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Abstract

The objective of the present work is to investigate a specific family of uniformly meromorphic of multivalent
functions defined in U* associated with multiplier transformations. We get some results for this class, like,
coefficient estimates, distortion theorem, closure theorem and radii of starlike.

1. Introduction

Assume that U, be the family of functions that take the following type:

J0) = v+ ) "o >0, Gn =0, e €N ={12,..}, 0

n=1-—e
that are multivalent meromorphic in U* = {yp € C,0 < |y| < 1} = U/{0}.

Forn€Z,¢£>0,X >0 and J € U,, the multiplier transformations £*(#,¥) : U, — U, is defined by (see
(4D

oo m
_ f+X(n+e)
L&) = goy ™ + Z <({+)> Gny" - (2)
n=1-e
A function J € U, is named multivalent meromorphic starlike function of order &« whenever it satisfies the
condition
Y H’(o)}
—Re >a, (WelU"; 0<a<e), 3)
{ J(v)
and is named multivalent meromorphic convex functions of order « whenever it satisfies the condition
—Re{DH]{(IE;))+1}>a, (el 0<a<e). 4)

We define G (x, £, X,m, e) as the family of functions in U, that fulfill the condition stated below:
M (e, X " M (L, X "
Re{_( G GENIO) ,+x>}2 y (B DIW)
1+ (L1 BI(W)

(1+e) (L& D))
where 0 <x<1,n€Z,£>0XxX=>0.

+ 2, (5)

Received: December 6, 2025; Accepted: December 24, 2025; Published: January 27, 2026
2020 Mathematics Subject Classification: 30C45.
Keywords and phrases: multivalent functions, meromorphic functions, distortion, convex, fixed point.

“Corresponding author Copyright © 2026 the Author



142 Salah Mahdi Ali

A number of studies have lately focused on analyzing subclasses of meromorphic functions, as documented

in references [1,2,3,5,6,7,8,9,10].

2. Coefficient Estimates

Theorem 1. Let | € U,. Then ] € G(x,4,%,m,e), iff

[ee) m
(t+X(n+e)
Z nl(e+ D@+ 1)+ (= DI (=) 4n < goele + Da.
n=1-e
Sharpness of the result is attained for the function ]| described as
_ goe(e+ Dx _
J() = gov™ + - my T, n=1-e

nfle+D(x + 1)+ (n— 1)] (w)

I3

Proof. Suppose that ] € G(x, £, X, m, ¢). Then

Re{_( y (2L, 0)](m)) +x>}2

y (8 (6, 0))())" et 2‘

(e + (LM DI ) (e + (LML DIW)
But
re { y (274, 0)I()) ’+x} BIRICEZEI0) ’+x+2‘
(e + (L, )] (1)) (e + (L&, )I(m))
B Re{_( y (B DIW)) +x>}
(1 + (8 DI(®))
that is

Re{ y (2 (6, D))

,+2(x+1)}£0,
(1+e)(er &, DIm)

by (2) we get

[o2]

Z e+ D(x +1) + (n— 1)](

n=1-e

((+X(n+e)

m
7 ) Gn < goele + Dx

o |22t Draoy™ 4 TR anl( - D + e+ DG+ D) ((exmeo))™ o et
e

m
—eqole+ Dyt + 52, n(e+ 1) (LEE) T g e

Letting p to take real values aspy — 17, we get

£

P £+X m
—eqo(e+1) + Y- _.n(e+1) ((++M) n

~2e(e + 1)xgo + Lo o 2n[(n — 1) + (e + 1) (x + 1] (w)m an

— Y,

(6)

(7
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that is

“2e(e + 1)xgq + z 2n[(n— 1) + (e + 1)(x + 1)] <w> Gn <0,

n=1-e
which is equivalent to (6).
On the other hand, if we assume that inequality (6) holds, we deduce that
—2e(e+ D(x+2)gon ¢!
» (26 D)IM))" +Een [200 = 1D+ G+ 2) e+ 1) (L) ]@ngn_l
(e + (e DI | ) (@3t

—eqo(e+ Dyt + Ty n(e+ 1) ( "

—2e(e+ 1D(x+2)gq

~Sicen[200= 1)+ G+ 24 1) (L) g e
<

—egole + 1) + 5y _on(e+ 1) (L) g e

Taking the limit as y = 1~ along the real axis yields the required inequality (6). Therefore, the proof of
Theorem 1 is established.

