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Abstract

We present a mathematical model, that is deterministic, for investigating the impact of schistosomiasis

infection on the immunogenicity of the BCG vaccine affects the use of vaccination as a measure

of control against TB infection at population level in Nigeria. The presence of the backward

bifurcation phenomenon was established from the analysis of the model, and it was discovered that

the following parameters were responsible the adjustment parameter for comparative contagiousness

of individuals re-contaminated with TB (ΘRT ), the rate of therapy for schistosomiasis-only infected

persons (ζS), the impact of schistosomiasis on the BCG protection against TB (ζTS), BCG vaccine

waning (θV ), the BCG vaccine efficacy (ε1), the treatment rate for TB (ζT ), the comparative

rates by which individuals having dormant schistosomiasis (η1) cum virulent schistosomiasis (η2) are

tainted with TB, correspondingly, the depreciated rate of contamination with schistosomiasis (ψ), the

regulation parameter for comparative infectiousness of persons possessing virulent TB cum dormant

schistosomiasis (Π1), the treatment rate for TB for co-infected persons (ζT1), the progression rate

from contagious TB/unprotected from schistosomiasis to contagious TB/contagious schistosomiasis

(σ), and the rate of advancement from unprotected against the two infirmities TB/schistosomiasis

to unprotected against TB/infectious schistosomiasis (α2). The disease-free equilibrium was found

to be globally asymptotically stable when the parameters responsible for the backward bifurcation

phenomenon were negligible, the the effective reproduction number is less than unity.

1 Introduction

Tuberculosis (TB), generated by Mycobacterium tuberculosis, affects about a third of global population

with 2 - 3 million deaths as casualties annually is of serious public health concern around the world

[33, 60, 62]. TB is responsible for morbidity among several millions of people worldwide. Only a tenth
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of individuals that are infected TB progress to active TB [60]. A total of 1.25 million persons suffered

mortality as a result of TB in 2023 [66]. 6.4 million individuals were identified as fresh cases by the WHO

in 2017 [62,63]. An estimated 10.8 million people took ill with TB globally, comprising of 6.0 million, 3.6

million women and 1.3 million [66]. TB is both curable and preventable [66]. Worldwide efforts to fight

TB has saved about 79 million lives since the year 2000 [66]. In certain places, the Bacille Calmette-Guérin

vaccine, popularly known as the BCG vaccine, is administered to babies or little children to prevent TB;

this vaccine prevents children from serious forms of and mortality from the disease [66].

Schistosomiasis, on the other hand, ranks only behind malaria in the tropics, is regarded as an NTD,

i.e., a neglected tropical disease, caused by parasitic worms (blood flukes) of the genus Schistosoma [12,28].

It was estimated in 2021 that a minimum of 251.4 million persons needed preventive treatment [65]; such

protective therapeutic care which should be re-administered over a couple of years, has the propensity to

lower and prevent morbidity [65]. About 78 countries have reported cases of schistosomiasis transmission

[65].

It has already been established in the literature that TB and schistosomiasis co-infection does exist

in overlapping regions where both diseases coexist [30,50,59].

Parasitic worm infections are common globally and can set-off effective protective reactions that are

different from and in addition, possibly counteract host protective reactions to disease-inflicting microbes

[53]. It is indicative that a misrepresented Th2 reaction precipitated by S. mansoni infection endangers

safeguards activated in human beings by M. bovis’ BCG vaccination [19,22,23,33] and in mice systemically

infected with Mtb [21,33]. Amazingly, although parasitic worm co-infections boost M. bovis BCG [20,33]

and M. tuberculosis [33,50] lung hardship, the escalation in mycobacterial load is often ephemeral [33,50]

and balanced [20,33,50], implying that the consequence of parasitic worm co-infections on Mtb restriction

is not sufficient to totally describe the heightened acerbity of TB in parasitic worm-co-infected humans

detected in regions that are endemic with TB [33].

Several authors have contributed immensely to the literature as far as the mathematical modelling

of TB is concerned [5, 7, 10, 17, 24, 34, 39–41, 43–45, 54, 58]. In the same vein, a lot of authors have also

enriched the literature concerning mathematical modelling of schistosomiasis via various assumptions

[1, 2, 6, 11, 13–15, 18, 25–27, 31, 32, 35, 36, 38, 46–48, 51, 52, 67–69]. It is worthy of note that it was Ako

and Olowu [3] that considered the mathematical analysis of TB-schistosomisis co-infection in their novel

work. However, they did not consider the impact of schistosomiasis infection on the immumogenicity of

the BCG vaccine affects the use of vaccination as a control measure against TB infection at population

level. This is the knowledge gap that we seek to fill through this study.

This study is categorized as follows: Section 2 contains the model formulation, Section 3 reveals the

mathematical analysis of the basic properties of the model. Section 3 addresses the local asymptotic
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stability of the disease-free equilibrium with a special focus on the investigation of the model for the

backward bifurcation phenomenon, a special case of the global asymptotic stability of the infection-free

equilibrium, and the numerical simulation of the model while fluctuating the values of some essential

parameters while Section 4 concludes the study.

2 Formulation of the Model with Vaccination

The basic model in [3], is now elongated to integrate imperfect TB (BCG) vaccine. In order to achieve

this, the ensuing unique variables are introduced for the population of individuals vaccinated with

BCG (VT (t)) and humans vaccinated with BCG and exposed to schistosomiasis (VTS(t)). The other

variables in Equation (2.1) of [3] (i.e., vulnerable to contagions (SH(t)), having dormant TB but not

contagious (EHT (t)), infectious TB (IHT (t)), externally re-contaminated with TB (IRT (t)), cured of TB

(THT (t)), unprotected against schistosomiasis (EHS(t)), tainted with schistosomiasis (IHS(t)), undergoing

therapy for schistosomiasis (THS(t)), unprotected against TB, unprotected against schistosomiasis

(ETS(t)), having virulent TB, unprotected against schistosomiasis (IST (t)), externally re-tainted with TB,

unprotected against schistosomiasis (IRS1(t)), unprotected against TB, with contagious schistosomiasis

(EST (t)), externally re-tainted with TB cum contagious schistosomiasis (IRS2), and having infectious TB,

infectious schistosomiasis (ITS(t)) humans remain the same, such that the total human population is

represented by

NH(t) = SH(t) + VT (t) + VTS(t) + EHT (t) + IHT (t) + IRT (t) + THT (t)

+ EHS(t) + IHS(t) + THS(t) + ETS(t) + IST (t) + IRS1(t)

+ EST (t) + IRS2(t) + ITS(t).

(2.1)

Afterwards, we integrate the go-between hosts, snails of freshwater origin, for the parasite liable for

schistosomiasis in the model formulation.

It is assumed, herein, that the whole population of snails domiciled in freshwater at time t, denoted by

NS(t), is separated into the commonly exclusive categories of snails susceptible (SS(t)) cum snails pierced

with miracidia (IS(t)), that is

NS(t) = SS(t) + IS(t). (2.2)

As a result of the suppositions made above, the formulated model that is vaccination-based is shown

in (2.3). The explanations of the classes or sub-populations and parameters deployed in the mathematical
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formulation are tabulated in Tables 1, 2 and 3, respectively.

