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Abstract

In this paper we combine the notions of multiplicative metric space [6] and cone pentagonal metric
space [5] to form multiplicative cone pentagonal metric space. We prove a variant of the Banach
contraction mapping theorem under two self-maps in this new space. Some corollaries are consequences

of the main result, and some conjectures conclude the paper.

1 Introduction and Preliminaries

Definition 1.1. [/ Let P be a subset of E, where E is a real Banach space. Then P is called a
multiplicative cone if the following conditions are satisfied:

(a) P is closed, nonempty, and P # {1};

(b) a,b€R, a,b>1, and x,y € P imply that - y® € P;

(c) PN ={1}.

Definition 1.2. [I/] Given a multiplicative cone P C E, we define a partial ordering < with respect to P
byx <y iff L € P.

Notation 1.3. [/] We write x <y to indicate v < y but x # y, while v < y will stand for ¥ € int(P),

where int(P) denotes the interior of P.

Definition 1.4. [/] We say the multiplicative cone P is multiplicative normal if there exists a constant
K > 0 such that for all z,y € E, 1 < x <y implies

K
]l < llyll™-

The least positive number satisfying the above inequality is called the multiplicative constant of P.
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Definition 1.5. [/] Let X be a nonempty set. Suppose that the map m : X? +— E satisfies

(a) m(x,y) > 1 for all xz,y € X and m(x,y) =1 if and only if x = y;

(b) m(z,y) = m(y, ),

(¢) m(z,y) < m(z,z) - m(z,y) for all z,y,z € X.

Then m is called a multiplicative cone metric on X and (X, m) is called a multiplicative cone metric space.

Example 1.6. [/ Let E = R?, P = {(z,y) € E : z,y > 1} C R?, and m : X?> — E be defined

as m(z,y) = (al® ¥, a*=¥)) where o > 0 is a constant and a > 1 is a constant. Then (X, m) is a

multiplicative cone metric space.

Definition 1.7. [// Let X be a nonempty set and the mapping m : X? — E satisfies

(a) m(z,y) > 1 for all xz,y € X and m(z,y) =1 if and only if x = y;
(b) m(z,y) =m(y,z) for all z,y € X;
(¢) m(z,y) < m(z,2) - m(z,w) - m(w,y) for all xz,y € X and all distinct points z,w € X — {z,y}

(multiplicative rectangular inequality).

Then m is called a multiplicative cone rectangular metric and (X, m) is called a multiplicative cone

rectangular metric space.

Example 1.8. [/] Let E=R? P={(z,y) € E:2,y > 1}, X =R, and m : X? — E be defined as

1,1 frz=y
m(z,y) = (a®**,a®) if v and y are in {1,2}, x #y
(a®,a) if © and y cannot both at a time in {1,2}, x #y

where a > 0 is a constant and a > 1 is a constant. Then (X, m) is a multiplicative cone rectangular metric

space, but it is not a multiplicative cone metric space since we have m(1,2) = (a>*,a®) > m(1,3)-m(3,2) =

(a2a7a2)'

Now we introduce the definition of multiplicative cone pentagonal metric space as follows

Definition 1.9. Let X be a nonempty set. Suppose the mapping m : X? — E satisfies

(a) 1 <m(x,y) for all z,y € X and m(x,y) =1 if and only if x = y;

(b) m(z,y) = m(y,x) for x,y € X;
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(c) m(z,y) < m(x,z) - m(z,w) - m(w,u) - m(u,y) for all x,y,z,w,u € X and for all distinct points

z,wy,u € X —{x,y} (multiplicative pentagonal property).
Then m is called a multiplicative cone pentagonal metric on X, and (X, m) is called a multiplicative cone
pentagonal metric space.
Definition 1.10. Let (X, m) be a multiplicative cone pentagonal metric space and {xy} be a sequence in

(X,m). Then

(a) {xn} multiplicative converges to x € X whenever for every ¢ € E with 1 < ¢, there is a natural

number ng such that m(x,,x) < ¢ for all n > ng, we denote this by lim, 0o Ty, = T 07 Ty, — T.

() {xn} is a multiplicative Cauchy sequence whenever for every ¢ € E with 1 < ¢ there is a natural

number ng such that m(xy, Tp4+r) < ¢ for all n > nyg.

