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Abstract 

The main goal of this paper is to create a general two types of proper D-space, namely, 

Bourbaki proper D-space and Palais proper D-space, to explain the relation between 

Bourbaki proper and Palais proper D-spaces and to study some of examples and 

propositions of Bourbaki proper and Palais proper D-spaces. 

1. Introduction  

One of the very important concepts in topological d-algebras is the concept of 

d-algebra actions. This paper studies an important class of actions namely, Bourbaki 

proper D-spaces. 

Imai and Iséki [6] and Iséki [7] introduced two classes of abstract algebras: namely, 

BCK-algebras and BCI-algebras. It is known that the class of BCK algebras is a proper 

subclass of the class of BCI-algebras. In [4], [5] Hu and Li introduced a wide class of 

abstract algebras: BCH-algebras. They have shown that the class of BCI-algebras is a 

proper subclass of the class of BCH-algebras. Neggers et al. [8] introduced the notion of 
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d-algebras which is another generalization of BCK-algebras, and investigated relations 

between d-algebras and BCK-algebras. They studied the various topologies in a manner 

analogous to the study of lattices. However, no attempts have been made to study the 

topological structures making the star operation of d-algebra continuous. Theories of 

topological groups, topological rings and topological modules are well known and still 

investigated by many mathematicians. Even topological universal algebraic structures 

have been studied by some authors.  

In Section 1, we include some of results which will be needed in the next sections. In 

Section 2, we deal with the definitions, examples, remarks, propositions, theorem and 

corollaries of proper function. In Section 3, we deal with the definitions, examples, 

remarks and propositions of topological d-algebra. We also provided  in this section the 

definition of Bourbaki proper D-space, gives a new type of Bourbaki proper D-space (to 

the best of our knowledge), namely, proper D-space and studies some of its properties, 

where D-space is meant 2T -space topological X on which a locally compact, non-

compact, 2T -topological d-algebra D acts continuously on the left. In Section 4, the 

definitions, propositions, theorems and examples of a Palais proper D-space are given as 

well as the relation between Bourbaki proper and Palais proper D-spaces is studied. 

2. Preliminaries 

Definition 2.1 [1]. Let X and Y be spaces and YXf →:  be a function. Then ƒ is 

called continuous function if ( )Af
1−  is an open set in X for every open set A in Y. 

Proposition 2.2 [1]. Let YXf →:  be a function of spaces. Then ƒ is a continuous 

function if and only if ( )Af
1−  is a closed set in X for every closed set A in Y. 

Definition 2.3 [1]. (i) A function YXf →:  is called closed function if the image 

of each closed subset of X is a closed set in Y. 

(ii) A function YXf →:  is called open function if the image of each open subset 

of X is an open set in Y. 

Definition 2.4 [1]. Let X and Y be spaces. Then a function YXf →:  is called a 

homeomorphism if: 

  (i) ƒ is bijective. 



Bourbaki and Palais Proper Actions on d-Algebra  

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 265-282 

267 

 (ii) ƒ is continuous. 

(iii) ƒ is closed (open). 

Definition 2.5 [1]. Let ( ) Ggg ∈χ  be a net in a space ., XxX ∈  Then: 

(i) ( ) Ggg ∈χ  converges to x (written )xg →χ  if ( ) Ggg ∈χ  is eventually in every 

neighborhood of x. The point x is called a limit point of ( ) ,Ggg ∈χ  and the notation 

“ ∞→χg ” is mean that ( ) Ggg ∈χ  has no convergent subnet. 

(ii) ( ) Ggg ∈χ  is said to have x as an cluster point [written ]xg ∝χ  if ( ) Ggg ∈χ  is 

frequently in every neighborhood of x. 

Proposition 2.6 [1]. Let ( ) Ggg ∈χ   be a net in a space ( )TX ,  and 0x  in X. Then 

0xg ∝χ  if and only if there exists a subnet of ( ) Ggg mm ∈χ  of ( ) Ggg ∈χ   such that 

.0x
mg →χ  

Remark 2.7 [1]. Let ( ) Ggg ∈χ  be a net in a space ( )TX ,  such that Xxxg ∈∝χ ,  

and let A be an open set in X which contains x. Then there exists a subnet ( ) Ggg mm ∈χ  of 

( ) Ggg ∈χ  in the set A such that .x
md →χ  

Definition 2.8 [1]. A subset A of space X is called compact set if every open cover of 

A has a finite sub cover. If ,XA =  then X is called a compact space. 

Proposition 2.9 [1]. Let X be a space and F be a closed subset of X. Then KF ∩  is 

compact subset of F, for every compact set K in X. 