S′H = ωΛH + θV VT − λTSH − λJSH − µHSH ,

V ′T = (1− ω)ΛH − λJVT − (1− ε1)λTVT − (θV + µH)VT ,

V ′TS = λJVT − ζTSλTVTS − µHVTS ,

E′HT = (1− p)λT (SH + ξTHT + THS) + (1− ε1)λTVT + ζS1EST

− (1− π1)λTEHT − λJEHT − (κ1 + µH)EHT ,

I ′HT = pλT (SH + ξTHT + THS) + κ1EHT + ζS3ITS − λJIHT
− (ζT + δT + µH)IHT ,

I ′RT = (1− π1)λTEHT + ζS2IRS2 − λJIRT − (ζR + δR + µH)IRT ,

T ′HT = ζT IHT + ζRIRT − ξλTTHT − λJTHT − µHTHT ,

E′HS = λJ(SH + THT + ψTHS) + ζT1IST + ζR1IRS1 − η1λTEHS

− (α1 + µH)EHS ,

I ′HS = α1EHS + ζT2IRS2 + ζT3ITS − η2λT IHS − (ζS + δS + µH)IHS ,

T ′HS = ζSIHS − λTTHS − ψλJTHS − µHTHS ,

E′TS = (1−m)η1λTEHS + λJEHT + ζTSVTSλT − (1− π2)λTETS

− (α2 + κ2 + µH)ETS ,

I ′ST = mη1λTEHS + λJIHT + λJIRT + κ2ETS − (ζT1 + σ + χ1δT + µH)IST ,

I ′RS1 = (1− π2)λTETS − (α3 + ζR1 + τ1δR + µH)IRS1,

E′ST = (1− f)η2λT IHS + α2ETS − (1− π3)λTEST − (ζS1 + κ3 + v1δS + µH)EST ,

I ′RS2 = (1− π3)λTEST + α3IRS1 − (ζT2 + ζS2 + τ2δR + v2δS + µH)IRS2,

I ′TS = fη2λT IHS + κ3EST + σIST − (ζT3 + ζS3 + χ2δT + v3δS + µH)ITS ,

L′ = Neγ(IHS + EST + IRS2 + ITS)− µLL,

S′S = ΛS − λLSS − µSSS ,

I ′S = λLSS − µSIS ,

J ′ = φIS − µJJ,

(2.3)

where

λT =
βT (IHT + ΘRT IRT + ΘRS1IRS1 + ΘRS2IRS2 + Π1IST + Π2ITS)

NH
,

λJ =
βJJ

J0 + εJ
, λL =

βLL

L0 + εL
.

(2.4)
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Table 1: Description of state variables of the model (2.3)

State Variables Description

SH(t) Susceptible human population

VT Human population vaccinated with BCG

VTS Human population vaccinated with BCG and exposed to schistos-

omiasis

EHT (t) Human population with dormant TB

IHT (t) Human population with virulent TB

IRT (t) Human population exogenously infected with TB

THT (t) Human population treated for TB

EHS(t) Human population unprotected against schistosomiasis

IHS(t) Human population contaminated with schistosomiasis

THS(t) Human population cured of schistosomiasis

ETS(t) Human population unprotected against both TB and schistosomiasis

IST (t) Human population with active TB and unprotected against schistosomiasis

IRS1(t) Human population externally infected with TB and unprotected against

schistosomiasis

EST (t) Human population unprotected against TB and virulent schistosomiasis

IRS2(t) Human population externally infected with TB and active

schistosomiasis

ITS(t) Human population with contagious TB and active schistosomiasis

L(t) Miracidia (parasite larvae immediately after hatching from the eggs)

population

SS(t) Susceptible snail populace

IS(t) Snail populace contaminated with miracidia in the marine environment

J(t) Cercariae (larvae in the water that pierces the human skin) populace

2.1 Fundamental Properties of the Vaccination Model

2.1.1 Positivity of Solutions and Boundedness of Solutions

As regards the extended TB-schistosomiasis transmission model (2.3) with BCG vaccination to be

epidemiologically consequential, it is crucial to prove that all trajectories with initial data that are positive

will remain positive permanently and the biologically suitable region is bound to stay positively-invariant

for all time.

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 649-683



654 I. I. Ako and R. U. Omoregie

Table 2: Description of state variables of the model (2.3)

Parameters Description

ΛH Human recruitment rate

µH Human natural mortality rate

βT TB transmission rate

ξ Reduced rate of infection with TB, ξ ≤ 1

f,m, p Proportion of fast progressors to TB

π1, π2, π3 Exogenous re-infection rates, where 0 ≤ π1, π2, π3 ≤ 1

κ1, κ2, κ3 Endogenous reactivation rates

ζT , ζT1, ζT2, ζT3, ζR, ζR1 Therapeutic rates for TB

δT , δR TB-influenced human death rates

ψ Lowered rate of contagion with schistosomiasis

α1 Advancement rate from dormant to virulently tainted with

schistosomiasis

α2 Advancement rate from unprotected against both TB/schistosomiasis

to unprotected against TB/virulent schistosomiasis

α3 Advancement rate from externally re-tainted with TB-

/unprotected against schistosomiasis to externally re-tainted with TB-

/virulent schistosomiasis

ζS , ζS1, ζS2, ζS3 Therapeutic rates for schistosomiasis

δS Schistosomiasis-influenced human mortality rate

σ Advancement rate from virulent TB/unprotected against schistosomiasis

to virulent TB/virulent schistosomiasis

χ1, χ2 Modification parameters for elevated TB mortality as a consequence

of co-infection

η1, η2 Adjustment parameters for the rate at which humans with

dormant and virulent schistosomiasis are infected with TB

ΘRT ,ΘRS1,ΘRS2 Adjustment parameters for comparative infectiousness of re-infected

humans

Π1,Π2 Adjustment parameters for comparative contagiousness of humans

with virulent TB and dormant/virulent schistosomiasis

τ1, τ2 Modification parameters for elevated TB deaths to external re-tainting

as a result of co-infection

v1, v2, v3 Adjustment parameters for schistosomiasis-induced deaths

ΛS Enrollment rate for snail population

µS Snail mortality rate

ε Growth velocity limitation

L0 Saturation constant for the miracidia

βL Miracidial contagion rate

Ne Statistic of eggs excreted by people
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Table 3: Description of state variables of the model (2.3)

Parameters Description

ω Proportion unvaccinated with BCG against TB

1− ε1 Reduction in BCG vaccine efficacy

θV Vaccine waning

ζTS Impact of schistosomiasis on the BCG protection against TB, ζTS ≥ 1

Theorem 2.1. Allow the primary input for the TB-schistosomiasis co-infection model (2.3) be given as

SH(0) > 0, VT (0) > 0, VTS(0) > 0, EHT (0) > 0, IHT (0) > 0, IRT (0) > 0, THT (0) > 0, EHS(0) >

0, IHS(0) > 0, THS(0) > 0, ETS(0) > 0, IST (0) > 0, IRS1(0) > 0, EST (0) > 0, IRS2(0) > 0, ITS(0) >

0, L(0) > 0, SS(0) > 0, IS(0) > 0 and J(0) > 0. Then the orbits
(
SH(t), VT (t), VTS(t), EHT (t), IHT (t),

IRT (t), THT (t), EHS(t), IHS(t), THS(t), ETS(t), IST (t), IRS1(t), EST (t), IRS2(t), ITS(t), L(t), SS(t),

IS(t), J(t)
)

of the model with positive basic conditions, will positively endure for all time t > 0.

Proof. Let t1 = sup{t > 0 : SH(0) > 0, VT (0) > 0, VTS(0) > 0, EHT (0) > 0, IHT (0) > 0, IRT (0) >

0, THT (0) > 0, EHS(0) > 0, IHS(0) > 0, THS(0) > 0, ETS(0) > 0, IST (0) > 0, IRS1(0) > 0, EST (0) >

0, IRS2(0) > 0, ITS(0) > 0, L(0) > 0, SS(0) > 0, IS(0) > 0, J(0) > 0}. Let us look at the first equation

of model (2.3), given below as

dSH(t)

dt
= ωΛH + θV VT − (λT + λJ + µH)SH(t), (2.5)

It ensues from (2.5) above that

dSH(t)

dt
≥ ωΛH − (λT + λJ + µH)SH(t), (2.6)

which can be re-expressed as

d

dt

[
SH(t) exp

{
µHt+

∫ t

0
(λT (τ) + λJ(τ))dτ

}]
≥ ωΛH exp

{
µHt+

∫ t

0
(λT (τ) + λJ(τ))dτ

}
.

(2.7)

Therefore, integrating (2.7) with respect to t ∈ [0, t1], we get

SH(t1) exp
{
µt1+

∫ t1

0
(λT (τ) + λJ(τ))dτ

}
− SH(0)

≥
∫ t1

0
ωΛH

[
exp

{
µHy +

∫ y

0
(λT (τ) + λJ(τ))dτ

}]
dy,

(2.8)
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Therefore,

SH(t1) ≥ SH(0) exp
[
− µHt1 −

∫ t1

0
(λT (τ) + λJ(τ))dτ

]
+
[

exp
{
− µHt1 −

∫ t1

0
(λT (τ) + λJ(τ))dτ

}]
×
∫ t1

0
ωΛH

[
exp

{
µHy +

∫ y

0
(λT (τ) + λJ(τ))dτ

}]
dy > 0.

