ = (0, 1,

)T, we have the SDMIRK

method

c ‘ v ‘ X ‘ X 34
| e ()
where .
0 184991 195808 3912057 32783360
v =
77720233917 2033917 40636232 203391 ’
0 0 0 0 0 0
0 0 0 0 0 0
—220042 757079 —64412 —3421 4399824896 0
X — 3050865 82373355 523125 4185 10296669375
—223757 323974 —1567 —6236 13040091136 ) |’
3050865 82373355 523125 4185 10296669375
— 47675871 2551701 —242159949  —940827717 50637 0
650117120 650117120 81264640000 650117120 38750
—16782496  —1416929788 —73376 —12685472  —32113470472192
3050865 82373355 523125 4185 10296669375 i
0 0 0 0 0 0
0 0 0 0 0 0
4136 1439 —3314 —79 —31981568 |
X — | 3250865 5491557 313875 12555 686444625
4811 640 —799 —794 —52953088 ) |
3050865 5491557 313875 12555 686444625
1024893 15123 —41275251 40684761 —9633 0
650117120 130023424 16252928000 650117120 124000
8752288  —2856805 3048928 1008848 88852135936 |
3050865 5491557 313875 12555 686444625 i
pT — | o 72327 8328  —493371 40336031744 7265463
10644480 89375 80080 57593913125 1757916160 | °
and
T _ 79081  —102561 —267651 —1122304 _ 35313
b" = [ 70380080 33563040 2002000 640640 6131125 125565440 }
The stability function of the SDMIRK method (32) is
P(z)
R(z) = :
Q(2)
where
P(z) = A(2) + B(2),
Q(z) = C(z) + D(2),
and

A(z) = —281448886118400 — 314202405888000z — 95083542550080 2>
—14280918321600z> — 12125715714002*,

B(z) = —513851558402° + 5733666002° + 2317094402" + 161634782°
+6148292° 4+ 117712,
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C(z) = —281448886118400 — 32753519769600 4 783944202787202>
—293904310291202> + 6166606201560z,

D(z) = —8783751812402° + 914636691002° — 716357943627 + 42005949928
—174873422% 4+ 423756217,

whose boundary locus plot (shown in Figure 4) shows that it is A(a)—stable.

20 ! ! ! T !

220 i 1 1 i I
-5
Reiz)

Figure 4: Boundary locus plot of the SDMIRK method (32).

5 Numerical Experiment

The implementation of the SDMIRK method (6) is discussed herein. A test example is carried out by
implementing the sixth order SDMIRK method (23) on some stiff problems and the results of the sixth
order SDMIRK method (23) are compared with the results of some existing methods (which includes,
the six order second derivative linear multi-step method (SDLMM) of [23] and the sixth order second
derivative backward difference formula (SDBDF) [20]).
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Since the stages of the SDMIRK method (6) are implicit, we resolve its implicitness using the Newton’s

method. To carry out this, the non-linear equation defining the implicit stage values are
Y, = (1= o)yl + ol + 1Y e f ) + 12 mag(ul). (35)
i=1 i=1
Thus, resolving the implicitness by the Newton’s method gives,
. , . _ N A
YUl =yl - (]S —RXJ(YY) - h2XJ'(yT[J])) F(YW, (36)
where J and J’ are the Jacobian matrices,

2
gl = 25 (af) . (37)
J

Our starting values for the SDMIRK method (23) is obtained from the explicit Euler scheme
Ynt+1 = Yn + hfn. (38)

We implement the SDMIRK method (23), SDLMM [23] and SDBDF [20] of the following non-linear stiff

problems.

Problem 1 [13]
Yi=—8y1+Ty2, y1(0)=1, yi(z) =27 —e 7,
yh = 42y1 — 43y2, 12(0) =8, ya(x) = 2% + 607, (39)
z € [0,15].
Problem 2 [l]

yi = —10004y1 +y3, y1(0) =1, yi(z)=e"",
vy =y1 —y2(l4+93), 12(0)=1 ya(x)=e", (40)

z € [0, 15].
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Problem 3 [27]

Tables 5.1-5.3 shows the results of the SDMIRK method (23), SDLMM [23] and SDBDF [20] when

implemented on problems 1-3. In the tables, the absolute global error are presented.

Table 5.1 shows that the error obtained from the SDMIRK method (23) is far smaller than that

Table 5.1: Numerical results of problem 1 for A = 1072,

z | yp | Error in SDMIRK (23) | Error in SDLMM [23] | Error in SDBDF [20]
50 | 1 5.5196 x 10713 2.8297 x 1076 4.4683 x 1076
Yo 5.5196 x 10713 2.8297 x 1076 4.4683 x 1076
10.0 | o1 7.4412 x 10715 1.9066 x 1078 3.0107 x 1078
Yo 7.4412 x 10719 1.9066 x 10~ 3.0107 x 1078
15.0 | o1 7.5199 x 10717 1.2847 x 1010 2.0286 x 10710
Yo 7.5199 x 10717 1.2847 x 10710 2.0286 x 10710

obtained from the SDLMM [23] and SDBDF [20] methods. Hence SDMIRK method (23) gives better
accuracy. The results in Table 5.2 confirms that the SDMIRK method (23) performs better than

Table 5.2: Numerical results of problem 2 for h = 1072,

x| yn | Error in SDMIRK (23) | Error in SDLMM [23] | Error in SDBDF [20)]
50 | 1 7.4988 x 10717 1.731 x 10712 2.0611 x 107
Yo 4.373 x 107 6.7380 x 1073 6.7379 x 1073
10.0 | 1 1.5456 x 10=%3 4.5400 x 107° 2.1730 x 1073
Yo 2.9468 x 10~ 4.5400 x 1072 4.5399 x 107°
15.0 | 41 3.1857 x 10732 3.0590 x 10723 2.0286 x 10723
Yo 1.9855 x 10713 2.0230 x 1077 3.0450 x 1077

SDLMM [23] and SDBDF [20]. Again, Table 5.3 shows that the error from the SDMIRK method (23) is
better than that of the SDLMM [23] and SDBDF [20].
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Table 5.3: Numerical results of problem 3 for h = 1072,

z | yp | Error in SDMIRK (23) | Error in SDLMM [23] | Error in SDBDF [20]
0.2 | y 4.2353 x 1077 5.7636 x 1073 1.8865 x 107!
04| y 3.8585 x 1077 0.11495 x 107! 3.7939 x 107!
0.6 | y 3.3278 x 1077 1.6756 x 1072 5.5462 x 107!
0.8 | y 2.6645 x 1077 2.133 x 1072 7.0733 x 107!
1.0 | y 1.8949 x 1077 2.5056 x 1072 8.3144 x 107!

6 Conclusion

In this paper, a class of generalised SDMIRK methods have been introduced. This method is an extension
of MIRK method discussed in [18]. The SDMIRK method (6) derived in section (4) reveals that the new
schemes enjoyed A-stability and A(«)-stability properties. The SDMIRK methods (23), SDLMM [23] and
SDBDF [20] have been implemented on problems 1-3 and the results obtained show that the SDMIRK
outperforms SDLMM [23] and SDBDF [20].
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