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Abstract

We present a mathematical model, that is deterministic, for investigating the impact of schistosomiasis
infection on the immunogenicity of the BCG vaccine affects the use of vaccination as a measure
of control against TB infection at population level in Nigeria. The presence of the backward
bifurcation phenomenon was established from the analysis of the model, and it was discovered that
the following parameters were responsible the adjustment parameter for comparative contagiousness
of individuals re-contaminated with TB (O gr), the rate of therapy for schistosomiasis-only infected
persons ((s), the impact of schistosomiasis on the BCG protection against TB ({rs), BCG vaccine
waning (6y), the BCG vaccine efficacy (e1), the treatment rate for TB ((r), the comparative
rates by which individuals having dormant schistosomiasis (1) cum virulent schistosomiasis (7y) are
tainted with TB, correspondingly, the depreciated rate of contamination with schistosomiasis (), the
regulation parameter for comparative infectiousness of persons possessing virulent TB cum dormant
schistosomiasis (IIy), the treatment rate for TB for co-infected persons ((r1), the progression rate
from contagious TB/unprotected from schistosomiasis to contagious TB/contagious schistosomiasis
(o), and the rate of advancement from unprotected against the two infirmities TB/schistosomiasis
to unprotected against TB/infectious schistosomiasis (az). The disease-free equilibrium was found
to be globally asymptotically stable when the parameters responsible for the backward bifurcation

phenomenon were negligible, the the effective reproduction number is less than unity.

1 Introduction

Tuberculosis (TB), generated by Mycobacterium tuberculosis, affects about a third of global population
with 2 - 3 million deaths as casualties annually is of serious public health concern around the world

[33,00,62]. TB is responsible for morbidity among several millions of people worldwide. Only a tenth
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of individuals that are infected TB progress to active TB [00]. A total of 1.25 million persons suffered
mortality as a result of TB in 2023 [66]. 6.4 million individuals were identified as fresh cases by the WHO
in 2017 [62,63]. An estimated 10.8 million people took ill with TB globally, comprising of 6.0 million, 3.6
million women and 1.3 million [66]. TB is both curable and preventable [66]. Worldwide efforts to fight
TB has saved about 79 million lives since the year 2000 [66]. In certain places, the Bacille Calmette-Guérin
vaccine, popularly known as the BCG vaccine, is administered to babies or little children to prevent TB;

this vaccine prevents children from serious forms of and mortality from the disease [((].

Schistosomiasis, on the other hand, ranks only behind malaria in the tropics, is regarded as an NTD,
i.e., a neglected tropical disease, caused by parasitic worms (blood flukes) of the genus Schistosoma [12,25].
It was estimated in 2021 that a minimum of 251.4 million persons needed preventive treatment [65]; such
protective therapeutic care which should be re-administered over a couple of years, has the propensity to

lower and prevent morbidity [65]. About 78 countries have reported cases of schistosomiasis transmission

[05]-

It has already been established in the literature that TB and schistosomiasis co-infection does exist

in overlapping regions where both diseases coexist [30,50,59].

Parasitic worm infections are common globally and can set-off effective protective reactions that are
different from and in addition, possibly counteract host protective reactions to disease-inflicting microbes

[53]. Tt is indicative that a misrepresented Th2 reaction precipitated by S. mansoni infection endangers

safeguards activated in human beings by M. bovis’ BCG vaccination [19,22,23,33] and in mice systemically
infected with Mtb [21,33]. Amazingly, although parasitic worm co-infections boost M. bovis BCG [20,33]
and M. tuberculosis [33,50] lung hardship, the escalation in mycobacterial load is often ephemeral [33,50]
and balanced [20,33,50], implying that the consequence of parasitic worm co-infections on Mtb restriction

is not sufficient to totally describe the heightened acerbity of TB in parasitic worm-co-infected humans

detected in regions that are endemic with TB [33].

Several authors have contributed immensely to the literature as far as the mathematical modelling
of TB is concerned [5,7, 10, 17,24,34,39-11,43-1554,58]. In the same vein, a lot of authors have also
enriched the literature concerning mathematical modelling of schistosomiasis via various assumptions
[1,2,0, 11, 13=15, 18,2527, 31, 32,35, 306, 38, 46-48, 51,52, 67-69]. It is worthy of note that it was Ako
and Olowu [3] that considered the mathematical analysis of TB-schistosomisis co-infection in their novel
work. However, they did not consider the impact of schistosomiasis infection on the immumogenicity of
the BCG vaccine affects the use of vaccination as a control measure against TB infection at population

level. This is the knowledge gap that we seek to fill through this study.

This study is categorized as follows: Section 2 contains the model formulation, Section 3 reveals the

mathematical analysis of the basic properties of the model. Section 3 addresses the local asymptotic
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stability of the disease-free equilibrium with a special focus on the investigation of the model for the
backward bifurcation phenomenon, a special case of the global asymptotic stability of the infection-free
equilibrium, and the numerical simulation of the model while fluctuating the values of some essential

parameters while Section 4 concludes the study.

2 Formulation of the Model with Vaccination

The basic model in [3], is now elongated to integrate imperfect TB (BCG) vaccine. In order to achieve
this, the ensuing unique variables are introduced for the population of individuals vaccinated with
BCG (Vp(t)) and humans vaccinated with BCG and exposed to schistosomiasis (Vrg(t)). The other
variables in Equation (2.1) of [3] (i.e., vulnerable to contagions (Sg(t)), having dormant TB but not
contagious (Egr(t)), infectious TB (Igr(t)), externally re-contaminated with TB (Igr(t)), cured of TB
(Tur(t)), unprotected against schistosomiasis (Erxg(t)), tainted with schistosomiasis ({z5(t)), undergoing
therapy for schistosomiasis (Tys(t)), unprotected against TB, unprotected against schistosomiasis
(E7s(t)), having virulent TB, unprotected against schistosomiasis (Is7(t)), externally re-tainted with TB,
unprotected against schistosomiasis (Irsi(t)), unprotected against TB, with contagious schistosomiasis
(Esr(t)), externally re-tainted with TB cum contagious schistosomiasis (/rg2), and having infectious TB,
infectious schistosomiasis (I7g(t)) humans remain the same, such that the total human population is

represented by

NH(t) = SH(t) + VT(t) + VTs(t) + EHT(t) + IHT(t) + IRT(t) + THT(t)
+ EHS(t) -+ IHs(t) + THs(t) + ETS(t) + IST(t) —+ IRSl(t) (2.1)
+ Esr(t) + Irs2(t) + Irs(t).

Afterwards, we integrate the go-between hosts, snails of freshwater origin, for the parasite liable for
schistosomiasis in the model formulation.

It is assumed, herein, that the whole population of snails domiciled in freshwater at time ¢, denoted by
Ns(t), is separated into the commonly exclusive categories of snails susceptible (Sg(t)) cum snails pierced
with miracidia (Ig(t)), that is

Ns(t) = Ss(t) + Is(2). (2.2)

As a result of the suppositions made above, the formulated model that is vaccination-based is shown

in (2.3). The explanations of the classes or sub-populations and parameters deployed in the mathematical
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formulation are tabulated in Tables 1, 2 and 3, respectively.