(2.9)

Thus SH(t) > 0, ∀ t > 0.

Similarly, considering the second to the twentieth equations of model (2.3), which can be rewritten

as VT (t) > 0, VTS(t) > 0, EHT (t) > 0, IHT > 0, IRT (t) > 0, THT (t) > 0, EHS(t) > 0, IHS(t) > 0,

THS(t) > 0, ETS(t) > 0, ITS(t) > 0, IRS1(t) > 0, EST (t), IRS2(t), ITS(t), L(t), SS(t), IS(t) > 0, and

J(t) > 0, ∀ t > 0.

Therefore, the positivity for every state variable in model (2.3) for all time has been entrenched.

Theorem 2.2. Let
(
SH(t), VT (t), VTS(t), EHT (t), IHT (t), IRT (t), THT (t), EHS(t), IHS(t), THS(t), ETS(t),

IST (t), IRS1(t), EST (t), IRS2(t), ITS(t), L(t), SS(t), IS(t), J(t)
)

be solutions of the system (2.3) wth initial

conditions and the biologically suitable region given by the set DV = DH × DL × DS × DJ ⊂ R16
+ ×

R1
+ × R2

+ × R1
+ ⊂ R20

+ where:

DH = {(SH , VT , VTS , EHT , IHT , IRT , THT , EHS , IHS , THS , ETS , IST , IRS1,

EST , IRS2, ITS) ∈ R16
+ : NH ≤

ΛH
µH
}

DL = {L ∈ R1
+ : L ≤ NeγΛH

µLµH
}

DS = {(SS , IS) ∈ R2
+ : NS ≤

ΛS
µS
}

DJ = {J ∈ R1
+ : J ≤ φΛS

µJµS
}

is positively-invariant and pulls all the positive solutions of the model (2.3).

Proof. Summing up the right hand side of the vector field for the population of people in (2.3), gives

dNH

dt
= ΛH − µhN − (δT IHT + δRIRT + δSIHS + χ1δT IST + τ1δRIRS1 + v1δSEST

+ (τ2δR + v2δS)IRS2 + (χ2δT + v3δS)ITS . (2.10)
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From (2.10), thence dNH
dt ≤ ΛH − µHNH . Therefore, dNH

dt ≤ 0 if NH(t) ≥ ΛH
µH

. Employing the acceptable

comparison theorem by [29], we reveal that.

NH(t) ≤ NH(0)e−µH t +
ΛH
µH

(1− e−µH t). (2.11)

In particular, if NH(0) ≤ ΛH
µH

, then NH(t) ≤ ΛH
µH

for all t > 0. Hence, the set DH is positively invariant.

Furthermore, if NH(0) > ΛH
µH
, then either the solutions enter the domain DH in finite time or NH(t)

asymptotically nears ΛH
µH

as t→∞. Therefore, the domain DH attracts all trajectories in R16
+ .

For the miracidia concentration, from (2.3), it follows that

dL

dt
= Neγ(IHS + EST + IRS2 + ITS)− µLL. (2.12)

From (2.12), which follows that dL
dt ≤

NeγΛH
µH

−µLL since NH = SH +VT +VTS , EHT +IHT +IRT +THT +

EHS + IHS + THS + ETS + IST + IRS1 + EST + IRS2 + ITS ≤ ΛH
µH

=⇒ IHS + ETS + IRS2 + ITS ≤ ΛH
µH

.

Hence, dL
dt ≤ 0 if L(t) ≥ NeγΛH

µLµH
. Employing the acceptable comparison theorem by [29], we show that

L(t) ≤ L(0)e−µLt + NeγΛH
µLµH

(1− e−µLt). Specifically, if L(0) ≤ NeγΛH
µLµH

, thus L(t) ≤ NeγΛH
µLµH

for every t > 0.

Thus, the set DL is positively constant. Furthermore, if L(0) > NeγΛH
µLµH

, then the solutions either penetrate

the domain DL in finite time or L(t) asymptotically approaches NeγΛH
µLµH

as t→∞. Therefore, the domain

DL attracts all trajectories in R1
+.

For the snail populace, summing up the right hand side of the vector field of the snail population in

(2.3), leads to
dNS

dt
= ΛS − µSNS . (2.13)

From (2.13), it follows that dNS
dt ≤ 0 if NS(t) ≥ ΛS

µS
. It indicates that NS(t) = NS(0)e−µSt + ΛS

µS
(1 −

e−µSt). Therefore the lim supt→∞NS(t) = ΛS
µS

. Specifically, if NS(0) ≤ ΛS
µS

, thus NS(t) ≤ ΛS
µS

for all t > 0.

Thus, the set DS is positively constant. Furthermore, if NS(0) > ΛS
µS
, then the solutions either enter the

domain DS in finite time or NS(t) asymptotically nears ΛS
µS

as t→∞. Therefore, the domain DS pulls all

trajectories in R2
+.

For the clustering of the cercariae, considering the right hand side of the vector field J in (2.3), yields

dJ

dt
= φIS − µJJ. (2.14)

From (2.14), dJ
dt = φIS − µJJ which follows that dJ

dt ≤
φΛS
µS
− µJJ since NS = SS + IS ≤ ΛS

µS
=⇒

IS ≤ ΛS
µS

. Hence, dJ
dt ≤ 0 if J(t) ≥ φΛS

µJµS
. Using the accepted comparison theorem by [29], we arrive at

J(t) ≤ J(0)e−µJ t+ φΛS
µJµS

(1−e−µJ t). Specifically, if J(0) ≤ φΛS
µJµS

, then J(t) ≤ φΛS
µJµS

for all t > 0. Therefore,
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the set DJ is positively constant. Furthermore, if J(0) > φΛS
µJµS

, then either the orbits penetrate the domain

DJ in finite time or J(t) asymptotically approaches φΛS
µJµS

as t → ∞. Therefore, the domain DJ pulls all

solutions in R1
+.

From the above, we have shown that DH ,DL,DS and DJ are positively invariant and since DV =

DH × DL × DS × DJ , it implies that the domain DV is positively-invariant and an attractor, so that no

solution leaves through any boundary of DV .

DV =



(SH , VT , VTS , EHT , IHT , IRT , THT , EHS , IHS , THS , ETS , IST , IRS1,

EST , IRS2, ITS) ∈ R16
+ : NH ≤ ΛH

µH

L ∈ R1
+ : L ≤ NeγΛH

µLµH

(SS , IS) ∈ R2
+ : NS ≤ ΛS

µS

J ∈ R1
+ : J ≤ φΛS

µJµS

It is therefore enough to study the dynamics of the solutions generated by the system (2.3) in DV .

We conclude, therefore, that the model (2.3) is both mathematically and epidemiologically well-posed.

3 Mathematical Analysis of the Co-infection Model with Vaccination

3.1 Local Asymptotic Stability of Disease-Free Equilibrium (DFE)

The model system (2.3) has a DFE given by

Eo = (S∗H , V
∗
T , V

∗
TS , E

∗
HT , I

∗
HT , I

∗
RT , T

∗
HT , E

∗
HS , I

∗
HS , T

∗
HS , E

∗
TS , I

∗
ST , I

∗
RS1, E

∗
ST ,

I∗RS2, I
∗
TS , L

∗, S∗S , I
∗
S , J

∗)

= (
(θV + ωµH)ΛH
(θV + µH)µH

,
(1− ω)ΛH
(θV + µH)

, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
ΛS
µS

, 0, 0)

It is revealed via the next-generation operator approach [57], that the associated effective reproduction

number of the model (2.3), RVTS , is given by

RVTS = max
{
RVHT ,RHS

}
, (3.1)

where

RVHT =
βT (θV (κ1 + pµH) + µH((1− (1− ω)ε1)κ1 + pωµH))

(κ1 + µH)(ζT + δT + µH)(θV + µH)
,

RHS =

√
α1βJβLΛHΛSNeγφ

J0L0µHµJµLµ2
S(α1 + µH)(ζS + δS + µH)
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represent the effective reproduction number for TB cum schistosomiasis, respectively.