(¢) (X,m) is called mutliplicative complete cone pentagonal metric space if every multiplicative Cauchy

sequence in (X, m) is multiplicative convergent in (X, m).
Definition 1.11. [/] Let P be a multiplicative cone defined as above and let ® be the set of all
non-decreasing continuous functions @ : P — P satisfying
(a) 1< p(t) <t forallteP—{1};

(b) the series [[,5q¢"(t) converges for allt € P —{1}.

From (a) we have ¢(1) =1 and from (b) we have lim¢"(t) =1 for allt € P — {1}.

Definition 1.12. [2] Let T and S be self maps of a nonempty set X. If w =Tx = Sz for some xz € X,

then x is called a coincidence point of T and S, and w is called a point of coincidence of T and S.

Definition 1.13. /2] Let T and S be self maps of a nonempty set X. T and S are said to be weakly

compatible if they commute at their coincidence point, that is, Tx = Sx implies that TSx = STx.

Lemma 1.14. /9] Let T and S be weakly compatible self mappings of a nonempty set X. If T and S have

a unique point of coincidence w = Tx = Sx, then w is the unique common fized point of T and S.

Lemma 1.15. Let (X,m) be a complete multiplicative cone pentagonal metric space. Let {x,} be a

multiplicative Cauchy sequence in X, and suppose there is a natural number N such that

(a) xy # Ty, for alln,m > N;
(b) xn,x are distinct points in X for alln > N;
(¢) xn,y are distinct points in X for alln > N;

(d) z, » x and z, — y as n — o0.

Then x =y.
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2 Main Result

Our main result is as follows

Theorem 2.1. Let (X, m) be a multiplicative cone pentagonal metric space. Suppose the mappings S, f :

X — X satisfy the contractive condition

m(Sz, Sy) < p(m(fz, fy))

for all x,y € X, where p € ®. Suppose that S(X) C f(X), and f(X) or S(X) is a complete subspace of
X, then the mappings S and f have a unique point of coincidence in X. Moreover, if S and f are weakly

compatible, then S and f have a unique common fized point in X.

Proof. Let zg be an arbitrary point in X. Since S(X) C f(X), we can choose z1 € X such that Sz =
fx1. Continuing this process, having chosen x, in X, we obtain x,4+; such that Sz, = fz,41 for all
n=0,1,2,---. We assume that Sz, # Sx,_1 for all n € N. Then from the contractive definition of the

theorem, we have

m(Sxp, Stny1) < (m(fon, frni1))
= @o(m(Sxp_1,5xy))
< @2(m(fmnfla f$n))

< ¢"(m(Sxo, Sx1)).
In a similar way it follows that
m(Sp, Stpi2) < " (m(Szo, Sx2))
m(Sxy, Stpys) < " (m(Sxy, Sz3)).
Similarly for £k =1,2,3, -, it further follows that
m(Stn, Stpisk1) < " (m(Szo, ST3k+1))

m(Stn, Stniskr2) < " (m(Szo, ST3k+2))
m(STp, STyispys) < @"(m(Szo, STak3)).
Since m(Szy, Stnt+1) < " (m(Szo, Sx1)), by multiplicative pentagonal property, we have

m(Sxzg, Sxq) < m(Sxo, Sxz1) - m(Sxz1, Sxe) - m(Sxze, Sxs) - m(Sxs, Sxq)
< m(Szg, Sz1) - p(m(Sxg, Sx1)) - p*(m(Sxo, Sz1)) - > (M (Sx0, S1))

| A

3
H Sxo,le))
1=0
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and

m(Sxzo, Sx7) < m(Sxo, Sxz1) - m(Sxy, Sxe) - m(Sxza, Sxs) - m(Sxs, Sxy) - m(Sxy, Sxs) - m(Sxs, Sxe)
-m(Szg, Sx7)

6
< H(pi(m(Swo,le)).
i=0

By induction, we have for each k =1,2,3,---

3k

m(Szo, Sxapi1) < [ [ ¢ (m(Szo, Sx1)).
=0

Also using m(Sxy, Stpt1) < @"(m(Sxo, Sz1)), m(Stp, Stria) < " (m(Sxo, Sx2)), and multiplicative
pentagonal property, we have that

2
m(Sxzg, Sxs) < Hcpi(m(Sxo,Sml)) - 03 (m(Sxg, Sxa))
=0

and

5
m(Sxzo, Szs) < [ [ &' (m(Szo, Sx1)) - ¢°(m (S0, Sx2)).