Proposition 2.10 [1]. Let Y be an open subspace of space X and .YA ⊆  Then A is 

an compact set in Y if and only if A is an compact set in X. 

Definition 2.11 [1]. (i) A subset A of space X is called relative compact if A  is 

compact. 

(ii) A space X is called locally compact if every point in X has a relative compact 

neighborhood. 

Proposition 2.12 [1]. Let X and Y be spaces and YXf →:  be a continuous 

function. Then an image ( )Af  is compact in Y for every A is compact in X. 
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Definition 2.13 [1]. Let YXf →:  be a function of spaces. Then ƒ is called a 

compact function if ( )Af
1−  is a compact set in X for every compact set A in Y. 

Proposition 2.14 [1]. Let X, Y be spaces and YXf →:  be compact function. If F 

is a closed subset of X and B is an open set in Y, then BFf F →:/  is compact. 

Definition 2.15 [1]. Let X and Y be two spaces. Then YXf →:  is called a proper 

function if: 

 (i) ƒ is continuous function. 

(ii) ZYZXIf Z ×→×× :  is a closed function, for every space Z. 

Proposition 2.16 [1]. Let X and Y be spaces and YXf →:  be a continuous 

function. Then the following statements are equivalent: 

  (i) ƒ is a proper function. 

 (ii) ƒ is a closed function and { }( )yf
1−  is an compact set, for each .Yy ∈  

(iii) If ( ) Ggg ∈χ  is a net in X and Yy ∈  is a cluster point of ( ),gf χ  then there is a 

cluster point Xx ∈  of ( ) Ggg ∈χ  such that ( ) .yxf =  

Proposition 2.17 [1]. Let X, Y and Z be spaces, YXf →:  and ZYg →:  be two 

proper functions. Then ZXfog →:  is a proper function. 

Proposition 2.18 [1]. Let 111 : YXf →  and 222 : YXf →  be two functions. Then 

212121 : YYXXff ×→××  is proper function if and only if 1f  and 2f  are proper 

functions. 

Proposition 2.19 [1]. Every proper function is closed. 

Proposition 2.20 [1]. Let { }wPXf =→:  be a continuous function on a space X. 

Then ƒ is a proper function if and only if X is a compact, where w is any point which 

does not belongs to X. 

Lemma 2.21 [1]. Every continuous function from a compact space into a Hausdorff 

space is closed. 
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Remark 2.22 [1]. If X is a space, then the diagonal function XXX ×→∆ :  such 

that ( ) ( )xxx ,=∆  is continuous. 

Proposition 2.23. If X is a Hausdorff space, then the diagonal function 

XXX ×→∆ :  is proper function. 

Proof. Let ( ) ( ).,, 21 xxgg ∝χχ  So there exists a subnet of ( ),, gg χχ  say itself, 

such that ( ) ( ),,, 21 xxgg →χχ  then 1xg →χ  and .2xg →χ  Since X is a 2T -space, 

.21 xx =  Then there is Xx ∈1  such that 1xg ∝χ  and ( ) .1 yx =∆  Hence by Proposition 

2.16(iii), ∆  is a proper function. 

Proposition 2.24 [1]. Let 11 : YXf →  and 22 : YXf →  be two proper functions. If 

X is a Hausdorff space, then the function ,: 211 YYXf ×→  ( ) ( ) ( )( )xfxfxf 21 ,=  is a 

proper function. 

Proposition 2.25 [1]. Let X and Y be spaces and YXf →:  be a continuous, one 

to one function. Then the following statements are equivalent: 

  (i) ƒ is a proper function. 

 (ii) ƒ is a closed function. 

(iii) ƒ is a homeomorphism of X onto closed subset of Y. 

Proposition 2.26 [1]. Let X and Y be spaces such that Y is a 2T -space and 

YXf →:  be a continuous function. Then the following statements are equivalent: 

  (i) ƒ is a compact function. 

 (ii) ƒ is a proper function. 

(iii) If ( ) Ggg ∈χ  is a net in X and Yy ∈  is a cluster point of ( ),gf χ  then there is a 

cluster point Xx ∈  of ( ) Ggg ∈χ  such that ( ) .yxf =  

3. Bourbaki Proper D-Space 

In this section, we examine the definition of topological d-algebra and some issues 

and examples related to the subject and we define the space Bourbaki proper D-space. 

Definition 3.1 [8]. A non-empty set D together with a binary operation ∗  and a zero 

element 0 is said to be a d-algebra if the following axioms are satisfied for all Dyx ∈,  
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(1) 0=∗ xx  

(2) 00 =∗ x  

(3) 0=∗ yx  and 0=∗ xy  imply that .yx =  

Definition 3.2 [2]. An element e of D is called a left identity if ,aae =∗  a right 

identity if aea =∗  for all Da ∈  and .ea ≠  If e is both left and right identity, then we 

called e is an identity element. Also we say that ( )∗,D  is d-algebra with identity 

element. 