Utilising the Second Theorem in [57], the subsequent consequence is established:

Lemma 3.1. The DFE Eo is locally asymptotically stable (LAS) in D if RVTS < 1 and unstable if RVTS > 1.

The threshold quantity, RVTS , is a measure of the average number of secondary infections engendered

by a single infected person in a wholly vulnerable population, where a fraction of the vulnerable human

population is vaccinated using an imperfect TB (BCG) vaccine.

3.2 Backward Bifurcation Analysis

Theorem 3.1. If RVTS < 1 and the coefficients of bifurcation a > 0 and b > 0, consequently (2.3) displays

a bifurcation that is backward in nature at RVTS = 1, contrarily the system displays a bifurcation that is

forward at RVTS = 1.

Proof:

The existence of backward bifurcation is investigated using the Center Manifold Theory as espoused

by [10]. Allow SH = x1, VT = x2, VTS = x3, EHT = x4, IHT = x5, IRT = x6, THT = x7, EHS = x8,

IHS = x9, THS = x10, ETS = x11, IST = x12, IRS1 = x13, EST = x14, 1RS2 = x15, ITS = x16, L = x17,

SS = x18, IS = x19 and J = x20, let NH =
∑16

i=1 xi; therefore the model (2.3) is re-expressed as
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ẋ1 ≡ f1 = ωΛH + θV x2 − λTx1 − λJx1 − µHx1,

ẋ2 ≡ f2 = (1− ω)ΛH − λJx2 − (1− ε1)λTx2 −Q1x2

ẋ3 ≡ f3 = λJx2 − ζTSλTx3 − µHx3,

ẋ4 ≡ f4 = (1− p)λT (x1 + ξx7 + x10) + (1− ε1)λTx2 + ζS1x14

− (1− π1)λTx4 − λJx4 −Q2x4,

ẋ5 ≡ f5 = pλT (x1 + ξx7 + x10) + κ1x4 + ζS3x16 − λJx5 −Q3x5,

ẋ6 ≡ f6 = (1− π1)λTx4 + ζS2x15 − λJx6 −Q4x6,

ẋ7 ≡ f7 = ζTx5 + ζRx6 − ξλTx7 − λJx7 − µHx7,

ẋ8 ≡ f8 = λJ(x1 + x7 + ψx10) + ζT1x12 + ζR1x13 − η1λTx8

−Q5x8,

ẋ9 ≡ f9 = α1x8 + ζT2x15 + ζT3x16 − η2λTx9 −Q6x9,

ẋ10 ≡ f10 = ζSx9 − λTx10 − ψλJx10 − µHx10,

ẋ11 ≡ f11 = (1−m)η1λTx8 + λJx4 + ζTSλTx3 − (1− π2)λTx11

−Q7x11,

ẋ12 ≡ f12 = mη1λTx8 + λJx5 + λJx6 + κ2x11 −Q8x12,

ẋ13 ≡ f13 = (1− π2)λTx11 −Q9x13,

ẋ14 ≡ f14 = (1− f)η2λTx9 + α2x11 − (1− π3)λTx14 −Q10x14,

ẋ15 ≡ f15 = (1− π3)λTx14 + α3x13 −Q11x15,

ẋ16 ≡ f16 = fη2λTx9 + κ3x14 + σx12 −Q12x16,

ẋ17 ≡ f17 = Neγ(x9 + x14 + x15 + x16)− µLx17,

ẋ18 ≡ f18 = ΛS − λLx18 − µSx18,

ẋ19 ≡ f19 = λLx18 − µSx19,

ẋ20 ≡ f20 = φx19 − µJx20.

(3.2)

Therefore the forces of infection associated with the model (3.2) are:

λT =
βT (x5 + ΘRTx6 + ΘRS1x13 + ΘRS2x15 + Π1x12 + Π2x16)∑16

i=1 xi
,

λJ =
βJx20

J0 + εx20
,

λL =
βLx17

L0 + εx17
,

where

Q1 = θV + µH , Q2 = κ1 + µH , Q3 = ζT + δT + µH , Q4 = ζR + δR + µH , Q5 = α1 + µH ,
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Q6 = ζS + δS + µH , Q7 = α2 + κ2 + µH , Q8 = ζT1 + σ + χ1δT + µH , Q9 = α3 + ζR1 + τ1δR + µH ,

Q10 = ζS1 +κ3 +v1δS +µH , Q11 = ζT2 + ζS2 + τ2δR+v2δS +µH , and Q12 = ζT3 + ζS3 +χ2δT +v3δS +µH .

The system (3.2), at the DFE with βT = β∗T , has a Jacobian given by:

Jβ∗T = J(E0)|β∗T =

(
J11(10× 10) J12(10× 10)

J21(10× 10) J22(10× 10)

)
, (3.3)

where

J11 =



−µH θV 0 0 −β∗
TB1 −β∗

T ΘRTB1 0 0 0 0

0 −Q1 0 0 −β∗
TC1 −β∗

T ΘRTC1 0 0 0 0

0 0 −µH 0 0 0 0 0 0 0

0 0 0 −Q2 β∗
TA1 β∗

T ΘRTA1 0 0 0 0

0 0 0 κ1 pβ∗
TB1 −Q3 pβ∗

T ΘRTB1 0 0 0 0

0 0 0 0 0 −Q4 0 0 0 0

0 0 0 0 ζT ζR −µH 0 0 0

0 0 0 0 0 0 0 −Q5 0 0

0 0 0 0 0 0 0 −α1 −Q6 0

0 0 0 0 0 0 0 0 ζS −µH



, (3.4)

J12 =



0 −β∗
T Π1B1 −β∗

T ΘRS1B1 0 −β∗
T ΘRS2B1 −β∗

T Π2B1 0 0 0 −βJE1

0 −β∗
T Π1C1 −β∗

T ΘRS1C1 0 −β∗
T ΘRS2C1 −β∗

T Π2C1 0 0 0 −βJD1

0 0 0 0 0 0 0 0 0 βJD1

0 β∗
T Π1A1 β∗

T ΘRS1A1 ζS1 β∗
T ΘRS2A1 β∗

T Π2A1 0 0 0 0

0 pβ∗
T Π1B1 pβ∗

T ΘRS1B1 0 pβ∗
T ΘRS2B1 pβ∗

T Π2B1 0 0 0 0

0 0 0 0 ζS2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 ζT1 ζR1 0 0 0 0 0 0 βJE1

0 0 0 0 ζT2 ζT3 0 0 0 0

0 0 0 0 0 0 0 0 0 0



, (3.5)

J21 =



0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 Neγ 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0



, (3.6)
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J22 =



−Q7 0 0 0 0 0 0 0 0 0

κ2 −Q8 0 0 0 0 0 0 0 0

0 0 −Q9 0 0 0 0 0 0 0

α2 0 0 −Q10 0 0 0 0 0 0

0 0 α3 0 −Q11 0 0 0 0 0

0 σ 0 κ3 0 −Q12 0 0 0 0

0 0 0 Neγ Neγ Neγ −µL 0 0 0

0 0 0 0 0 0 −βLF1 −µS 0 0

0 0 0 0 0 0 βLF1 0 −µS 0

0 0 0 0 0 0 0 0 φ −µJ



, (3.7)

and

A1 =
(1− p)(θV + ωµH) + µH(1− ω)(1− ε1)

θV + µH
,

B1 =
θV + ωµH
θV + µH

, C1 =
µH(1− ω)(1− ε1)

θV + µH
,

D1 =
ΛH(1− ω)

J0(θV + µH)
, E1 =

ΛH(θV + ωµH)

J0µH(θV + µH)
, F1 =

ΛS
L0µS

.