Sy =wAy +0vVr —ArSg — A\jSu — puSwH,
Vi =1 —-w)Ag —X\;Vr — (1 —e)ArVr — (Ov + pu) Vr,
Vis = AVr — CrsArVrs — puVrs,
Eyr = (1 —=p)Ar(Sy + ETar + Trs) + (1 — ) ArVr + (s1Est
— (1 =m)ArEgr — A\jEur — (k1 + pu) Enr,
Tyr = pAr(Su + ETur + Tus) + k1Bt + (s3lrs — A lur
— (Cr + 6 + pm)lur,
Iy = (1 = m)A\rEnr + Cs2lrse — AjIrr — (Cr + 0r + pu) IRt
Tyt = Crlur + Crlrr — EMTaT — AN Tur — paTur,
Eys = \1(Su + Tur +¢Tus) + (rilst + Crilrst — mArEns
— (a1 + pr)Ens,
Iys = a1Egs + (ralpsa + (ralrs — nedrlas — (Cs + 05 + pm)lus,

Tys = C¢slus — MTuas — YA Tus — paThs, .
Ers = (1 —m)mArEns + AsEgr + (rsVrsAr — (1 — ma)A\rErg
— (a2 + K2 + pg)Ers,
Isr = mmArEys + AjIgr + AjIrr + k2Ers — (Cr1 + 0 + xadr + pm) s,
Trs1 = (1 = m)A\rErs — (a3 + Cri + T10Rr + pir ) IRrs1,
Egp = (1= fymArlns + azBrs — (1 — m3)ArEst — (Cs1 + k3 + v1ds + pm) Es,
Irgo = (1 — m3)A\rEsr + aslrs1 — (Cr2 + Cs2 + 720R + v2ds + pw)IRrs2,
Irs = fmArIgs + k3Est + oIst — (Cr3 + (53 + X201 + v3ds + pw ) Irs,
L' = Ney(Iys + Est + Irse + Its) — pr L,
Sg=Ag—ALSs — pusSs,
Is = ApSg — psls,
J = ¢Is — pyJ,
where
Ay — Br(Iur + OrrIgT + ORs1IRS1 + ORS2IRS2 + 1 IsT + H2ITS),
Nu (2.4)
B _ BLL
TT el P Lotel
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Table 1: Description of state variables of the model (2.3)

State Variables Description

S (t) Susceptible human population

Vr Human population vaccinated with BCG

Vrs Human population vaccinated with BCG and exposed to schistos-
omiasis

Enr(t) Human population with dormant TB

Iyr(t) Human population with virulent TB

Irr(t) Human population exogenously infected with TB

Trr(t) Human population treated for TB

Egs(t) Human population unprotected against schistosomiasis

Iys(t) Human population contaminated with schistosomiasis

Ths(t) Human population cured of schistosomiasis

Ers(t) Human population unprotected against both TB and schistosomiasis

Isp(t) Human population with active TB and unprotected against schistosomiasis

Irsi(t) Human population externally infected with TB and unprotected against
schistosomiasis

Egr(t) Human population unprotected against TB and virulent schistosomiasis

IRsa(t) Human population externally infected with TB and active
schistosomiasis

Ips(t) Human population with contagious TB and active schistosomiasis

L(t) Miracidia (parasite larvae immediately after hatching from the eggs)
population

Ss(t) Susceptible snail populace

Is(t) Snail populace contaminated with miracidia in the marine environment

J(t) Cercariae (larvae in the water that pierces the human skin) populace

2.1 Fundamental Properties of the Vaccination Model

2.1.1 Positivity of Solutions and Boundedness of Solutions

As regards the extended TB-schistosomiasis transmission model (2.3) with BCG vaccination to be
epidemiologically consequential, it is crucial to prove that all trajectories with initial data that are positive
will remain positive permanently and the biologically suitable region is bound to stay positively-invariant

for all time.
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Table 2: Description of state variables of the model (2.3)

Parameters Description

Ag Human recruitment rate

LT Human natural mortality rate

Br TB transmission rate

13 Reduced rate of infection with TB, £ <1

f,m,p Proportion of fast progressors to TB

Ty, T2, T3 Exogenous re-infection rates, where 0 < my, 7o, 13 < 1

K1, kK2, K3 Endogenous reactivation rates

(ryCr1,Cr2,Cr3,Cr,Cr1 Therapeutic rates for TB

or,0R TB-influenced human death rates

P Lowered rate of contagion with schistosomiasis

a1 Advancement rate from dormant to virulently tainted with
schistosomiasis

a2 Advancement rate from unprotected against both TB/schistosomiasis

to unprotected against TB/virulent schistosomiasis
Qs Advancement rate from externally re-tainted with TB-
/unprotected against schistosomiasis to externally re-tainted with TB-

/virulent schistosomiasis

Cs,Cs1,Cs2,Cs3 Therapeutic rates for schistosomiasis
0s Schistosomiasis-influenced human mortality rate
o Advancement rate from virulent TB/unprotected against schistosomiasis

to virulent TB/virulent schistosomiasis

X1, X2 Modification parameters for elevated TB mortality as a consequence
of co-infection

n1,72 Adjustment parameters for the rate at which humans with

dormant and virulent schistosomiasis are infected with TB

Or7,OR51, ORS2 Adjustment parameters for comparative infectiousness of re-infected
humans
114, I, Adjustment parameters for comparative contagiousness of humans

with virulent TB and dormant/virulent schistosomiasis
T1, T2 Modification parameters for elevated TB deaths to external re-tainting

as a result of co-infection

V1, V9, U3 Adjustment parameters for schistosomiasis-induced deaths
Ag Enrollment rate for snail population

s Snail mortality rate

€ Growth velocity limitation

Ly Saturation constant for the miracidia

Br, Miracidial contagion rate

N, Statistic of eggs excreted by people
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Table 3: Description of state variables of the model (2.3)

Parameters Description

w Proportion unvaccinated with BCG against TB

1—¢ Reduction in BCG vaccine efficacy

v Vaccine waning

¢rs Impact of schistosomiasis on the BCG protection against TB, (rg > 1

Theorem 2.1. Allow the primary input for the TB-schistosomiasis co-infection model (2.3) be given as
Su(0) > 0, Vp(0) > 0, Vpg(0) > 0, Egr(0) > 0, Igr(0) > 0, Igr(0) > 0, Tyr(0) > 0, Exs(0) >
0, IHs(O) > 0, THs(O) > 0, ETS(O) > 0, IST(O) > 0, IRSl(O) > 0, EST(O) > 0, IRSQ(O) > 0, ITs(O) >
0, L(0) >0, Ss(0) >0, Is(0) > 0 and J(0) > 0. Then the orbits (SH(t), Vr(t), Vrs(t), Egr(t), Igr(t),
Igpr(t), Tur(t), Eus(t), Ins(t), Tus(t), Ers(t), Isr(t), Irsi(t), Esr(t), Irsa(t), ITs(t), L(t), Ss(t),
Is(t), J(t)) of the model with positive basic conditions, will positively endure for all time t > 0.

Proof. Let t; = Sup{t >0: SH(O) > 0, VT(O) > 0, VTs(O) > 0, EHT(O) > 0, IHT(O) > 0, IRT(O) >
0, Tgr(0) >0, Ens(0) >0, Ins(0) >0, Tps(0) >0, Ers(0) >0, Isr(0) >0, Irs1(0) >0, Esr(0) >
0, Irs2(0) > 0, Ipg(0) > 0, L(0) >0, Ss(0) >0, Is(0) >0, J(0) > 0}. Let us look at the first equation

of model (2.3), given below as

dSp(t
Z;t( ) _ wAg + 0y Vr — (A + Ay + pm) Su(t), (2.5)
It ensues from (2.5) above that
dSy(t
n(t) > wAg — ()\T+/\J+MH)SH(t), (2.6)

dt

which can be re-expressed as

d t
— |Sut)expyput+ [ (Ar(1)+ Ay(7))dr
dt [ " { " /0 T }] t 27
> wApexp {th + /0 (Ap(7) + )\J(T))dr}.
Therefore, integrating (2.7) with respect to t € [0,t1], we get
Sp(ty)exp § pt1+ tl()\ (1) + As(7))dr ¢ — Su(0)
H(t { 1 /0 T } s

> Mo -+ [ Oatr) + rsmar}
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Therefore,
Sir(h) = Su(0)exp | — pirts — /0 () + A (r))dr]
+ [exp { — s - /0 () + As(r))ir ] (2.9)
X /0t1 wApy [exp {tu + /Oy()\T(T) + )\J(T))dT}]dy > 0.