Example 3.3. (i) Let D be any non-empty set and ( )DP  be power set of D. Then 

( )( )-,DP  is d-algebra and φ  is right identity in ( )( ).-,DP  

(ii) Let { }cbaD ,,,0=  and define the binary operation ∗  on D by following table: 

00

00

00

00000

0

acc

abb

cba

cba∗

 

Table 1 

Then the pair ( )∗,D  is d-algebra with identity element a. 

Definition 3.4 [2]. Let ( )∗,D  be a d-algebra and T be a topology on D. Then the 

triple ( )TD ,, ∗  is called a topological d-algebra (denoted by Td-algebra) if the binary 

operation ∗  is continuous. 

Example 3.5. (i) Let { }cbaD ,,,0=  and ∗  be defined by following table: 

0

0

00

00000

0

cccc

bbbb

aaa

cba∗

 

Table 2 
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It is clear that ( )∗,D  is d-algebra and { } { } { } { } { }{ ,,,0,,,,0,,, bacbacbT ∅=  

{ } }Dca ,,,0  is topology on D such that the triple ( )TD ,, ∗  is a topological d-algebra. 

(ii) Let R be a set of real numbers and ∗  be a binary operation defined by 

( ) .
2

baaba −⋅=∗  Then ( )∗,R  is d-algebra and ( )TR ,, ∗  is Td-algebra, where T is 

usual topology on R. 

Definition 3.6 [2]. A topological transformation d-algebra is a triple ( ),,, ϕXD  

where D is a 2T -topological d-algebra with left identity e, X is a 2T -topological space 

and XXD →×ϕ :  is a continuous function such that: 

 (i) ( )( ) ( )xddxdd ,,, 2121 ϕ=ϕϕ  for all 21 dd ≠  and .,, 21 XxDdd ∈∈  

(ii) ( ) xxe =ϕ ,  for all ,Xx ∈  where e is the left identity element of D. 

We shall often use the notation xd ⋅  for ( )xd ,ϕ  and ( ) ( ) xdhxhd ⋅=⋅ ,  for 

( )( ) ( ).,,, xdhxhd ϕ=ϕϕ  Similarly for DH ⊆  and XA ⊆  we put =HA  

{ }AaHhha ∈∈ ,  for ( )., AHϕ  

Remark 3.7 [2]. (i) The function ϕ  is called an action of D on X and the space X 

together with ϕ  is called a D-space (or more precisely left D-space ). 

(ii) The subspace { }Ddxd ∈⋅  is called the orbit (trajectory) of x under D, which 

denoted by Dx ( )[ ],or xγ  and for every Xx ∈  the stabilizer subgroup xD  of D at x is 

the set { }.xxdDd =⋅∈  

(ii) A set XA ⊆  is said to be invariant under D if .ADA =  

Definition 3.8. A D-space X is called a Bourbaki proper D-space (proper D-space) 

if the function XXXD ×→×θ :  defined by ( ) ( )xdxxd ⋅=θ ,,  is a proper function. 

Example 3.9. Let { }1,0,13 −=Z  and ∗  be defined by following table: 

0101

1001

0000

110

−
−−

−∗

 

Table 3 
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Then ( )∗,3Z  is d-algebra and ( )τ∗,,3Z  is Td-algebra, where τ  is discrete topology on 

.3Z  The act on the topological space n
S  [as a subspace of 1+n

R  with usual topology] as 

follows: 

( ) ( )0...,,0,0...,,,0 121 =⋅ +nxxx  

( ) ( )121121 ...,,,...,,,1 ++ =⋅ nn xxxxxx  

( ) ( )....,,,...,,,1 121121 ++ −−−=⋅− nn xxxxxx  

Since 3Z  is compact, by Proposition 2.20, the constant function PZ →3  is a 

proper. Also the identity function is a proper, then by Proposition 2.18, the proper 

function of n
SZ ×3  into n

SP ×  is a proper. 

Since n
SP ×  is homeomorphic to ,n

S  by Proposition 2.25, the homeomorphism of 

n
SP ×  onto n

S  is proper. Since nn
SPSZ ×→×3  is continuous and open function, 

by Proposition 2.17, the composition nn
SSZ →×3  is a proper. Let ϕ  be the action of 

3Z  on .
n

S  Then ϕ  is continuous, one to one function, so ϕ  is continuous function. 