(3.8)

Let us view the situation where RVTS = 1. it is presumed that the maximum of

RVTS = max
{
RVHT ,RHS

}
= RVHT . (3.9)

Solving for βT = β∗T from RVHT = 1 gives

βT = β∗T =
(κ1 + µH)(ζT + δT + µH)(θV + µH)

θV (κ1 + pµH) + µH((1− (1− ω)ε1)κ1 + pωµH)
(3.10)

Matrix Jβ∗T possesses a right eigenvector revealed by w = (ω1, ω2, ..., ω20)T , where

w1 = −
(β∗T (Q1B1 + θV C1)w5 + βJ(θVD1 +Q1E1)w20)

Q1
,

w2 = −
(β∗TC1w5 + βJD1w20)

Q1
, w3 =

βJD1w20

µH
, w4 =

β∗TA1

Q2(Q3 − pβ∗TB1)
,

w5 =
Q2

β∗Tκ1A1
, w6 = 0, w7 =

ζTw5

µH
, w8 =

βJE1w20

Q5
, w9 =

α1βJE1w20

µHQ5Q6
,

w10 =
α1βJζSE1w20

µHQ5Q6
, w11 = w12 = w13 = w14 = w15 = w16 = 0,

w17 =
µJµSw20

βLφF1
, w18 = −µJw20

φ
, w19 =

µJw20

φ
, w20 = w20 > 0.

(3.11)

where w4 > 0, w5 > 0.
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In addition, Jβ∗T possesses a left eigenvector v = (ν1, ν2, ...., ν20) fulfilling v.w = 1, with

ν1 = ν2 = ν3 = 0, ν4 =
κ1

Q2(Q3 − pβ∗TB1)
, ν5 =

Q2

β∗Tκ1A1
,

ν6 =
β∗TΘRT (A1ν4 + pB1ν5)

Q4
, ν7 = 0, ν8 =

µJν20

βJE1
, ν9 =

µJQ5ν20

α1βJE1
,

ν10 = 0, ν11 =
κ2ν12 + α2ν14

Q7
,

ν12 =
β∗TΠ1(A1ν4 + pB1ν5) + ζT1ν8 + σν16

Q8
,

ν13 =
β∗TΘRS1(A1ν4 + pB1ν5) + ζR1ν8 + α3ν15

Q9
,

ν14 =
ζS1ν4 + κ3ν16 +Neγν17

Q10
,

ν15 =
β∗TΘRS2(A1ν4 + pB1ν5) + ζS2ν6 + ζT2ν9 +Neγν17

Q11
,

ν16 =
β∗TΠ2(A1ν4 + pB1ν5) + ζT3ν9 +Neγν17

Q12
,

ν17 =
βLφF1ν20

µLµS
, ν18 = 0, ν19 =

φν20

µS
, ν20 = ν20 > 0,

(3.12)

where ν4 > 0, ν5 > 0.

Furthermore, employing the Center Manifold Theory as presented by [10], we proceed to calculate the

linked non-zero partial derivatives of the right hand sides of the transformed system (3.2), (considered at

the point where there is without infection with βT = β∗T ) that the linked coefficients of bifurcation, a and

b, are described as

a =

n∑
k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0), and b =

n∑
k,i=1

vkwi
∂2fk
∂xi∂β∗T

(0, 0), (3.13)

where
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a =
2β∗TµH

ΛH

[
(1− π1)ΘRT

(A1ν4 + pB1ν5

Q4

)
w4w5 + ((1− p)ν4 + pν5)

(ζSα1β
∗
JE1

µHQ5Q6
w5w20 +

ξζT
µH

w2
5

)]
+

2β∗T
Q2(Q3 − pβ∗TB1)

[ (1− p)
Q1(Q3 − βTB1)

( βTωµ2
H

θV + µH

(
µH(1− ω)(1− ε1)−A1(θV + µH)

)
− µHQ1Q3

)
+
( Q2Q3

θV + ωµH

(
µH(1− ω)(1− ε1)−A1(θV + µH)

)
+ 2µH(1− ω)(1− ε1)A1(θV + µH)

−
(
(µH(1− ω)(1− ε1))2 + (A1(θV + µH))2

))
B1w5(G1 +G2)

+
ΛH
J0µH

( θV
θV + µH

−B1

)
ν4w5G1 + ζTSν11w3w5

+ η1((1−m)ν11 +mν12)w5w8

+ η2((1− f)ν14 + fν16)w5w9

+ (1− ε1)D1ν4w5G2

]
+

2β∗J
J0

[ ζT
µH

ν8w5w20 + ψν8w10w20

+
(κ2

(
β∗TΠ1(A1ν4 + pB1ν5) + ζT1ν8 + σν16

)
Q7Q8

+
α2ν14

Q7

)
w4w20

]
−

2β∗TµH
ΛH

[(
(1− p)G1 + (1− ε1)G2)ν4w5

)
+ (1− π1)ν4w4w5 + η2ν9w5w9

]
− 2β∗T

[(
(1− p)B1 + C1

)(
ν4w5(w3 + w8 + w9) + ν4w4w5 + ν4w

2
5 + ν4w4w7

)
+ pB1

(
ν5w5(w3 + w4 + w8 + w9) + ν5w

2
5 + ν5w4w7

)
+ C1 + ν4w

2
5 + ν4w5w10

]
−

2β∗J
J0

[(
ν4w4 + ν5w5 + εE1ν8w20

)
w20

]
− 2βL

L0

[
ν19w17

(
εF1w17 + w19

)]
.

(3.14)

where

G1 =
J1w5 + J2w20

Q1
, G2 =

J3w5 + J4w20

Q1
,

J1 = (θV C1 +Q1B1)β∗T , J2 = (θVD1 +Q1E1)β∗J ,

J3 = C1β
∗
T , J4 = D1β

∗
J .

Since Q3 − pβ∗TB1 > 0, =⇒ Q3 − β∗TB1 > 0. However, since 0 < p < 1, then pβ∗TB1 < β∗TB1. This,

therefore, implies that Q3 − pβ∗TB1 > Q3 − β∗TB1 =⇒ (1− p)β∗TB1 > 0, and

b = (ν4A1 + ν5pB1)w5 (3.15)

Clearly b > 0 for every biologically appropriate parameter values.
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Since our purpose, herein, is in unveiling the parameter(s), which is(are) liable for maintaining the

negativity of the the coefficient of bifurcation, a, that is a < 0, it behooves us to recognize at this point, that

[54] entrenched that the comparative rate of contagiousness of externally re-tainted persons is a definite

cause of backward bifurcation in TB transmission dynamics. In the same vein, it has also been reported

in the literature by [2, 3, 52] that recontamination is a basis for the phenomenon of the bifurcation that

is backward in schistosomiasis epidemic dynamics. A close observation of (3.14) reveals that eradicating

the rate of comparative contagiousness of externally re-tainted persons (ΘRT ) and the lowered rate of

re-contamination with schistosomiasis (ψ) (i.e., ΘRT = ψ = 0) will not completely produce the appropriate

outcome of eradicating the backward bifurcation phenomenon resident in a TB-schistosomiasis co-infection

model taking into consideration the effect of schistosomiasis infection on the immunogenicity of the BCG

vaccine as it affects the use of vaccination as a measure of control against TB infection at population

level because the positive part of (3.14) does not completely disappear just as reported in [3]. This,

therefore, is indicative that there are some other parameters accountable for this predicament. Additional

investigation identifies the adjustment parameter for comparative contagiousness of persons re-tainted

with TB (ΘRT ), the treatment rate for schistosomiasis-only infected persons (ζS), the BCG vaccine

waning (θV ), the impact of schistosomiasis on the BCG protection against TB (ζTS), the comparative

rates by which persons with dormant schistosomiasis (η1) and virulent schistosomiasis (η2) are tainted

with TB, correspondingly, the BCG vaccine efficacy (ε1), the treatment rate for TB (ζT ), the depreciated

rate of contagion with schistosomiasis (ψ), the adjustment parameter for relative contagiousness of persons

with virulent TB and dormant schistosomiasis (Π1), the therapeutic rate for TB for co-infected infected

persons (ζT1), the advancement rate from infectious TB/unprotected against schistosomiasis to infectious

TB/infectious schistosomiasis (σ), and the advancement rate from vulnerable to both TB/schistosomiasis

to vulnerable to TB/virulent schistosomiasis (α2) are accountable for the non-eradication of the backward

bifurcation dilemma.

Thus, given the condition that for RVTS = 1, and ΘRT = ζTS = θV = η1 = η2 = ζT = ψ = Π1 = ζT1 =

σ = α2 = 0 and ε1 = 1, the bifurcation parameter a will be negative.