Thus Sg(t) >0, ¥Vt >0.

Similarly, considering the second to the twentieth equations of model (2.3), which can be rewritten
as Vp(t) > 0, Vpg(t) > 0, Egr(t) > 0, Iyr > 0, Igr(t) > 0, Tur(t) > 0, Egs(t) > 0, Igs(t) > 0,
Tys(t) > 0, Eps(t) > 0, Ips(t) > 0, Irs1(t) > 0, Egp(t), Irsa(t), Irs(t), L(t), Ss(t), Is(t) > 0, and
J(t) >0, Yi>D0.

Therefore, the positivity for every state variable in model (2.3) for all time has been entrenched.

Theorem 2.2. Let (SH (t), VT (t), VTS (t), EHT (t), IHT (t), IRT(t), THT(t), EHS (t), IHS (t), THS(t), ETS (t),
Isr(t), Irsi(t), Esr(t), Irsa(t), ITs(t), L(t), Ss(t), Is(t), J(t)) be solutions of the system (2.3) wth initial
conditions and the biologically suitable region given by the set Dy =Dy xDp xDg x Dy C R}f X
]Rl+ X R?r X ]R}r C ]Rio where:

Dy = {(Su,Vr,Vrs, Eur, Inr, Irr, THr, Ens, Ins, Tus, Ers, Ist, IRrst,

A
Esr,Igse, Irs) € RIS : Ny < TZ}

NeyA
D, ={LeR. [ < ="M
HLpH
2 As
Ds ={(S8s,1s) € R} : Ng < ATS}
PAs
Dy={JeR:J<
=1 - e

is positively-invariant and pulls all the positive solutions of the model (2.3).

Proof. Summing up the right hand side of the vector field for the population of people in (2.3), gives

— = Ay — pupnN — (0rInr + 0rIpT + 05Ins + x197IsT + T1drIRS1 + V105 EsT

+ (120R + v205)I RS2 + (X207 + v3d5)I1s. (2.10)
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From (2.10), thence C”C\l[—tH < Ay — pgNpg. Therefore, dNH <0if Ng(t) > A—Z’ Employing the acceptable

comparison theorem by [29], we reveal that.

A
Ny (t) < Ny (0)e #ut 4 2 (1 — gmrut, (2.11)
KH
In particular, if Ny (0) < =4 then Ny (t) < ug for all £ > 0. Hence, the set Dy is positively invariant.

Furthermore, if Ny (0) > ﬁ—ﬁ, then either the solutions enter the domain Dy in finite time or N (t)

asymptotically nears ﬁ—g as t — oo. Therefore, the domain Dy attracts all trajectories in R_lf.

For the miracidia concentration, from (2.3), it follows that

dL

E = Ne')’(IHS -+ EST =+ IRSQ + ITS) — /J,LL. (2.12)

From (2.12), which follows that dL < N”AH —up L since Ny = SH—I—VT—i—VTS, EHT+IHT+IRT+THT+
Ens +1ns +Ths + Ers + Ist + IRSI + Egr + Irsy + Irs < 2 = Ing + Erg + Irsa + Irg < 21 e

Hence, ‘éf < 0if L(t) > 7&7:; . Employing the acceptable compamson theorem by [29], we show that

L(t) < L(0)e Het 4 %(1 — e7kLt). Specifically, if L(0) < %, thus L(t) < Jl\i”lj\H for every t > 0.

Thus, the set Dy, is positively constant. Furthermore, if L(0) > %, then the solutions either penetrate

NeyAg

the domain Dy, in finite time or L(t) asymptotically approaches S -ast— oo Therefore, the domain

Dy, attracts all trajectories in R}F.

For the snail populace, summing up the right hand side of the vector field of the snail population in

(2.3), leads to
dN,
Tts = Ag — pugNs. (2.13)

From (2.13), it follows that s < 0 if NS( ) > ; It indicates that Ng(t) = Ng(0)e #st + %(1 -
e~ #st). Therefore the limsup,_, NS( )= ;Ts' Specifically, if Ng(0) < %’ thus Ng(t) < 2—;’ for all ¢t > 0.
Thus, the set Dg is positively constant. Furthermore, if Ng(0) > 2—5, then the solutions either enter the

domain Dg in finite time or Ng(t) asymptotically nears 2—5 as t — oo. Therefore, the domain Dg pulls all

. . . 2
trajectories in R%.

For the clustering of the cercariae, considering the right hand side of the vector field J in (2.3), yields

dJ
— = ¢lg — J. 2.14
o = Ols = (2.14)

From (2.14), ﬂ = ¢lg — pyJ which follows that dJ < ¢AS — pyJ since Ng = Sg + Ig < ;Ts =

A dJ A :
Is < ;TS Hence, % < 0 if J(t) > lf]TSs Using the accepted comparlson theorem by [29], we arrive at

J(t) < J(0)e HIt+ fﬁfg(l—e raty. Specifically, if J(0) < d’AS , then J(t) < f}j\—;s for all ¢ > 0. Therefore,
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the set Dy is positively constant. Furthermore, if J(0) > fﬁfs , then either the orbits penetrate the domain
Dy in finite time or J(t) asymptotically approaches fJATSS as t — oo. Therefore, the domain D; pulls all

solutions in ]R}r.

From the above, we have shown that Dy, Dy, Dg and D; are positively invariant and since Dy =
Dy x Dp, x Dg x Dy, it implies that the domain Dy is positively-invariant and an attractor, so that no

solution leaves through any boundary of Dy, .

(Su, Vo, Vrs, Eut, Int, IrT, Tut, Ens, Ius, Tus, Ets, IsT, Irs1,
Esr, Irs2, Its) € RIS : N < %

LeR}:L<iau

(Ss,Is) € RZ : Ng < 273

1. PAs
J€R+'J§mus

Dy

It is therefore enough to study the dynamics of the solutions generated by the system (2.3) in Dy.
We conclude, therefore, that the model (2.3) is both mathematically and epidemiologically well-posed. [

3 Mathematical Analysis of the Co-infection Model with Vaccination

3.1 Local Asymptotic Stability of Disease-Free Equilibrium (DFE)

The model system (2.3) has a DFE given by

& = (S, V1, Vrs: Eyry Irs Irrs Tirs Ens: Ins, Ths, Ers, 157, Ipsty Esr,
I;?S%I’;S?L*asg7]§"]*)
9 Ag (1-w)A A
— (vrwm)h (A=) o646 0.0,0,0,0,0,0,0,0,0,0, 2 0,0)
Ov + pm)pn  (Ov + pm) 1

It is revealed via the next-generation operator approach [57], that the associated effective reproduction

number of the model (2.3), R¥S, is given by
RYg = max {RgT,RHS} , (3.1)

where
Br (Ov (k1 +pum) + pa (1 — (1 —w)er)k1 + pwpn))
(k1 + pr)(Cr + 07 + pE)(Ov + pw)
Rus = a1 BB AgAs Ny
JoLopmpspnpd(on + pr)(Cs + 0s + pww)

v _
RHT_

9
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represent the effective reproduction number for TB cum schistosomiasis, respectively.