Since n
S  is 2T -space, by Lemma 2.21, ϕ  is a closed. Then by Proposition 2.25, ϕ  is a 

proper function. Thus by Proposition 2.24, nnn
SSSZ ×→×3  is a proper D-space. 

Lemma 3.10. If X is a D-space, then the function XXXD ×→×θ :  defined by 

( ) ( )xdxxd ⋅=θ ,,  is a continuous function and ({( )})yx,
1−θ  is closed in XD ×  for 

every ( ) ., XXyx ×∈  

Proof. Since 

,:
~

XXXXXXDXD
f

II XD × →× →×× →×θ ×ϕ∆×
 

where ϕ  is action of D on X. Then ∆××ϕ=θ DX IIf oo  is continuous function and 

({( )})yx,
1−θ  is closed in XD ×  for every ( ) ., XXyx ×∈  

Theorem 3.11. Let X be a proper D-space and let H be a closed subset of D. If Y is 

an open subset of X which is invariant under H, then Y is a proper H-space. 

Proof. Since X is a proper D-space, the function XXXD ×→×θ :  defined by 
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( ) ( )xdxxd ⋅=θ ,,  is a proper function. [To prove that YYYH ×→×ω :  is a proper 

function defined by ( ) ( )yhyh ,, θ=ω  for each ( ) .], YHyh ×∈  

(1) By Lemma 3.10, XXXD ×→×θ :  is continuous, then YYYH ×→×ω :  

is continuous. 

(2) Let ( ) Gggg yh ∈,  be a net in YH ×  such that (( )) ( )yxyh gg ,, ∝ω  for some 

( ) ., YYyx ×∈  Then ( ) ( )yxyhy ggg ,, ∝  in .YY ×  Let A be an open subset of XX ×  

such that ( ) ., Ayx ∈  Since Y is open in X, YY ×  is an open set in .XX ×  Then 

( )YYA ×∩  is an open set in .XX ×  But ( ) ( )YYAyx ×∈ ∩,  and ( ) ∝ggg yhy ,  

( ),, yx  thus ( )ggg yhy ,  is frequently in ( )YYA ×∩  and then ( )ggg yhy ,  is 

frequently in A, thus ( ) ( )yxyhy ggg ,, ∝  in .XX ×  Since XXXD ×→×θ :  is an 

proper function, by Proposition 2.16, there exists ( ) XDxh ×∈1,  such that 

( ) ( )1,, xhyh gg ∝  and ( )( ) ( ).,, 1 yxxh =θ  Hence ( ) ( ).,, 11 yxhxx =  Thus xx =1  and 

therefore .hhg ∝  Since ( ) Gggh ∈  is a net in H, and H is closed. Then there exists 

( ) YHxh ×∈,  such that ( ) ( ) ( ).,,, yxxhxh =θ=ω  Then from (1), (2) and by 

Proposition 2.16, the function YYYH ×→×ω :  is a proper function. Hence Y is a 

proper H-space. 

Corollary 3.12. Let X be a proper D-space and Y be an open subset of X which is 

invariant under D. Then Y is a proper D-space. 

Corollary 3.13. Let X be a proper D-space and let H be closed subset of D. Then X 

is a proper H-space. 

Proposition 3.14. Let X be a proper D-space, Xx ∈  and { } .XxT ×=  Then the 

function ( ) TTT →θθ −1
:  is a proper function, where XXXD ×→×θ :  such that 

( ) ( ) ( ) .,,,, XDxgxgxxg ×∈∀⋅=θ  

Proof. Since X is a 2T -space, { }x  is closed set in X. Thus, { }x  is closed set in X. So 

each { }xD ×  and { } Xx ×  are closed in XD ×  and XX ×  (respectively). Now, let F 

be a closed set in ( ) { }.
1

xDT ×=θ−  Since { }( ),xDFF ×= ∩  F is closed in XD ×  

and ( ) ( ) { }( ).XxFFT ×θ=θ ∩  Therefore ( )Fθ  is closed in ,XX ×  then by 
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Proposition 2.19, ( )FTθ  is closed in .XX ×  But ( ) { } ,XxFT ×⊆θ  then there exists a 

subset V of X such that ( ) { } .VxFT ×=θ  Since ( )FTθ  is closed in ,XX ×  so { } Vx ×  

is a closed set in { } .Xx ×  Hence ( ) { } VxFT ×=θ  is a closed set in { } ,XxT ×=  

therefore ( ) TTT →θθ −1
:  is closed. Now, let ( ) { } ., Xxyx ×∈  Since θ  is proper 

function, by Proposition 2.26, θ  is a compact function. Then ({( )})yx,
1−θ  is compact in 

.XD ×  Then by ({( )})yxT ,
1−θ  is compact set in { } ( ).1

TxD
−θ=×  Thus by Proposition 

2.26, Tθ  is a proper function. 