In summary, this research has proved that the comparative rate of contagiousness of humans

re-contaminated with TB (ΘRT ), the therapeutic rate for schistosomiasis-only infected persons (ζS), the

BCG vaccine waning (θV ), the impact of schistosomiasis on the BCG protection against TB (ζTS), the

BCG vaccine waning (θV ), the comparative rates at which persons with dormant schistosomiasis (η1)

and virulent schistosomiasis (η2) are tainted with TB, correspondingly, the BCG vaccine efficacy (ε1),

the treatment rate for TB (ζT ), the decreased infection rate with schistosomiasis (ψ), the adjustment

parameter for relative contagiousness of persons with virulent TB and dormant schistosomiasis (Π1), the

therapeutic rate for TB for co-infected persons (ζT1), the advancement rate from infectious TB/vulnerable

to schistosomiasis to infectious TB/infectious schistosomiasis (σ), cum the advancement rate from

vulnerable to the two diseases (TB/schistosomiasis) to vulnerable to TB/infectious schistosomiasis (α2)
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instigate backward bifurcation in the disease dynamics of TB alongside BCG vaccination in the company

of schistosomiasis.

So, the effective reproduction number, RVTS , less than unity, becomes a mandatory but not an adequate

situation for the control of the two epidemics.

3.3 Global Asymptotic Stability (GAS) of DFE

A this juncture, we proceed to review the global asymptotic stability of the infection-free equilibrium

of a unique case of (2.3) with inconsequential adjustment parameter for comparative infectiousness of

humans re-tainted with TB (ΘRT = 0), the therapeutic rate for schistosomiasis-only infected persons

(ζS = 0), the impact of schistosomiasis on the BCG protection against TB (ζTS = 0), the BCG vaccine

waning (θV = 0), the comparative rates with which persons with dormant schistosomiasis (η1 = 0)

and virulent schistosomiasis (η2 = 0) are tainted with TB, respectively, the BCG vaccine efficacy (ε1 =

1), the therapeutic rate for TB-only affected persons (ζT = 0), the decreased rate of contamination

with schistosomiasis (ψ = 0), the modification parameter for comparative contagiousness of persons

with aggressive TB and dormant schistosomiasis (Π1 = 0), the therapeutic rate for TB for co-infected

persons (ζT1 = 0), the rate of advancement from infectious TB/exposed to schistosomiasis to aggressive

TB/aggressive schistosomiasis (σ = 0), and the advancement rate from unprotected from the two diseases

(TB/schistosomiasis) to unprotected from TB/aggressive schistosomiasis (α2 = 0) without therapy for

persons infected with TB and schistosomiasis, appropriately. The resultant effect is the eradication of the

following human classes: persons externally re-tainted with TB (IRT = 0), persons who had undergone

therapy for TB (THT = 0), persons who had undergone therapy for schistosomiasis (THS = 0), persons

externally re-tainted with TB and unprotected against schistosomiasis (IRS1 = 0), and persons externally

re-tainted with TB/infectious schistosomiasis (IRS2 = 0). We arrive at the assertion:

Theorem 3.2. The DFE, E0, of system (2.3) (or (3.2)) adjustment parameter for comparative

contagiousness of humans re-tainted with TB (ΘRT = 0), the therapeutic rate for schistosomiasis-only

tainted persons (ζS = 0), the BCG vaccine waning (θV = 0), the impact of schistosomiasis on the BCG

protection against TB (ζTS = 0), the comparative rates by which persons with dormant schistosomiasis

(η1 = 0) cum aggressive schistosomiasis (η2 = 0) are tainted with TB, correspondingly, the therapeutic

rate for TB-only tainted persons (ζT = 0), the depreciated rate of infection with schistosomiasis (ψ = 0),

the modification parameter for comparative contagiousness of persons with virulent TB and dormant

schistosomiasis (Π1 = 0), the therapeutic rate for TB for co-tainted persons (ζT1 = 0), the rate

of advancement from aggressive TB/unprotected against schistosomiasis to aggressive TB/aggressive

schistosomiasis (σ = 0), and the rate of advancement from unprotected against the two diseases

(TB/schistosomiasis) to unprotected against TB/aggressive schistosomiasis (α2 = 0) and the BCG vaccine

efficacy (ε1 = 1) is globally asymptotically stable (GAS) assuming that RVTS < 1 and unstable assuming
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that RVTS > 1.

Proof. To be able to demonstrate the GAS of the DFE, we use [29] theorem for comparison. To achieve

this, we represent the tainted classes in (2.3) as

dX2

dt
= (Fo − Vo)X2 −MX2 (3.16)

where

X2 =[EHT , IHT , VTS , EHS , IHS , ETS , IST , EST , ITS , IS , L, J ]T (3.17)

That is, 

ĖHT

İHT

V̇TS

ĖHS

İHS

ĖTS

İST

ĖST

İTS

İS

L̇

J̇



= (Fo − Vo)



EHT

IHT

VTS

EHS

IHS

ETS

IST

EST

ITS

IS

L

J



−M



EHT

IHT

VTS

EHS

IHS

ETS

IST

EST

ITS

IS

L

J



, (3.18)

where

Fo =

(
F11(6×6) F12(6×6)

F21(6×6) F22(6×6)

)
, (3.19)

F11 =



0 0 0 0 0 0

κ1 pβTB
′
1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, F12 =



0 0 0 0 0 0

0 0 pβTΠ2B
′
1 0 0 0

0 0 0 0 0 βJΛH
J0µH

C
′
1

0 0 0 0 0 βJΛH
J0µH

B
′
1

0 0 0 0 0 0

0 0 0 0 0 0


, (3.20)
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F21 =



0 0 0 0 0 κ2

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, F22 =



0 0 0 0 0 0

0 0 0 0 0 0

0 κ3 0 0 0 0

0 0 0 0 βLΛS
L0µS

0

0 0 0 0 0 0

0 0 0 0 0 0


. (3.21)

Vo =

(
V11(6×6) V12(6×6)

V21(6×6) V22(6×6)

)
, (3.22)

where

V11 =



Q
′
1 −βTA1 0 0 0 0

0 Q
′
2 0 0 0 0

0 0 Q
′
3 0 0 0

0 0 0 Q
′
4 0 0

0 0 0 −α1 Q
′
5 0

0 0 0 0 0 Q
′
6


, V12 =



0 0 −βTΠ2A
′
1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, (3.23)

V21 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 −Neγ 0

0 0 0 0 0 0


, V22 =



Q
′
7 0 0 0 0 0

0 Q
′
8 0 0 0 0

−σ 0 Q
′
9 0 0 0

0 0 0 Q
′
10 0 0

0 −Neγ −Neγ 0 Q
′
11 0

0 0 0 −φ 0 Q
′
12


, (3.24)

with Q
′
1 = κ1 + µH , Q

′
2 = δT + µH , Q

′
3 = µH , Q

′
4 = α1 + µH , Q

′
5 = δS + µH , Q

′
6 = α2 + κ2 + µH ,

Q
′
7 = σ+χ1δT + µH , Q

′
8 = κ3 + v1δS + µH , Q

′
9 = χ2δT + v3δS + µH , Q

′
10 = µS , Q

′
11 = µL, and Q

′
12 = µJ .