Utilising the Second Theorem in [57], the subsequent consequence is established:

Lemma 3.1. The DFE &, is locally asymptotically stable (LAS) in D ZfR%S < 1 and unstable sz¥S > 1.

The threshold quantity, R¥S, is a measure of the average number of secondary infections engendered
by a single infected person in a wholly vulnerable population, where a fraction of the vulnerable human

population is vaccinated using an imperfect TB (BCG) vaccine.

3.2 Backward Bifurcation Analysis

Theorem 3.1. If R¥S < 1 and the coefficients of bifurcation a > 0 and b > 0, consequently (2.3) displays
a bifurcation that is backward in nature at R%S =1, contrarily the system displays a bifurcation that is
forward at R¥S =1.

Proof:

The existence of backward bifurcation is investigated using the Center Manifold Theory as espoused
by [10]. Allow Sy = z1, Vr = x2, Vs = x3, Enyr = 24, InT = 75, IRT = %6, THT = 27, Es = 3,
Ins = xg, Tys = x10, Ers = 11, IsT = x12, Irs1 = 13, Esr = 14, 1gse = 215, I1s = 16, L = 17,

Ss = x18, Is = 219 and J = x9q, let Ng = 21'121 x;; therefore the model (2.3) is re-expressed as

Earthline J. Math. Sci. Vol. 15 No. 4 (2025), 649-683
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1 = fi = wAy + O0yxo — Apw1 — Ajoy — pp,
o= fo=(1—-w)Ag — Ajza — (1 — €1)A\pz2 — Q209
&3 = f3 = A\jw2 — (rsA\rT3 — (LH T3,
&4 = fa= (1 —p)Ar(z1 + w7+ x10) + (1 — €1)Arx2 + (51714
— (1 = m)Arxy — Ay — Qom4,
@5 = f5 = pAr(z1 + Ex7 + T10) + K124 + (53716 — Ag25 — Q35,
i6 = fo = (1 — m1)A\rxs + (52715 — Ayre — QuTs,
7 = fr = (ras + Crae — EANTXr — Njx7 — pgey,
i = fs = As(21 + 27 + Yr10) + (r1z12 + (R1713 — MATTS
— Qs7s,
T9 = fo = a1xs + (12715 + (r3T16 — N2ATT9 — Q6Ty,
t10 = fio = (sT9 — ArT10 — YAJT10 — HHT10, (3.2)
t11 = fu = (1 —m)mAras + Ajza + (rsAras — (1 — m2) Ao
— Qrr11,
T12 = fi2 = mmArxs + Ajxs + Ajxe + K211 — Qsriz,
t13 = fi13 = (1 — m2)Arr11 — Qoz13,
T14 = fua = (1 = f)mArzg + aozr11 — (1 — m3)Arz14 — Qr0714,
t15 = f15 = (1 — m3)Arw1a + azriz — Quir1s,
t16 = fi6 = frRArTy + K3x14 + 0212 — Q12Z16,
t17 = fir = Ney(wg + 214 + 215 + T16) — pr217,
i18 = f1s = As — Apz1s — psTis,
T19 = f19 = ALT18 — 1ST19,

E90 = fao = Px19 — pry20-
Therefore the forces of infection associated with the model (3.2) are:

Br(xs + Orrae + Ors1213 + Orsaz1s + iz12 + oz 6)

A =
16 ,
D sl Ti
Brxa0
)\J - ;
Jo + €xgg
Brxir
AL —_—
Lo + ex17

where
Q1 =0v+pu, Q2=r1+pH, Qs =Cr+ 07+ pa, Qs =Cr+0r + pu, Qs = a1 + pm,
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Q6 =Cs+0s+ pH, Qr =02+ Ko+ pu, Qs = (1 + 0 + x167 + pH, Q9 = a3 + (r1 + T10R + 1H,
Q10 = Cs1 + K3 +v10s + pE, Qi1 = (12 + 52+ T20r +v205 + ppr, and Q12 = (73 + (53 + X207 +v365 + 1A

The system (3.2), at the DFE with fr = (7, has a Jacobian given by:

Tos = JEs — <J11(10 x10) Jia(10 x 10)) | (33)
J21(10 X 10) J22(10 X 10)
where
—ug 6y 0 0 “BiBi —BOrrBr 0 0 0 0
0 -0, 0 0 B0, —BORrCi 0 0 0 0
0 0 — 0 0 0 0 0 0 0
0 0 0 —Q- BrA1 BrORrRT AL 0 0 0 0
Ji 0 0 0 k1 pBpB1— Q3 pPprOrTB: 0 0 0 0 3.4)
"o 0 0 0 0 —Q, 0 0 0 o |’ (3
O 0 0 0 Cr (R g 00 0
0 0 0 0 0 0 0 —Qs 0 0
0 0 0 0 0 0 0 —a1 —Qs 0
o 0 0 0 0 0 0 0 (s —pnm
0 —p7ILhBy —B7Ors1B1 0 —B1Ors2B1 7B 0 0 0 —B,E
0 —p7rlLC1 —BrOrs1Ci 0 —B7ORrs2Ci —p7IC1 0 0 0 —B5;D;
0 0 0 0 0 0 0 0 0 pgyDy
0 pBrlLiA, BrOrs1A1  (s1  BrOrsads BrllaAy 0 0 O 0
Jiy = 0 pBrIiBy  pB1OrsiB1 0 pB7OrsaB1 pBrllaBy 0 0 0 0 7 (3.5)
0 0 0 0 Cs2 0 0 0 O 0
0 0 0 0 0 0 0 0 O 0
0 ¢r1 Cr1 0 0 0 00 0 BsE
0 0 0 0 Cr s 0 0 0 0
0 0 0 0 0 0 0 0 O 0
000 0O0OO0OO0OO0O O O
000 0O0OO0OO0OO0O O O
000 0O0OO0OO0OO O O
00 00OO0OO0OO0OO0O O O
Tyt = 000 0O0OO0OO0OO0O O O ’ (3.6)
000 O0O0OO0OO0OO0O O O
0 00O 0O 0 O0O0O0 Ny O
00 00OO0OO0OO0OO0O O O
0O 000O0OO0OO0OO0O O O
0 00O0O0OO0OO0OO0O O O
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—Q7 0 0 0 0 0 0 0 0 0
Ko  —Qs 0 0 0 0 0 0 0 0
0 0 —Q9 0 0 0 0 0 0 0
%] 0 0 —Qlo 0 0 0 0 0 0
0 0 a3 0 —-Qu O 0 O 0 0
Jo =
0 o 0 K3 0 —Qi2 0 0 0 0
0 0 0 Nev Ney  New —ur, 0 0 0
0 0 0 0 0 0 —BrF1 —us 0 0
0 0 0 0 0 0 BrFi 0 —pg 0
0 0 0 0 0 0 0 0 o —ug
and
A, = E=P)Ov o) +pr(1 - w)(1 = @)
Ov + ’
B1:9v+w/~6H’ c :/JH(l—w)(l—ﬁl)’
Ov + pg Ov + py
Dy = AH(l —w) = AH(QV +WMH) = Ag
Jo(Ov + pm)’ Jopr (Ov + pr)’ Lops’
Let us view the situation where R¥S = 1. it is presumed that the mazimum of
Solving for fr = 7 from RgT =1 gives
By = B = (k1 + pr)(Cr + 07 + pa)(Ov + pm)
T v (s +ppw) + pa((1— (1 —w)e)rt + pwpn)
Matrix Jgx possesses a right eigenvector revealed by w = (w1, w2, ...,w20)T, where
wy = (B7(Q1B1 + Oy Cr)ws + B (8y D1 + Q1E1)w)
@1 ’
(B1Crws + BrDiwa) ByD1wag T AL
wy = — y W3 = ———, W4 = " ;
Q1 WH Q2(Q3 — pByB1)
ws = Q2 we =0, 1wy = Crws ws = By E1w30 wo = o187 Eywao
Bk AL’ ’ pE Qs pEQ5Q6
_a1ByCsErw B B B B B B
Wy = ———————, Wil = Wiz = w13z = Wiy = wis = wie = 0,
paQs5Q6
wyy = BIESTN g = BT g = B0 = wgg > 0
BroFr ' ¢ ¢

where wy > 0, ws > 0.