Let X be a D-space and BA,  be two subsets of X. We mean by (( ))BA,  the set 

{ }.∅≠∈ BdADd ∩  

From now on, we will use D-space, which satisfies the property if ( )TX ,  and 

( )TY ′,  be two space and yyx gg →→χ∀ ,  in X and Y, respectively, then 

( ) ( ).,, yxygg →χ  

Proposition 3.15. Let X be a D-space. If for every Xyx ∈,  there exist an open set 

xA  of X contains x and an open set yA  of X contains y such that (( ))yx AAK ,=  is 

relatively compact in D, then X is a proper D-space. 

Proof. We prove that ( ) ( )dxxxdXXXD ,,,: =θ×→×θ  is a proper function. 

Let ( ) Ggggd ∈χ,  be a net in XD ×  such that (( )) ( ) ( ),,,, yxdd ggggg ∝χχ=χθ  

where ( ) ., XXyx ×∈  Now, since ,, Xyx ∈  there exist an open set xA  contains x and 

an open set yA  contains y such that the set (( ))yx AAK ,=  is relatively compact in D. 

Thus, yx AA ×  is an open set in XX ×  and ( ) ., yx AAyx ×∈  So there exists a subnet 

( ) Ggggg mmm
d ∈χχ ,  of ( )ggg d χχ ,  in yx AA ×  and ( ) ( ),,, yxd

mmm ggg →χχ  hence 

x
mg →χ  and .yd

mm gg →χ  Since xg A
m

∈χ  and .ygg Ad
mm

∈χ  Then 

,, myxg gAAd
m

∀∅≠∩  so ,Kd
mg ∈  but K is relatively compact in D, then by 

Proposition 2.6, ( )
mgd  has a limit point, say .Dt ∈  Since ,x

mg →χ  then 

( ) ( ),,, xtd gg →χ  so (( )) ( )( ),,, xtd gg θ→χθ  i.e., ( ) ( ),,, txxd
mmm ggg →χχ  thus 

txd
mm gg →χ  but yd

mm gg →χ  and since X is a Hausdorff space, then .ytx =  But 
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( ) Ggggg mmm
g ∈χχ ,  is a subnet of ( )ggg d χχ ,  and ( ) ( ),,, xtd

mm gg →χ  then 

( ) ( ),,, xtd gg ∝χ  thus (( )) ( ).,, yxxt =θ  Then by Proposition 2.16, we have θ  is a 

proper function. Hence X is a proper D-space. 

Corollary 3.16. Let X be a D-space such that D is discrete space. If for every 

Xyx ∈,  there is an open set xA  in X contains x and an open set yA  in X contains y 

such that the set (( ))yx AAK ,=  is finite, then X is a proper D-space. 

Let X be a D-space and .Xx ∈  The set ( ) :{ XyxJ ∈=  there is a net ( ) Gggd ∈  in 

D and there is a net ( ) Ggg ∈χ  in X with ∞→gd  and xg →χ  such that }yxdg →  is 

called first prolongation limit set of x, [3]. ( )xJ  is a good tool to discover about the 

Bourbaki proper D-space. 

Proposition 3.17. Let X be a D-space. Then X is a Bourbaki proper D-space if and 

only if ( ) ∅=xJ  for each .Xx ∈  

Proof. ⇒  Suppose that ( ),xJy ∈  then there is a net ( ) Gggd ∈  in D with ∞→gd  

and there is a net ( ) Ggg ∈χ  in X with xg →χ  such that ,yd gg →χ  so (( ))ggd χθ ,  

( ) ( ).,, yxd ggg →χχ=  But X is a Bourbaki proper, then by Proposition 2.26, there is 

( ) Xdxd ×∈1,  such that ( ) ( ).,, 1xdd gg ∝χ  Thus, ( ) Gggd ∈  has a subnet (say itself), 

such that ,ddg →  which is contradiction, thus ( ) .∅=xJ  

⇐  Let ( ) Ggggd ∈χ,  be a net in XD ×  and ( ) XXyx ×∈,  such that 

(( )) ( ) ( )yxdd ggggg ,,, ∝χχ=χθ  so ( ) Ggggg d ∈χχ ,  has a subnet, say itself, such 

that ( ) ( ),,, yxd ggg →χχ  then xg →χ  and .yd gg →χ  Suppose that ,∞→gd  then 

( ),xJy ∈  which is contradiction. Then there is Dd ∈  such that ,ddg →  then 

( ) ( )xdd gg ,, →χ  and ( ) ( ).,, yxxd =θ  Thus by Lemma 3.10 and Proposition 2.16, X 

is a Bourbaki proper D-space. 