i=0
By induction, we have for each k =1,2,3,---
3k—1
m(Sxg, Sxapio) < H o' (m(Sxo, Sz1)) - ¢ (m(Sxo, Sxg)).
=0

Again using m(Sxy, Stni1) < @"(m(Sxo, Sz1)), m(Szy, Stnys) < @™ (m(Sxo, Sx3)), and multiplicative

pentagonal property, we have that

2
m(Sxg, Sxg) < Hgoi(m(SfL‘o, Sz1)) - @*(m(Sxg, Sx3))
i=0

and

5
m(Sxo, Sxg) H m(Sxo, Sz1)) - ©®(m(Sxo, Sx3)).

i=0
By induction, we have for each k =1,2,3,---
3k—1
m(Szo, Szsres) < [ ¢ (m(Swo, Sz1)) - *F (m(Sao, Sx3)).
=0

Now using m(Szy, Stpisk+1) < ©"(m(Sxo, Szsky1)), and m(Sxg, Szspy1) < H?io o' (m(Sxo, Sz1)), for
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each k =1,2,3,---, we have that

3k

(anysxn+3k+l <§0 HSD S:II(),S.Tl)))
=0

ng S:L‘(),le) (SxQ,SZL‘z) m(Swo,SSUS)))

Hg@ (Sxg, Sx1) - m(Sxg, Sza) - m(Sxg, Sx3))).

Now using m(Szy, Stniskt2) < ¢@"(m(Sxo, Sx3ks2)), and m(Sxg, Swariz) < H?kolnp (m(Sxg, Sx1)) -

38 (m(Sxg, Sx3)), for each k =1,2,3,---, we have that

3k—1

(Sxmsxn+3k+2) < 90 H 90 S.%(), le)) (m(SJJ(),S.%'Q)))
=0

Hg@ (Szo, Sx1) - m(Sz0, Sx2) - m(Sxo, Sx3))).

Now using m(Sxn, Stpisprs) < @"(m(Sxo, Sx3krs)), and m(Sxo, Swarrs) < H?kolw (m(Szg, Sx1)) -
38 (m(Sxo, Sx3)), for each k =1,2,3,---, we have that

m(Szn, Stpiskrs) < @" Hgo (Sxo, Sz1) - m(Sxo, Sza) - m(Sxzg, Sx3))).
=0

Thus, for each m we have

m(Sxn, STpim) < " ng (Sxo, Sx1) - m(Sxo, Sza) - m(Sxp, Sx3))).
=0
Since [ 152, ¢ (m(Sxo, Sz1)-m(Szo, Sz2)-m(Szg, Sz3)) converges (by Definition 1.11), where m(Sxo, Sx1)-
m(Sxo, Sxa)-m(Swg, Swz) € P—{1}, and P is closed, [[7°, ¢'(m(Sxzo, Sz1)-m(Szg, Sz2) -m(Sxo, Sx3)) €
P —{1}. Hence

o0
11_>m ® (H ©'(m(Sxo, Sx1) - m(Szo, Sx2) - m(Sxg, Sz3))) = 1.
=0

Then for given ¢ > 1, there is a natural number N7 such that
Hso (S0, Sa1) - m(So, S2) - m(Sao, Sz3)) < e

for all n > Nj. It follows that m(Sxy,, Stypim) < ¢, for all n > Nj. Therefore {Sxz,} is a multiplicative
Cauchy sequence in X. Suppose S(X) is a complete subspace of X, then there exists a point z € S(X)
such that lim,_,oo Sz, = lim, o0 fTr11 = 2. Also we can find a point y € X such that fy = z. Now
we show that Sy = z. Given ¢ > 1, we choose natural numbers Ny, N3 such that m(z, fz,) < ¢ for all
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n > Ny, and m(Sxy,, St,—1) <K ci for all n > Nj. Since x,, # Z,, for n # m, by multiplicative pentagonal
property we have that

m(Sy, z) < m(Sy, Szn) - m(Sxn, fen) - m(fn, fan-1) - m(frn-1,2)
< o(m(fy, fryn)) - m(Sxn, Stp—1) - m(Sxp_1,STn—2) - m(frn_1,2)
<m(fy, fxn) - m(Szp, Stp_1) - m(Szp_1,STpn_2) m(fr,_1,2)

& chcicicd

=C

for all n > N, where N = max{Ny, N3}. Since c is arbitrary, we have m(Sy, z) < ¢ for all m € N.