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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In addition, Jg: possesses a left eigenvector v = (v1, vz, ....,vp0) fulfilling v.w = 1, with
vi=1vy=v3=0,1y = ! V5:&
’ Q2(Q3 — pByB1)’ Brr1Ar’
_ B3Orr(Awva+pBivs) _pgroo  pgQsvop
Vg = v =008 = Vg = ;
Q4 BrEr a187Ey
Kal12 + Qial14
vip=0,v1 = —"—F—,
Q7
iy — BrIL (A1vs 4+ pBivs) + (rivs + ovig
Qs ’
>0 A B
D15 = B7Ors1(A1vs + pBivs) + Crivs + 043V15’ (3.12)
Qo
_ Gs1va + Kavig + Neyvar
V14 = )
Q1o
s = B1ORrs2(A1vs + pBivs) + (sav6 + (rave + Neyviz
Qn ’
16 = BrIla(Aivs + pBivs) + (r3vg + Neyvar
Q12 ’
_ BroFivy 2%
M= —"—""

LS 7V18=0,V19=W,V20=V20>07
L

where v4 > 0,v5 > 0.

Furthermore, employing the Center Manifold Theory as presented by [10], we proceed to calculate the
linked non-zero partial derivatives of the right hand sides of the transformed system (3.2), (considered at
the point where there is without infection with Br = [5) that the linked coefficients of bifurcation, a and

b, are described as

R PPy R P
a= Z VpW; (0,0), and b= Z VWi -(0,0), (3.13)

W
)

;00

ki, j=1 v

where
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_25[\3:5}[ |:(1 — ﬂl)eRT(AlM’Lz_nglyf’)wzlw5 —+ ((1 — p)V4 +pV5)(C5§£EIM wap + iifw?)]
n 267 [ (1-p) < Brwpy
Q2(Q3 — pBB1) LQ1(@3 — BrB1)

Oy + in (pr(1—w)(1 —e1) = A1(Ov + pn)) — MHQ1Q3>
+ (M(MH(I —w)(1 =€) — Ai(Ov + pnr))
+2ph (1 —w)(1 = e1) A1 (Ov + pm)

— ((pr(1 —w)1 =€) + (A1 (O + pm)) ))Blws(G1+G2)
A

- B G
Jopir (9V g )T + (rsvinwsws

+ 1 ((1 — m)v1y + mure)wsws
+m2((1 — f)via + frie)wswy

—+ (1 — 61)D1V4’w5G2:|
2ﬁ
TJ [—I/gwg,wg() + ¢V87~U10w20
0 “HH

i (“2 (B;HI(A1V4 + pBivs) + (rivs + 0'1/16)

QaV14
Q70s - Q7 )w4w20}
- QﬁATI{MI [((1 —p)G1 + (1 — €1)Ga)vaws) + (1 — m)vawsws + n2u9w5w9]
267 [ (-

)Bl + Cl) (V4w5 (’u}3 + wsg + UJQ) + vqwaws + V4w§ + I/4'UJ4’U)7)

f‘] [(V4w4 + vsws + 6E1V8w20>w20}
0

2
- % [V19w17 <€F1w17 + wlgﬂ .
0

+ pBi (V5w5(w3 + wy + wg + wy) + 1/5w§ + 1/5w4w7) +Ci + 1/4w§ + vawswig

(3.14)
where

G, = Tws t lwa o Jaws 4 Jaws

) G —7
Q1 Q1
Ji = (0vCi + Q1B1)Br, Jo=

(6v D1 + Q1E1)B7,
J3 = C1By, Ju= D18].

Since Q3 — pBrB1 >0, = Q3 — B7B1 > 0. However, since 0 < p < 1, then pp1B1 < B7B1. This

therefore, implies that Q3 — pB;B1 > Q3 — f7B1 = (1 —p)B;-B1 > 0, and

b= (v4A1 + vspB1)ws

(3.15)
Clearly b > 0 for every biologically appropriate parameter values
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Since our purpose, herein, is in unveiling the parameter(s), which is(are) liable for maintaining the
negativity of the the coefficient of bifurcation, a, that is a < 0, it behooves us to recognize at this point, that
[74] entrenched that the comparative rate of contagiousness of externally re-tainted persons is a definite
cause of backward bifurcation in TB transmission dynamics. In the same vein, it has also been reported
in the literature by [2,3,52] that recontamination is a basis for the phenomenon of the bifurcation that
is backward in schistosomiasis epidemic dynamics. A close observation of (3.14) reveals that eradicating
the rate of comparative contagiousness of externally re-tainted persons (Oprr) and the lowered rate of
re-contamination with schistosomiasis (1) (i.e., © gr = 1 = 0) will not completely produce the appropriate
outcome of eradicating the backward bifurcation phenomenon resident in a TB-schistosomiasis co-infection
model taking into consideration the effect of schistosomiasis infection on the immunogenicity of the BCG
vaccine as it affects the use of vaccination as a measure of control against TB infection at population
level because the positive part of (3.14) does not completely disappear just as reported in [3]. This,
therefore, is indicative that there are some other parameters accountable for this predicament. Additional
investigation identifies the adjustment parameter for comparative contagiousness of persons re-tainted
with TB (Ogr), the treatment rate for schistosomiasis-only infected persons ((g), the BCG vaccine
waning (fy ), the impact of schistosomiasis on the BCG protection against TB ({rg), the comparative
rates by which persons with dormant schistosomiasis (7;) and virulent schistosomiasis (12) are tainted
with TB, correspondingly, the BCG vaccine efficacy (€1), the treatment rate for TB ({r), the depreciated
rate of contagion with schistosomiasis (1), the adjustment parameter for relative contagiousness of persons
with virulent TB and dormant schistosomiasis (II;), the therapeutic rate for TB for co-infected infected
persons ((r1), the advancement rate from infectious TB/unprotected against schistosomiasis to infectious
TB/infectious schistosomiasis (o), and the advancement rate from vulnerable to both TB/schistosomiasis
to vulnerable to TB/virulent schistosomiasis (ag) are accountable for the non-eradication of the backward

bifurcation dilemma.

Thus, given the condition that for R¥S =l,and Opr=({rs=0y=m=m=( =y =11 =(r =

o =az =0 and €; = 1, the bifurcation parameter a will be negative.

In summary, this research has proved that the comparative rate of contagiousness of humans
re-contaminated with TB (Oprr), the therapeutic rate for schistosomiasis-only infected persons ((g), the
BCG vaccine waning (6y ), the impact of schistosomiasis on the BCG protection against TB ((rg), the
BCG vaccine waning (fy ), the comparative rates at which persons with dormant schistosomiasis (1)
and virulent schistosomiasis (12) are tainted with TB, correspondingly, the BCG vaccine efficacy (€1),
the treatment rate for TB ({r), the decreased infection rate with schistosomiasis (), the adjustment
parameter for relative contagiousness of persons with virulent TB and dormant schistosomiasis (II;), the
therapeutic rate for TB for co-infected persons ((r1), the advancement rate from infectious TB/vulnerable
to schistosomiasis to infectious TB/infectious schistosomiasis (o), cum the advancement rate from

vulnerable to the two diseases (TB/schistosomiasis) to vulnerable to TB/infectious schistosomiasis (ao)
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instigate backward bifurcation in the disease dynamics of TB alongside BCG vaccination in the company

of schistosomiasis.