Proposition 3.18. Let X be a proper D-space, ( ) ( )xdxxd ⋅=θ ,,  ( ) XDxd ×∈∀ ,  

with the action ( ) ( ) .,,,,: XDxdxdxdXXD ×∈∀⋅=ϕ→×ϕ  Then for each 
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,Xx ∈  the function ,: XDx →ϕ  which is defined by: ( ) ( )xddx ,ϕ=ϕ  is a proper 

function. 

Proof. Let { } .XXXxT ×⊆×=  Then by Proposition 3.14, ( ) TTT →θθ −1
:  is a 

proper function. But: 

{ } { } ,~~ XXxxDD
hf

x
T =× →×==ϕ θ

 such that ƒ and h are homeomorphisms. 

Now: 

(i) Let A be an open set in X. Then ( )Ah
1−  is an open set in { } .Xx ×  Since Tθ  is 

continuous, ( ( ))AhT
11 −−θ  is open in { }.xD ×  Since ƒ is homeomorphism, 

( ( ( )))Ahf T
111 −−− θ  is open in D. Then ( ) ( )AhfA Tx

111 −−− οθο=ϕ  is open in D. Thus, 

XDx →ϕ :  is continuous. 

(ii) Let F is closed in D. Then ( )Fh  is closed in { } .Xx ×  Since { }xDT ×θ :  

{ } Xx ×→  is a proper function, by Proposition 2.19, ( )( )FhTθ  is closed. Then 

( ) ( ( ( )))FhfF Tx θ=ϕ  is closed in X. Then XDx →ϕ :  is closed. 

(iii) Let .Xy ∈  Then { }( ) ( ){ }yxyh ,
1 =−  such that .Xx ∈  Since X is 2T -space, 

( ){ }yx,  is a closed set in { } .Xx ×  Since Tθ  is a continuous function, ({( )})yxT ,
1−θ  is 

closed in { }.xD ×  So by Proposition 2.16, ( { }( )) {( )}yxyh TT ,111 −−− θ=θ  is compact. 

Since ƒ is homeomorphism, it is clear that ( {( )})yxf T ,11 −− θ  is compact in D. Then 

( ( ({ }))) ({ })yyhf xT
1111 −−−− ϕ=θ  is compact in D. Then by (i), (ii), (iii) and Proposition 

2.16, xϕ  is proper function. 

Proposition 3.19. Let X be a D-space and XXXD ×→×θ :  be a function 

defined by ( ) ( ) ( ) .,,,, XDxddxxxd ×∈∀=θ  Then the following statements are 

equivalent: 

  (i) X is a proper D-space. 

 (ii) ({( )})yx,
1−θ  is a compact set, ( ) XXyx ×∈∀ ,  and for all Xyx ∈,  and for 

all ((( ))),, yxNU ∈  ( )xNVx ∈∃  and ( )yNVy ∈  such that (( )) ., UVV yx ⊆  
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(iii) ({( )})yx,
1−θ  is a compact set, ( ) XXyx ×∈∀ ,  and for all Xyx ∈,  and for 

all ( ({( )})),,1
yxNU

−θ∈  (( ))yxNV ,∈∃  such that ( ) .1
UV ⊆θ−  

Proof. (i) → (iii) Let Xyx ∈,  and U be an open neighborhood of ( ).,
1

yx
−θ  Since 

θ  is a proper function, by Proposition 2.19, θ  is a closed function. So 

( ) (( ) )UXDXXV \\ ×θ×=  is an open neighborhood of ( )yx,  with ( ) .
1

UV ⊆θ−  So 

by Proposition 2.16, ({( )})yx,
1−θ  is a compact set ( ) ., XXyx ×∈∀  Hence (iii) holds. 

(iii) → (i) Let F be a closed subset of XD ×  and let ( ) ( ).\, FXXyx θ×∈  Since 

( ) FXD \×  is an open neighborhood of ( ),,1
yx

−θ  by (iii) there is a neighborhood V of 

( )yx,  such that ( ) ( ) .\
1

FXDV ×⊆θ−  Hence ( ) ,∅=θ FV ∩  so ( ) ( ),, Fyx θ∉  then 

( ) ( ).FF θ=θ  Hence θ  is a closed function. Since ({( )})yx,
1−θ  is a compact set for 

every ( ) ,, XXyx ×∈  by Proposition 2.16, θ  is a proper function. Hence X is a proper 

D-space. 