We define the following coefficients as:

A
′
1 = (1− p)ω, B

′
1 = ω, C

′
1 =

ΛH(1− ω)

J0µH
. (3.25)

The matrix M is defined as:

M =

(
M11(6×6) M12(6×6)

M21(6×6) M22(6×6)

)
, (3.26)
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where

M11 =



0 0 0 0 0 0

κ1K1 pβTB1K1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, M12 =



0 0 0 0 0 0

0 0 pβTΠ2B
′
1K1 0 0 0

0 0 0 0 0 βJJC
′
1U2

0 0 0 0 0 βJJB
′
1U2

0 0 0 0 0 0

0 0 0 0 0 0


, (3.27)

M21 =



0 0 0 0 0 κ2U1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, M22 =



0 0 0 0 0 0

0 0 0 0 0 0

0 κ3U1 0 0 0 0

0 0 0 0 βLLU3 0

0 0 0 0 0 0

0 0 0 0 0 0


(3.28)

and

U1 = 1− (
SH + VT
NH

), U2 =
ΛH
J0µH

− (
SH + VT
J0 + εJ

), U3 =
ΛS
L0µS

− SS
L0 + εL

. (3.29)

which indicates that M ≥ 0 already, SH + VT ≤ NH ≤ ΛH/µH , SH+VT
J0+εJ ≤

ΛH
J0µH

, and because SS ≤ NS ≤
ΛS/µS , SS

L0+εL ≤
ΛS
L0µS

for t > 0 in DV , it ensues that

ĖHT

İHT

V̇TS

ĖHS

İHS

ĖTS

İST

ĖST

İTS

İS

L̇

J̇



≤ (Fo − Vo)



EHT

IHT

VTS

EHS

IHS

ETS

IST

EST

ITS

IS

L

J



, (3.30)

Employing the authenticity that every eigenvalue belonging to the matrix Fo− Vo possesses negative real

components (review local stability result, while ρ(FoV
−1
o ) < 1 premised on RVTS < 1 that is identical with

Fo − Vo possessing eigenvalues having negative real constituents while RVTS < 1 [57], it therefore follows
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that the linear differential inequality in (3.30) remains stable on the occasion that RVTS < 1. Therefore,

(EHT , IHT , VTS , EHS , IHS , ETS , IST , EST , ITS , IS , L, J) → (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) as t → ∞.

Therefore, via the theorem for comparison [29] (EHT , IHT , VTS , EHS , IHS , ETS , IST , EST , ITS , IS , L, J)→
(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) as t → ∞. Substituting EHT = IHT = VTS = EHS = IHS =

ETS = IST = EST = ITS = IS = L = J = 0 in (2.3) leads to SH(t) → S∗H , VT (t) → V ∗T ,

SS(t)→ S∗S , as t→∞. Therefore, (SH , VT , VTS , EHT , IHT , EHS , IHS , ETS , IST , EST , ITS , L, SS , IS , J)→
(S∗H , V

∗
T , 0, 0, 0, 0, 0, 0, 0, S

∗
S , 0, 0) as t→∞ for RVTS < 1. Hence, Eo, remains globally asymptotically stable

if RVTS < 1 at the point where ΘRT = ζTS = θV = η1 = η2 = ζT = ψ = Π1 = ζT1 = σ = α2 = 0 and

ε1 = 1.

3.4 Numerical simulation results

The system (2.3) is simulated, numerically, employing the values of parameters described in Table 4 and

Table 5, respectively, to be able to consider the effect of changing some important or key parameters

showing the impact of schistosomiasis on the immunogenicity of the BCG vaccine, the comparative

contagiousness of externally re-tainted persons with TB, the comparative contagiousness of persons with

dormant and virulent schistosomiasis, the proportion of unvaccinated persons, respectively, and vaccine

waning of individuals vaccinated with BCG against TB on the population dynamics of the co-infection of

TB-schistosomiasis.

Epidemiological and demographic parameters relevant to Nigeria are deployed in the numerical

simulations performed in this section. Nigeria’s overall population was estimated in 2017 as 189,559,502

[16, 55]. Thus, it ensues that, at the disease-free equilibrium, the total population (ΛH/µH) amounts

to 189,559,502. The annual mean mortality rate for Nigeria (µH) is taken as 0.02041 [55]. Thus,

the intermediate annual rate of recruitment of persons into the populace (ΛH) amounts to 3,868,900.

Additionally, the overall Nigerian incidence of TB was predicted as 407,000 [62] in 2017 whereas the

whole incidence of schistosomiasis in Nigeria happened to have been nearly 29,000,000 [61]. Since it has

already been established in the literature [4,37], that, the protective immunity induced by the BCG wanes

from 10 to 15 years, it therefore implies that the parameter θV , which is indicative of the rate at which

BCG vaccine-induced immunity wanes will adopt the values within [1/15, 1/10] which is [0.067, 0.1].

The aggregate incidence of TB at the point where the impact of schistosomiasis on BCG vaccine (ζTS)

was fluctuated between 1 and 3 is depicted in Figure 1. It is obvious that the TB incidence increased most

substantially as the impact of schistosomiasis on BCG protection against TB was elevated (i.e., ζTS → 3)

on human individuals vaccinated with BCG and exposed to schistosomiasis; this is depicted in Figure 1(b).

The simulated outcome implies that the incidence of TB in a populace could be elevated as the impact

of schistosomiasis on BCG protection against TB increases. Reducing the impact of schistosomiasis on
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Table 4: Parameter values (along with ranges) of the system (2.3)

Parameters Values Sample ranges References

µH 0.02041 year−1 [0.0143, 0.03] [55]

ΛH 3 868 900 year−1 [3,000,000, 4,000,000] [16]

βT Variable year−1 [0, 2] Assumed

ζTS 2.5 year−1 [1, 3] Assumed

ξ 0.075 year−1 [0, 1] [24]

p 0.1 year−1 [0.05, 0.3] [49]

f 0.1 year−1 [0, 0.005] [49]

m 0.1 year−1 [0, 3] [49]

π1 0.4 year−1 [0, 1] [24]

π2 0.45 year−1 [0, 1] [24]

π3 0.5 year−1 [0, 1] [24]

k1 0.005 year−1 [0.005, 0.05] [9]

k2 0.005 year−1 [0.005, 0.05] [9]

k3 0.005 year−1 [0.005, 0.05] [9]

ζT 0.75 year−1 [0, 1] Assumed

ζT1 0.75 year−1 [0.5, 1] [41]

ζT2 0.75 year−1 [0.5, 1] [41]

ζT3 0.75 year−1 [0.5, 1] [41]

ζR 0.75 year−1 [0.5, 1] [41]

ζR1 0.75 year−1 [0.5, 1] [41]

ζS 0.23 year−1 [0.2, 0.5] [27]

ζS1 0.23 year−1 [0.2, 0.5] [27]

ζS2 0.23 year−1 [0.2, 0.5] [27]

ζS3 0.23 year−1 [0.2, 0.5] [27]

BCG protection against TB (that is, ζTS → 1) as a method of control could lead to the prevention of

nearly 18, 450, 000 cases of fresh TB contagions.

The aggregate incidence of TB where the comparative rate of contagiousness of externally re-tainted

persons with TB (ΘRT ) was fluctuated between 0 to 1 as depicted in Figure 2. It was obvious that

the incidence of TB rises as the comparative rate of contagiousness of externally re-tainted persons

by TB elevates (that is, ΘRT → 1) between persons vaccinated with BCG and unprotected against

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 649-683



672 I. I. Ako and R. U. Omoregie

Table 5: Parameter values (along with ranges) of the system (2.3) (cont’d)

Parameters Values Sample ranges References

ω 0.2 year−1 [0, 1] Assumed

θV 0.08 year−1 [0.067, 0.1] [4, 37]

ε1 0.9 year−1 [0, 1] Assumed

δT 0.1 year−1 [0, 0.5] [8]

δR 0.1 year−1 [0, 0.5] [8]

δS 1.4 year−1 [0.365, 2.19] [36]

α1 6.5 year−1 [0, 10] [36]

α2 6.5 year−1 [0, 10] [36]

α3 6.5 year−1 [0, 10] [36]

ψ 0.85 year−1 [0.05, 0.85] Assumed

σ 0.5 year−1 [0, 1] Assumed

χ1 0.65 year−1 [0, 1] Assumed

χ2 0.85 year−1 [0, 1] Assumed

η1 2.0 year−1 [0, 3] Assumed

η2 4.0 year−1 [0, 5] Assumed

ΘRT 0.5 year−1 [0, 1] Assumed

ΘRS1 1.5 year−1 [0, 3] Assumed

ΘRS2 1.5 year−1 [0, 3] Assumed

Π1 1.8 year−1 [0, 3] Assumed

Π2 2.0 year−1 [0, 3] Assumed

v1 0.001 year−1 [0, 1] Assumed

v2 0.002 year−1 [0, 1] Assumed

v3 0.003 year−1 [0, 1] Assumed

µS 0.5 year−1 [0, 1] [27]

ΛS 73,000 year−1 [73,000, 109,500] [13]

ε 182.5 year−1 [0, 182.5] [13]

βL 1.475 year−1 [0, 2] Assumed

L0 108 year−1 [9×107, 1×108] [13]

Ne 300 year−1 [0, 800] [13]

γ 0.8468 year−1 [0, 1] [13]

µL 328.5 year−1 [100, 400] [13]

βJ 4.19 year−1 [0, 5] Assumed

J0 9×107 year−1 [8×107, 9×107] [13]

µJ 3.0 year−1 [0, 3] [13]

τ1 0.1 year−1 [0, 1] Assumed

τ2 0.2 year−1 [0, 1] Assumed

φ 500 year−1 [0, 1,000] [13]

schistosomiasis as revealed by the (b) part of Figure 2. The simulated outcome implies that the incidence

of TB in a populace could be elevated just the same way that the comparative rate of contagiousness

of externally re-tainted persons with TB elevates. Lowering the comparative rate of contagiousness of

externally re-tainted persons with TB (that is, ΘRT → 0) as a method of control may lead to the avoidance

of nearly 9, 970, 000 cases of fresh TB contagions.
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Figure 1: Aggregate number of fresh TB cases with βT = 1.5, and fluctuated impact of schistosomiasis

on BCG protection against TB (ζTS).