So, the effective reproduction number, R¥S, less than unity, becomes a mandatory but not an adequate

situation for the control of the two epidemics.

3.3 Global Asymptotic Stability (GAS) of DFE

A this juncture, we proceed to review the global asymptotic stability of the infection-free equilibrium
of a unique case of (2.3) with inconsequential adjustment parameter for comparative infectiousness of
humans re-tainted with TB (©rr = 0), the therapeutic rate for schistosomiasis-only infected persons
({s = 0), the impact of schistosomiasis on the BCG protection against TB ({7g = 0), the BCG vaccine
waning (6y = 0), the comparative rates with which persons with dormant schistosomiasis (7, = 0)
and virulent schistosomiasis (72 = 0) are tainted with TB, respectively, the BCG vaccine efficacy (1 =
1), the therapeutic rate for TB-only affected persons ({r = 0), the decreased rate of contamination
with schistosomiasis (1) = 0), the modification parameter for comparative contagiousness of persons
with aggressive TB and dormant schistosomiasis (II; = 0), the therapeutic rate for TB for co-infected
persons ({1 = 0), the rate of advancement from infectious TB/exposed to schistosomiasis to aggressive
TB/aggressive schistosomiasis (o = 0), and the advancement rate from unprotected from the two diseases
(TB/schistosomiasis) to unprotected from TB/aggressive schistosomiasis (a2 = 0) without therapy for
persons infected with TB and schistosomiasis, appropriately. The resultant effect is the eradication of the
following human classes: persons externally re-tainted with TB (Igrp = 0), persons who had undergone
therapy for TB (Tyr = 0), persons who had undergone therapy for schistosomiasis (Tys = 0), persons
externally re-tainted with TB and unprotected against schistosomiasis (Irs1 = 0), and persons externally

re-tainted with TB/infectious schistosomiasis (Igs2 = 0). We arrive at the assertion:

Theorem 3.2. The DFE, &), of system (2.3) (or (3.2)) adjustment parameter for comparative
contagiousness of humans re-tainted with TB (Orp = 0), the therapeutic rate for schistosomiasis-only
tainted persons ((s = 0), the BCG vaccine waning (6y = 0), the impact of schistosomiasis on the BCG
protection against TB (¢rs = 0), the comparative rates by which persons with dormant schistosomiasis
(m = 0) cum aggressive schistosomiasis (na = 0) are tainted with TB, correspondingly, the therapeutic
rate for TB-only tainted persons ((r = 0), the depreciated rate of infection with schistosomiasis (¢ = 0),
the modification parameter for comparative contagiousness of persons with virulent TB and dormant
schistosomiasis (II; = 0), the therapeutic rate for TB for co-tainted persons ((r1 = 0), the rate
of advancement from aggressive TB/unprotected against schistosomiasis to aggressive TB/aggressive
schistosomiasis (o = 0), and the rate of advancement from unprotected against the two diseases
(TB/schistosomiasis) to unprotected against TB/aggressive schistosomiasis (g = 0) and the BCG vaccine

efficacy (e1 = 1) is globally asymptotically stable (GAS) assuming that R%S < 1 and unstable assuming
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that RY.g > 1.

Proof. To be able to demonstrate the GAS of the DFE, we use [29] theorem for comparison. To achieve

this, we represent the tainted classes in (2.3) as

dX
dTQ = (Fy = V)Xo — M X, (3.16)
where
Xy =[Enr, Inr, Vrs, Eus, Ius, Ers, Ist, Esr, Irs, Is, L, J)" (3.17)
That is,
Eur Eur Eur
Iyt It It
Vrs Vrs Vrs
Eus Eus Eus
Igs Igs Igs
E E E
T = vy | T | T (3.18)
Ist Ist Ist
Esr Esr Est
Irs ITg Irg
Is Is Is
L L L
J J J
where
P, = Fii6x6) Fi26x6) 7 (3.19)
Fr16x6)  Faa(6x6)
0 0 00 00O 0 0 0 0 0 0
k1 pBrB; 0 0 0 0 0 0 pBrll,B; 0 0 0
0 0 00 00 00 0 0 0 Bhuzc
F = , Fig = JohH s (3.20)
0 0 00 0O 0 0 0 0 O J" 2B,
oOMH
0 0 0 0 0 O 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0
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0000 0 ke 00 00 0 0
00000 O 00 00 0 0
00000 O 0 k3 00 0 0
Fo = , Fap = ’ BLA (3:21)
00000 O 0 0 00 28 ¢
OMS
00000 O 00 00 0 0
00000 O 00 00 0 0
Vi e Viorao e
v, = 11(6x6) 12(6x6) ’ (3.22)
Var6x6)  Va2(6x6)
where
Q, —BrA 0 0 0 0 0 0 —BrIL A} 0 0 0
0 Q5 0 0 0 0 0 0 0 00 0
0 0 5 0 0 0 00 0 000
Vii = @ ) , Vg = : (3.23)
0 0 0 Q, 0 0 00 0 000
0 0 0 —a Q5 0 0 0 0 00 0
0 0 0 0 0 Qg 0 0 0 00 0
0000 0 O Q. 0 0 0 0 0
0000 0 0 0 Qg 0 0 0 0
0000 0 O o 0 / 0 0 0
Vor = . Vag = @ , , (3.24)
0000 0 0 0 0 0 @y 0 0
0000 —N.y 0 0 —Noy —Neoy 0 Qp O
0000 0 0 0 0 0 —¢ 0 Qp

with Q) = k1 + pum, Qy = 01 + pupr, Q3 = puar, Q) = a1 + g, Qs = 05 + pr, Qg = o + ko + pur,
Q7 = 0+ X107 + pr, Qg = K3 +v105 + pr, Qg = X207 +v30s + p, Qo = fis, @y = pir, and Qpy = fu.

We define the following coefficients as:

! U ! A 1 -
The matrix M is defined as:
M — Mi16x6) Mi2(6x6) 7 (3.26)
Msi6x6) Mao(6x6)
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where
0 0 0 0 0 O 0 0 0 0 0 0
mKy pBrBiKy 0 0 0 0 0 0 pBrIilbByK; 0 0 0
0 0 000 0 0 0 0 0 0 B,;JC.U:
My = , Mg = b }2 . (3.27)
0 0 0 0 0 O 0 0 0 0 0 B;JBU;
0 0 00 0O 00 0 00 0
0 0 00 0O 0 0 0 0 0 0
0 0 0 0 0 ki 0 0 0 0 0 0
0O 0 0 0O 0 0 0 0 0 0 0
0O 0 0 0 o0 0 0 Uy 00 0 0
Moy = , Moo = rsvl (3.28)
0 0 0 0 O 0 0 0 0 0 prLUs 0
0O 00O 0O 0 0 0 0 0 0 0
0 00 00O 0 0 0 0 0 0 0
and
S V; A S V; A S
Ul:lf(g), Uy— 2H _ (oHT T, -5 28 (3.29)
Ny Jopr Jo +€J Lous Lo+ el

which indicates that M > 0 already, Sy + Vr < Ng < Ag/um, Sﬁiyf < Jf)\,fH’ and because Sg < Ng <

As/ps, LOSfeL < LAS for t > 0 in Dy, it ensues that

OMS
Enr Egr
Inr Iyt
Virs Vs
Eys Ens
Ins Ins
Ers | (F, —V,) Ers | (3.30)
Ist Ist
Esr Esr
Irs Its
Is Is
L L
J J