(ii) → (iii) Let Xyx ∈,  and U be a neighborhood of ({( )}) (( )) { }.,,
1

xyxyx ×=θ−  

Since ({( )})yx,
1−θ  is compact, there are neighborhood U ′  of (( ))yx,  and W of { }x  

such that .UWU ⊆×′  So by (ii) there are neighborhood xV  of x and yV  of y such that 

(( )) ., UVV yx ′⊆  But (( ) ) .1
UWUVWV yx ⊆×′⊆×θ−

∩  Hence (iii) hold. 

(iii) → (ii) Let Xyx ∈,  and (( ))., yxNU ∈  Then (( )) { }., xyxNXU ×∈×  Thus 

( ).,1
yxNXU

−θ∈×  So by (iii) there exists ( )yxNV ,∈  such that ( ) .1
XUV ×⊆θ−  

Then there are neighborhoods xV  of x and yV  of y such that ( ) .1
XUVV yx ×⊆×θ−  

Hence (ii) holds. 

Corollary 3.20. Let X be a proper D-space, choose a point Xx ∈  and let U be 

neighborhood of the stabilizer xD  of x. Then x has a neighborhood V such that U 

contains the stabilizer of all points in V. 

Proof. Since U is neighborhood of the stabilizer xD  of x, ( ).xDNU ∈  Since 

(( )),, xxDx =  ((( )))., xxNU ∈  So by Proposition 3.19, there exists ( )xxNVx ,∈  

such that (( )) ., UVV xx ⊆  Let .xVy ∈  Then (( )) ., UVVD xxy ⊆⊆  
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4. Palais Proper D-space 

From now on, the D-space we mean a completely regular topological 2T -space X on 

which a locally compact and non-compact, 2T -topological d-algebra D continuously on 

the left (always in the sense of Palais proper D-space).  

Definition 4.1. Let X be a D-space. A subset A of X is said to be thin relative to a 

subset B of X if the set (( )) { }∅≠∈= BdADdBA ∩,  has a neighborhood whose 

closure is compact in D. If A is thin relative to itself, then it is called thin. 

Remark 4.2. The thin sets have the following properties: 

  (i) If A and B are relative thin and AK ⊆1  and ,2 BK ⊆  then 1K  and 2K  are 

relatively thin. 

 (ii) Let X be a D-space and 1K  and 2K  be compact subsets of X. Then (( ))21, KK  

is closed in D. 

(iii) If 1K  and 2K  are compact subsets of D-space X such that 1K  and 2K  are 

relatively thin, then (( ))21, KK  is a compact subset of D. 

Definition 4.3. A subset S of D-space X is a small subset if each point of X has 

neighborhood which is thin relative to S. 

Theorem 4.4. Let X be a D-space. Then: 

  (i) Each small neighborhood of a point x contains a thin neighborhood of x. 

 (ii) A subset of a small set is small. 

(iii) A finite union of small sets is small. 

(iv) If S is a small subset of X and K is a compact subset of X, then K is thin relative 

to S. 

Proof. (i) Let S is a small neighborhood of x. Then there is a neighborhood U of x 

which is thin relative to S. Then (( ))SU ,  has neighborhood whose closure is compact. 

Let .SUV ∩=  Then V is neighborhood of x and (( )) (( )),,, SUVV ⊆  therefore V is 

thin neighborhood of x. 

(ii) Let S be a small set and SK ⊆  and let .Xx ∈  Then there exists a 
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neighborhood U of x, which is thin relative to S. Then (( )) (( )).,, SUKU ⊆  Thus 

(( ))KU ,  has neighborhood whose closure is compact. Then K is small. 

(iii) Let { }n
iiS 1=  be a finite collection of small sets and .Xy ∈  Then for each i there 

is neighborhood iK  of y such that the set (( ))ii KS ,  has neighborhood whose closure is 

compact. Then (( ))ii

n

i

KS ,
1=
∪  has neighborhood whose closure is compact. But 

(( )) (( )),,,
111

ii

n

i
i

n

i
i

n

i

KSKS
===

⊆ ∪∩∪  thus i

n

i

S
1=
∪  is a small set. 

(iv) Let S be a small set and K be compact. Then there is a neighborhood kU  of K, 

,Kk ∈∀  such that kU  is thin relative to S. Since ,k
Kk

UK
∈

⊆ ∪  i.e., { }
KkkU ∈  is open 

cover of K which is compact, so there is a finite sub cover { }n
iiki

U =  of { } .
KkkU ∈  Since 

(( ))SU
ik ,  has neighborhood whose closure is compact, thus (( ))SU

ik

n

i

,
1=
∪  so is. But 

(( )) (( )),,,
1

SUSK
ik

n

i=
⊆ ∪  therefore K is thin relative to S. 

Definition 4.5. A D-space X is said to be a Palais proper D-space if every point x in 

X has a neighborhood which is small set. 