The aggregate incidence of TB at the point where the comparative contagiousness of persons with

dormant schistosomiasis (η1) was fluctuated between 0 to 3 is depicted in Figure 3. The simulated

outcome implies that the incidence of TB was elevated as the comparative contagiousness of persons

with dormant schistosomiasis elevates (that is, η1 → 3) between persons vaccinated with BCG and

unprotected against schistosomiasis depicted in the (b) part of Figure 3. The simulated outcome implies

that the incidence of TB in a populace could be elevated as the comparative contagiousness of persons

with dormant schistosomiasis elevates. Lowering the comparative contagiousness of persons with dormant

schistosomiasis (that is, η1 → 0) as a method of control could lead to the prevention of nearly 840, 000

cases of fresh TB contagions.

The aggregate incidence of TB at the point where the comparative contagiousness of persons with

virulent schistosomiasis (η2) was fluctuated between 0 to 5 is displayed in Figure 4. The simulated outcome

depicts that the incidence of TB was elevated as the comparative contagiousness of persons with active

schistosomiasis elevates (that is, η2 → 5) between persons vaccinated with BCG and unprotected against

schistosomiasis revealed by the (b) part of Figure 4. The simulated outcome implies that the incidence

of TB in a populace could be elevated as the comparative contagiousness of persons having virulent

schistosomiasis elevates. Lowering the comparative contagiousness of persons with virulent schistosomiasis
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Figure 2: Aggregate number of fresh cases of TB at the point where βT = 1.5, and fluctuated rate of

comparative contagiousness of externally re-tainted persons with TB (ΘRT ).

(that is, η2 → 0) as a method of control could lead to the prevention of nearly 1, 200, 000 cases of fresh

TB contagions.

The aggregate incidence of TB at the point where the proportion of persons unvaccinated with BCG

(ω) was fluctuated between 0 to 1 is displayed in Figure 5. The simulated outcome implies that the

incidence of TB was elevated as the proportion of persons unvaccinated with BCG elevates (that is,

ω → 1) between persons vaccinated with BCG and unprotected against schistosomiasis as depicted by the

(b) part of Figure 5. The simulated outcome that the incidence of TB in a populace could be elevated as the

proportion of persons unvaccinated with BCG elevates. Lowering the proportion of persons unvaccinated

with BCG (that is, ω → 0) as a strategy of control could lead to the prevention of about 33, 920, 000

cases of fresh TB contagions.

The aggregate incidence of TB at the point where the rate of vaccine waning of persons vaccinated

with BCG against TB (θV ) was fluctuated between 0.067 to 0.1 as depicted in Figure 6. The simulated

outcome depicts that the incidence of TB was elevated as the rate of vaccine waning of persons vaccinated

with BCG against TB elevates (that is, θV → 0.1) between persons vaccinated with BCG and exposed

to schistosomiasis by the (b) part of Figure 6. The simulated outcome depicts that the incidence of TB

in a populace could be increased as the rate of vaccine waning of persons vaccinated with BCG against
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Figure 3: Aggregate number of fresh cases of TB at the point where βT = 1.5, and fluctuated relative

rate at which individuals with dormant schistosomiasis are tainted with TB (η1).

TB elevates. Lowering the rate of vaccine waning of persons vaccinated with BCG against TB (that is,

θV → 0.067) as a strategy of control could lead to the prevention of about 950, 000 cases of fresh TB

contagions.

4 Conclusion

In this study, we have created a novel mathematical model for studying how the impact of schistosomiasis

infection on the immunogenicity of the BCG vaccine affects the use of vaccination as a measure of control

against TB infection at population level. The infection-(disease-)free state of the model (2.3) was shown

to be locally asymptotically stable (LAS) when the associated effective reproduction number was less than

unity. In addition, model (2.3) was shown to exhibit the phenomenon of backward bifurcation initiated by

the comparative contagiousness of humans re-tainted via TB, the therapeutic rate for schistosomiasis-only

tainted persons, the BCG vaccine waning, the impact of schistosomiasis on the BCG protection against

TB, the BCG vaccine waning, the comparative rates via which persons having dormant schistosomiasis

cum contagious schistosomiasis are tainted with TB, respectively, the BCG vaccine efficacy, the treatment

rate for TB, the decreased infection rate with schistosomiasis, the adjustment parameter for comparative
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Figure 4: Aggregate number of fresh cases of TB at the point where βT = 1.5, and fluctuated comparative

rate at which persons with virulent schistosomiasis are tainted with TB (η2).

contagiousness of persons with contagious TB and dormant schistosomiasis, the therapeutic rate for TB

for co-infected persons, the transition rate from contagious TB/unprotected against schistosomiasis to

contagious TB/contagious schistosomiasis, and the rate of transition from unprotected against to the

two epidemics (TB/schistosomiasis) to unprotected against TB/contagious schistosomiasis. In addition,

a unique case of the model (2.3) was revealed to be globally asymptotically stable (GAS), when the

connected effective reproduction number was less than unity.

Results numerically simulated from the model system (2.3) revealed that a reduction in the significance

of key parameters like the comparative rate of contagiousness of externally re-tainted persons with TB, the

rate of comparative contagiousness of persons with dormant and contagious schistosomiasis, respectively,

the impact of schistosomiasis on the BCG vaccine and the proportion of persons unvaccinated with BCG

vaccine could lead to a significant decrease in the prevalence of TB-schistosomiasis co-infection in the

populace.

It has been revealed via this study that control programmes for TB and schistosomiasis which support

the corresponding therapy for contagious cases of the two epidemics, vaccination of susceptible humans

with the BCG vaccine (with high vaccine efficacy and low vaccine waning) against TB contamination

and the intentional reduction of unvaccinated persons who are susceptible to TB must be rigorously
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Figure 5: Aggregate number of fresh cases of TB at the point where βT = 1.5, and fluctuated proportion

of persons unvaccinated with BCG against TB (ω).

chased, considering that programmes such as these could lead to substantial decrease in the weight of the

co-infection of TB-schistosomiasis in the population. Furthermore, to stop any opportunity that would

promote the occurrence of the backward bifurcation phenomenon, measures of control should be focused

on the parameters that provoke it, namely: the comparative contagiousness of humans re-tainted with

TB (ΘRT ), the treatment rate for schistosomiasis-only infected persons (ζS), the BCG vaccine waning

(θV ), the impact of schistosomiasis on the BCG protection against TB (ζTS), the comparative rates via

which persons having dormant schistosomiasis (η1) cum contagious schistosomiasis (η2) are tainted with

TB, correspondingly, the BCG vaccine efficacy (ε1), the treatment rate for TB (ζT ), the depreciated rate

of contamination with schistosomiasis (ψ), the modification parameter for comparative contagiousness of

persons with virulent TB and dormant schistosomiasis (Π1), the treatment rate for TB for co-infected

persons (ζT1), the rate of transition from contagious TB/unprotected against schistosomiasis to contagious

TB/contagious schistosomiasis (σ), and the transition rate from unprotected against the two diseases

(TB/schistosomiasis) to unprotected against TB/contagious schistosomiasis (α2).
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Figure 6: Aggregate number of fresh cases of TB at the point where βT = 1.5, and fluctuated rate of

vaccine waning of persons vaccinated with BCG against TB (θV ).
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