Employing the authenticity that every eigenvalue belonging to the matrix F, — V, possesses negative real
components (review local stability result, while p(F,V, 1) < 1 premised on RY.¢ < 1 that is identical with

F, — V, possessing eigenvalues having negative real constituents while R%S < 1 [57], it therefore follows
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that the linear differential inequality in (3.30) remains stable on the occasion that R¥S < 1. Therefore,
(Egr, Igr,Vrs, Fus,Ius, Ers, Ist, Est, Irs, Is,L,J) — (0,0,0,0,0,0,0,0,0,0,0,0) as ¢t — oc.
Therefore, via the theorem for comparison [29] (Egr, Inr, Vrs, Fus, Ias, Ers, Ist, Est, Irs, Is, L, J) —
(0,0,0,0,0,0,0,0,0,0,0,0) as ¢t — oo. Substituting Egr = Igr = Vrs = Egs = Igs =
Ers = Ist = Esp = Irs = Is = L = J = 0 in (2.3) leads to Sg(t) — Sy, Vr(t) — Vj,
Sg(t) — S§, as t — oo. Therefore, (S, Vr,Vrs, Egr, Iur, Ens, Ins, Ers, Ist, Est, Its, L, Ss, Is,J) —
(S%,V7,0,0,0,0,0,0,0,5%,0,0) as t — oo for R%S < 1. Hence, &,, remains globally asymptotically stable
ifR%S<1atthepointwhere@RT:Cngev:771:nngT:wzﬂl:CT1:U:a2:0and

61:1.

3.4 Numerical simulation results

The system (2.3) is simulated, numerically, employing the values of parameters described in Table 4 and
Table 5, respectively, to be able to consider the effect of changing some important or key parameters
showing the impact of schistosomiasis on the immunogenicity of the BCG vaccine, the comparative
contagiousness of externally re-tainted persons with TB, the comparative contagiousness of persons with
dormant and virulent schistosomiasis, the proportion of unvaccinated persons, respectively, and vaccine
waning of individuals vaccinated with BCG against TB on the population dynamics of the co-infection of

TB-schistosomiasis.

Epidemiological and demographic parameters relevant to Nigeria are deployed in the numerical
simulations performed in this section. Nigeria’s overall population was estimated in 2017 as 189,559,502
[16,55]. Thus, it ensues that, at the disease-free equilibrium, the total population (Ap/ug) amounts
to 189,559,502. The annual mean mortality rate for Nigeria (ug) is taken as 0.02041 [55]. Thus,
the intermediate annual rate of recruitment of persons into the populace (Ay) amounts to 3,868,900.
Additionally, the overall Nigerian incidence of TB was predicted as 407,000 [62] in 2017 whereas the
whole incidence of schistosomiasis in Nigeria happened to have been nearly 29,000,000 [61]. Since it has
already been established in the literature [1,37], that, the protective immunity induced by the BCG wanes
from 10 to 15 years, it therefore implies that the parameter 6y, which is indicative of the rate at which
BCG wvaccine-induced immunity wanes will adopt the values within [1/15, 1/10] which is [0.067, 0.1].

The aggregate incidence of TB at the point where the impact of schistosomiasis on BCG vaccine ((rg)
was fluctuated between 1 and 3 is depicted in Figure 1. It is obvious that the TB incidence increased most
substantially as the impact of schistosomiasis on BCG protection against TB was elevated (i.e., (75 — 3)
on human individuals vaccinated with BCG and exposed to schistosomiasis; this is depicted in Figure 1(b).
The simulated outcome implies that the incidence of TB in a populace could be elevated as the impact

of schistosomiasis on BCG protection against TB increases. Reducing the impact of schistosomiasis on
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Table 4: Parameter values (along with ranges) of the system (2.3)

Parameters Values Sample ranges References

W 0.02041 year—! [0.0143, 0.03] [55]

Ag 3 868 900 year—*  [3,000,000, 4,000,000] [16]

Br Variable year—! [0, 2] Assumed
(rs 2.5 year™! 1, 3] Assumed
3 0.075 year—! [0, 1] [24]

P 0.1 year—! [0.05, 0.3] [49]

f 0.1 year—! [0, 0.005] [49]

m 0.1 year—! [0, 3] [49]

m 0.4 year—! [0, 1] [24]

2 0.45 year—! [0, 1] [24]

3 0.5 year—! [0, 1] [24]

k1 0.005 year—! [0.005, 0.05] [9]

ko 0.005 year—! [0.005, 0.05] [9]

k3 0.005 year—! [0.005, 0.05] [9]

(r 0.75 year—! [0, 1] Assumed
Cr1 0.75 year™! [0.5, 1] [41]

Cr2 0.75 year—! [0.5, 1] [41]

(T3 0.75 year—! [0.5, 1] [41]

(R 0.75 year—! [0.5, 1] [41]

CR1 0.75 year™! [0.5, 1] [41]

(s 0.23 year™! (0.2, 0.5] [27]

Cs1 0.23 year™! (0.2, 0.5] [27]

Cso 0.23 year—! (0.2, 0.5] [27]

Cs3 0.23 year™! (0.2, 0.5] [27]

BCG protection against TB (that is, (;¢ — 1) as a method of control could lead to the prevention of
nearly 18, 450, 000 cases of fresh TB contagions.

The aggregate incidence of TB where the comparative rate of contagiousness of externally re-tainted
persons with TB (Opr) was fluctuated between 0 to 1 as depicted in Figure 2. It was obvious that
the incidence of TB rises as the comparative rate of contagiousness of externally re-tainted persons

by TB elevates (that is, Orr — 1) between persons vaccinated with BCG and unprotected against
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Table 5: Parameter values (along with ranges) of the system (2.3) (cont’d)

Parameters Values Sample ranges References
w 0.2 year—? [0, 1] Assumed
% 0.08 year~! [0.067, 0.1] [4,37]
€1 0.9 year™! [0, 1] Assumed
or 0.1 year™? [0, 0.5] (8]
or 0.1 year™! [0, 0.5] (8]
5s 1.4 year™! [0.365, 2.19] [36]
ay 6.5 year™? [0, 10] [36]

1% 6.5 year™? [0, 10] [36]
as 6.5 year ™! [0, 10] [36]
WP 0.85 year™! [0.05, 0.85] Assumed
o 0.5 year™! [0, 1] Assumed
X1 0.65 year™! [0, 1] Assumed
X2 0.85 year~! [0, 1] Assumed
m 2.0 year™! [0, 3] Assumed
2 4.0 year™! [0, 5] Assumed
Opr 0.5 year™! [0, 1] Assumed
Ors1 1.5 year™! [0, 3] Assumed
Ors2 1.5 year—! [0, 3] Assumed
jig} 1.8 year™! [0, 3] Assumed
I, 2.0 year™! [0, 3] Assumed
vy 0.001 year™* [0, 1] Assumed
vy 0.002 year™* [0, 1] Assumed
v3 0.003 year™ [0, 1] Assumed
s 0.5 year™! [0, 1] [27]
As 73,000 year—!  [73,000, 109,500] [13]
€ 182.5 year~! [0, 182.5] [13]
BL 1.475 year~! [0, 2] Assumed
Lo 108 year—! [9x107, 1x10%]  [13]
N, 300 year~? [0, 800] [13]
y 0.8468 year~! [0, 1] [13]
L 328.5 year™!  [100, 400] [13]
B 4.19 year™! [0, 5] Assumed
Jo 9x107 year~t  [8x107, 9x107]  [13]
15 3.0 year™! [0, 3] [13]
1 0.1 year™! [0, 1] Assumed
T 0.2 year™! [0, 1] Assumed
@ 500 year~! [0, 1,000] [13]

schistosomiasis as revealed by the (b) part of Figure 2. The simulated outcome implies that the incidence
of TB in a populace could be elevated just the same way that the comparative rate of contagiousness
of externally re-tainted persons with TB elevates. Lowering the comparative rate of contagiousness of
externally re-tainted persons with TB (that is, © g — 0) as a method of control may lead to the avoidance
of nearly 9, 970, 000 cases of fresh TB contagions.
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Figure 1: Aggregate number of fresh TB cases with g7y = 1.5, and fluctuated impact of schistosomiasis

on BCG protection against TB ((rg).