Examples 4.6. (i) Let { }1,0,13 −=Z  and ∗  be defined by following table: 

0111

1011

0000

110

−−−

−∗

 

Table 4 

Then 3Z  act on itself (as 3Z  with discrete topology) as follows: 

., 3212121 Zrrrrrr ∈∀∗=⋅  

It is clear that for each point ,3Zx ∈  there is a neighborhood which is small U of x, i.e., 

for any point y of ,3Z  there exists a neighborhood V of y, then (( )) =VU ,  
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{ } ,33 ZVrUZr =∅≠∈ ∩  then (( ))VU ,  has neighborhood whose closure is 

compact. 

(ii) R is locally compact topological d-algebra (as R with discrete topology and 

binary operation ))( baaba −=∗  acts on the completely regular Hausdorff space 2
R  

as follows: 

( ) ( ),,, 2121 xxxxr =⋅  for every { }0−∈ Rr  and ( ) .,
2

21 Rxx ∈  

Clear 2
R  is R-space. But ( ) 20,0 R∈  has no neighborhood which is a small. Since 

(( )) RVU =,  for any two neighborhoods U and V of ( )0,0  and since R is not compact, 

2
R  is not a Palais proper R-space. 

Proposition 4.7. Let X be a D-space. Then: 

 (i) If X is Palais proper D-space, then every compact subset of X is a small set. 

(ii) If X is a Palais proper D-space and K is a compact subset of X, then (( ))KK ,  is 

a compact subset of D. 

Proof. (i) Let A be a subset of X such that A is compact and let .Xx ∈  Since X is a 

proper D-space, there is a neighborhood U of x which is small. Then for every Aa ∈  

there exists a neighborhood aU  which is small, then .a
Aa

UA
∈

⊆ ∪  Since A is compact, 

there exists Aaaa n ∈...,,, 21  such that .
1

ia

n

i

UA
=

⊆ ∪  Thus by Theorem 4.4(ii)(iii), A is 

a small set in X. 

(ii) Let X be a proper D-space and K be compact. Then by (i), K is a small subset of 

X, and by Theorem 4.4(iv), K is thin. So (( ))KK ,  has neighborhood whose closure is 

compact. Then by Remark 4.2(iii), (( ))KK ,  is closed in D. Thus (( ))KK ,  is compact. 

Proposition 4.8. Let X be a D-space and y be a point in X. Then y has no small set 

whenever ( )xJy ∈  for some point .Xx ∈  

Proof. Let ( ).xJy ∈  Then there is a net ( ) Gggd ∈  in D with ∞→gd  and a net 

( ) Ggg ∈χ  in X with xg →χ  such that .yd gg →χ  Now, for each neighborhood S of y 
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and every neighborhood U of x there is Gg ∈0  such that Ug ∈χ  and Sd gg ∈χ  for 

each ,0gg ≥  thus (( )),, SUdg ∈  but ,∞→gd  thus (( ))SU ,  has no compact closure, 

i.e., S is not a small neighborhood. 

Proposition 4.9. Let X be a Palais proper D-space. Then ( ) ∅=xJ  for each 

.Xx ∈  

Proof. Suppose that there exists Xx ∈  such that ( ) ,∅≠xJ  then there exists 

( ).xJy ∈  Thus there is a net ( ) Gggd ∈  in D with ∞→gd  and a net ( ) Ggg ∈χ  in X 

with xg →χ  such that .yd gg →χ  Since X be a proper D-space, there is a small (thin) 

neighborhood U of x. Thus, there is Gg ∈0  such that Ud gg ∈χ  and Ug ∈χ  for each 

,0gg ≥  so (( )),, UUdg ∈  which has a compact closure. Therefore ( ) Gggd ∈  must 

have a convergent subnet, which is a contradiction. Thus ( ) ∅=xJ  for each .Xx ∈  

Proposition 4.10 [3]. Let X be a periodic D-space. Then ( ) ∅=xJ  for each Xx ∈  

if and only if every pair of points of X such that DyDx ≠  has relatively thin 

neighborhood. 

Proposition 4.11. Let X be a periodic D-space and DyDx ≠  for every pair of 

points x, y of X. Then the definition of Palais proper D-space and the definition Bourbaki 

proper D-space are equivalent. 

Proof. (⇒) By Propositions 4.10 and 3.17. 

(⇐) Let X be a Bourbaki proper D-space. Then by Proposition 3.17, ( ) ∅=xJ  for 

each .Xx ∈  Let .Xx ∈  We will show that x has a small neighborhood. By Proposition 

4.10, there a small neighborhood xU  of x. Thus X is Palais proper D-space. 
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