. 1 1 . .
Since ¢m — 1 as m — oo, we conclude that c¢m - - as m — oo. Since P is closed,

_ 1
m(Sy,z)

so Sy = fy = z. Hence z is a point of coincidence of S and f.

I
Y,2) m(Sy,z)
€ P. Hence m(Sy,z) € PN %. By definition of multiplicative cone, we get that m(Sy, z) = 1, and

Next, we show that z is unique. Suppose z’ is another point of coincidence of S and f, that is,
Sx = fxr =2, for some x € X. Then

m(z,7) = m(Sy, Sx) < p(m(fy, fz)) = (m(z,2)) < m(z, ).

Hence z = 2/. Since S and f are weakly compatible, by Lemma 1.14, z is the unique common fixed point
of S and f, and the proof is finished. O

Corollary 2.2. Let (X, m) be a multiplicative cone pentagonal metric space and P be a multiplicative
normal cone with multiplicative normal constant k. Suppose the mappings S, f : X — X satisfy the

contractive condition
m(Sz, Sy) < m(fz, fy)*

for all z,y € X, where X € [0,1). Suppose that S(X) C f(X) and f(X) or S(X) is a complete subspace of
X, then the mappings S and f have a unique point of coincidence in X. Moreover, if S and f are weakly

compatible, then S and f have a unique common fized point in X.

Proof. Define ¢ : P+ P by ¢(t) = t*. Then it is clear that ¢ satisfies the conditions in Definition 1.11.

Hence the result follows from the above theorem. O

Corollary 2.3. Let (X,m) be a multiplicative cone pentagonal metric space. Suppose the mapping S :
X — X satisfy the following

m(Sz, Sy) < p(m(z,y))

for all z,y € X, where o € ®. Then S has a unique fixed point in X.

Proof. Put f = I in the above theorem, where [ is the identity mapping. This completes the proof. [
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Corollary 2.4. Let (X, m) be a multiplicative cone pentagonal metric space and P be a multiplicative
normal cone with multiplicative normal constant k. Suppose the mapping S : X — X satisfies the

contractive condition

m(Sz, Sy) < m(z,y)*

for all z,y € X, where A € [0,1). Then S has a unique fized point in X .

Proof. Put f =1 in Corollary 2.2, where I is the identity mapping. This completes the proof. O

Example 2.5. Let X = {r,s,t,u,v}, E=R2? P ={(x,y) € E:x,y > 1} be a multiplicative cone in E,
and a > 1 be a constant. Define m : X? — E by

m(x,z) =1,

m(r,s) = m(s,r) = (a4,a8),

m(r,t) = m(t,r) = m(t,u) = m(u,t) = m(s,t) = m(t,s) = m(s,u) = m(u,s) = m(r,u) = m(u,r) = (a,a?),

m(r,v) = m(v,r) = m(s,v) = m(v,s) = m(t,v) = m(v,t) = m(u,v) = m(v,u) = (a®,a%).

Then (X, m) is a complete multiplicative cone pentagonal metric space, but (X, m) is not a complete cone

multiplicative rectangular metric space because it lacks the multiplicative rectangular property:

(a*,a®) = m(r,s) > m(r,t) - m(t,u) - m(u, s) = (a*,a®).

Now we define mappings S, f : X — X as follows:

u ifxF£v

s ifr=v

S(z) =

t ifx=r
r ifr=s
fle)=qs ifx=t

u ifxr=u

v ifx=wv

Clearly S(X) C f(X), f(X) is a complete subspace of X and the pair (S, f) is weakly compatible. The
inequality m(Sxz, Sy) < w(m(fx, fy)) holds for all z,y € X, where p(t) = t3 and u € X is the unique
common fized point of the mappings S and f.
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3 Open Problems

The open problem is to prove or disprove the following

Conjecture 3.1. Let (X,m) be a multiplicative cone pentagonal metric space. Suppose the mappings
S, f: X — X satisfy the contractive condition

m(Sfx,Sfy) < p(m(Sz,Sy))

for all x,y € X, where ¢ € ®. Suppose that S is one-to-one, S(X) is a complete subspace of X, then the
mapping f have a unique fixed point in X. Moreover, if S and f are commuting at the fized point of f,

then S and f have a unique common fized point in X.

Conjecture 3.2. Conjecture 3.1 holds in multiplicative cone rectangular metric space [/].
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