The aggregate incidence of TB at the point where the comparative contagiousness of persons with
dormant schistosomiasis (7;) was fluctuated between 0 to 3 is depicted in Figure 3. The simulated
outcome implies that the incidence of TB was elevated as the comparative contagiousness of persons
with dormant schistosomiasis elevates (that is, 71 — 3) between persons vaccinated with BCG and
unprotected against schistosomiasis depicted in the (b) part of Figure 3. The simulated outcome implies
that the incidence of TB in a populace could be elevated as the comparative contagiousness of persons
with dormant schistosomiasis elevates. Lowering the comparative contagiousness of persons with dormant
schistosomiasis (that is, 71 — 0) as a method of control could lead to the prevention of nearly 840, 000

cases of fresh TB contagions.

The aggregate incidence of TB at the point where the comparative contagiousness of persons with
virulent schistosomiasis (72) was fluctuated between 0 to 5 is displayed in Figure 4. The simulated outcome
depicts that the incidence of TB was elevated as the comparative contagiousness of persons with active
schistosomiasis elevates (that is, 7o — 5) between persons vaccinated with BCG and unprotected against
schistosomiasis revealed by the (b) part of Figure 4. The simulated outcome implies that the incidence
of TB in a populace could be elevated as the comparative contagiousness of persons having virulent

schistosomiasis elevates. Lowering the comparative contagiousness of persons with virulent schistosomiasis
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Figure 2: Aggregate number of fresh cases of TB at the point where 7 = 1.5, and fluctuated rate of

comparative contagiousness of externally re-tainted persons with TB (O pgr).

(that is, 7o — 0) as a method of control could lead to the prevention of nearly 1, 200, 000 cases of fresh

TB contagions.

The aggregate incidence of TB at the point where the proportion of persons unvaccinated with BCG
(w) was fluctuated between 0 to 1 is displayed in Figure 5. The simulated outcome implies that the
incidence of TB was elevated as the proportion of persons unvaccinated with BCG elevates (that is,
w — 1) between persons vaccinated with BCG and unprotected against schistosomiasis as depicted by the
(b) part of Figure 5. The simulated outcome that the incidence of TB in a populace could be elevated as the
proportion of persons unvaccinated with BCG elevates. Lowering the proportion of persons unvaccinated
with BCG (that is, w — 0) as a strategy of control could lead to the prevention of about 33, 920, 000

cases of fresh TB contagions.

The aggregate incidence of TB at the point where the rate of vaccine waning of persons vaccinated
with BCG against TB (0y) was fluctuated between 0.067 to 0.1 as depicted in Figure 6. The simulated
outcome depicts that the incidence of TB was elevated as the rate of vaccine waning of persons vaccinated
with BCG against TB elevates (that is, 8y — 0.1) between persons vaccinated with BCG and exposed
to schistosomiasis by the (b) part of Figure 6. The simulated outcome depicts that the incidence of TB

in a populace could be increased as the rate of vaccine waning of persons vaccinated with BCG against
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Figure 3: Aggregate number of fresh cases of TB at the point where 8y = 1.5, and fluctuated relative

rate at which individuals with dormant schistosomiasis are tainted with TB (7).

TB elevates. Lowering the rate of vaccine waning of persons vaccinated with BCG against TB (that is,
Oy — 0.067) as a strategy of control could lead to the prevention of about 950, 000 cases of fresh TB

contagions.

4 Conclusion

In this study, we have created a novel mathematical model for studying how the impact of schistosomiasis
infection on the immunogenicity of the BCG vaccine affects the use of vaccination as a measure of control
against TB infection at population level. The infection-(disease-)free state of the model (2.3) was shown
to be locally asymptotically stable (LAS) when the associated effective reproduction number was less than
unity. In addition, model (2.3) was shown to exhibit the phenomenon of backward bifurcation initiated by
the comparative contagiousness of humans re-tainted via TB, the therapeutic rate for schistosomiasis-only
tainted persons, the BCG vaccine waning, the impact of schistosomiasis on the BCG protection against
TB, the BCG vaccine waning, the comparative rates via which persons having dormant schistosomiasis
cum contagious schistosomiasis are tainted with TB, respectively, the BCG vaccine efficacy, the treatment

rate for TB, the decreased infection rate with schistosomiasis, the adjustment parameter for comparative
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Figure 4: Aggregate number of fresh cases of TB at the point where 7 = 1.5, and fluctuated comparative

rate at which persons with virulent schistosomiasis are tainted with TB (n2).

contagiousness of persons with contagious TB and dormant schistosomiasis, the therapeutic rate for TB
for co-infected persons, the transition rate from contagious TB/unprotected against schistosomiasis to
contagious TB/contagious schistosomiasis, and the rate of transition from unprotected against to the
two epidemics (TB/schistosomiasis) to unprotected against TB/contagious schistosomiasis. In addition,
a unique case of the model (2.3) was revealed to be globally asymptotically stable (GAS), when the

connected effective reproduction number was less than unity.

Results numerically simulated from the model system (2.3) revealed that a reduction in the significance
of key parameters like the comparative rate of contagiousness of externally re-tainted persons with TB, the
rate of comparative contagiousness of persons with dormant and contagious schistosomiasis, respectively,
the impact of schistosomiasis on the BCG vaccine and the proportion of persons unvaccinated with BCG
vaccine could lead to a significant decrease in the prevalence of TB-schistosomiasis co-infection in the

populace.

It has been revealed via this study that control programmes for TB and schistosomiasis which support
the corresponding therapy for contagious cases of the two epidemics, vaccination of susceptible humans
with the BCG vaccine (with high vaccine efficacy and low vaccine waning) against TB contamination

and the intentional reduction of unvaccinated persons who are susceptible to TB must be rigorously
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Figure 5: Aggregate number of fresh cases of TB at the point where S = 1.5, and fluctuated proportion
of persons unvaccinated with BCG against TB (w).

chased, considering that programmes such as these could lead to substantial decrease in the weight of the
co-infection of TB-schistosomiasis in the population. Furthermore, to stop any opportunity that would
promote the occurrence of the backward bifurcation phenomenon, measures of control should be focused
on the parameters that provoke it, namely: the comparative contagiousness of humans re-tainted with
TB (Ogr), the treatment rate for schistosomiasis-only infected persons ({s), the BCG vaccine waning
(v ), the impact of schistosomiasis on the BCG protection against TB ((rg), the comparative rates via
which persons having dormant schistosomiasis (7;) cum contagious schistosomiasis (72) are tainted with
TB, correspondingly, the BCG vaccine efficacy (€;), the treatment rate for TB ({r), the depreciated rate
of contamination with schistosomiasis (1), the modification parameter for comparative contagiousness of
persons with virulent TB and dormant schistosomiasis (II;), the treatment rate for TB for co-infected
persons ({71 ), the rate of transition from contagious TB/unprotected against schistosomiasis to contagious
TB/contagious schistosomiasis (o), and the transition rate from unprotected against the two diseases

(TB/schistosomiasis) to unprotected against TB/contagious schistosomiasis (cw).
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