Corollary 1. If | € G(x,4,%,m,e), then

G < elet Dxdo _ (eeN={12.). (8)

nl(n - 1) + (e + Dx + 1] (L))

Theorem 2. Let ] € G(x,¢,X,m,e). Then

Go e(e+ Dx = < J(w)| < G0 e(e+ Dx e
T a-olet e+ DE+DI(EN)T T - ole+ e+ D@+ DI(EY)"
Proof. Since ] € G(x,¢,%,m,e), we get
L+ X"
(1—)[—e+ (e + D(x + 1] (7) Z G
n=1-—e
< z nf(n—1)+ (+ D(x+1)] <w> gn < e(e+ Dx.
n=1-—e
We have
e(e+ Dx
J()| = e+ dnlp|" < e"‘lt)l1 ¢ Gn S—+ TR
Io| Z Iv| Z —f-e+ e+ Dex + D] (2"

Also, similarly, we have

=2 - er D i

(1-of-e+ e+ D+ D] ()"

Earthline J. Math. Sci. Vol. 16 No. 1 (2026), 141-146



144 Salah Mahdi Ali

Sharpness of the result is attained for the function ] described as

J() = gy + Gocle D 9!, eEN.
(1- o[- e+(e+1)(x+1)](+)

Now, let us consider the functions J (1), defined for j = 1,2,...,q, by

Bj) = G, + Z Gn 0" (G0y > 0.y = 0,e €N = {12,...)). ©)

n=1-e

Theorem 3. Assume that the functions J;(9) defined by (9) lies in the family G(x,¢,%,m,e) for j = 1,2, ...,q.
Then the function h(v) defined as

h(y) = go,jp™° + Z cn)"

n=1-e

is also in the family G (x, €, X, m, ¢), where

q
1 z
== ) 9nj-
14

Proof. Since J; () €G(x,¢,%,m,e) (j =1,2,..,q) and by Theorem 1, we obtain

Z n[(n—1) + (e + 1)(x + 1] <w> Gy < e(e + 1.

n=1-e

Z nfn—1)+C+ 1D+ 1)] <({)+L;+e))> c,
=1-

= > nltn- 1+ (et 1)(x+1)]<(“%("+e))> Zczn,

n=

-
zq: in n—1)+(e+1)(x+1)<

j=1 n=1l-e

e

(t+xE(n+e)
£

1
a > Gnj < e(e+ Dx.

This shows that h(y) € G(x, %, X, m,e).
Theorem 4. Let ]| be an element of G(x,%,%,m,e). Then ] is multivalent meromorphic starlike of order (0 <

@ < 1) in the region |y| < Ry such that

1
(¢+X(n+e)) MY e

n(e—)[(e+ D(x + 1) + (n - D] ()
e(e + Dx(n+ @)

R1 ::inf
n

The obtained result is exact for the function ] defined in (7).
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Proof. It is enough to demonstrate that

1)]]]]@(3) + e| <e—¢ for |y| <Ry. (10)
But
o)’ (n) N e| _ [ @) + )| _ Enzi-e(n + Ogaly]™
J() ) T 1+ N Galplm

Thus (10) will be satisfied if

Zz):l—e(n + e)(,l,n|t)|n_e <
Go + Xn=1-eGnlpl"™® ~

orif
zoo n+oe n—e
R <1.
n=1-—e

Since ] € G(x,4,%X,m, ¢), we have

i nf(e+1(x+1) + (n—1)] ((“#f”e)))m

<1.
Goe(e + Dx In =

n=1-e

Hence (11) will be true if

n+e nfe+D(x+1)+(n—-1)] (M)

—— "t <
Go(e— @) goe(e + Dx

1

or equivalently
1
m\ nse

ne— @)+ Dx+1)+(n—-1)] ((“35({+n+e)))
e(e+ Dx(n+ ¢)

Iyl < (n=1-e),

which is an immediate consequence of the result.

Theorem 5. The family G(x,€,%X, m, ¢) is a convex set.

Proof. Consider J; and J, as arbitrary elements of G(x,¢,%, m,e). Then for each t (0 <t < 1), we show that
1 -], +tJ, € G(x,4,%,m,e). Thus, we have

A-0J; +t] =gep * + z (A= 8)gn + tppln™.

n=1-e
Hence
D e+ D+ D+ (=D <(“3€5+"+e))> (D, + tp.]
n=1-e
=(1-1t) n;en[(e + D)@+ D+ (- D) <w> 0
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+t z n[(e+1)(x+1)+(n—1)]<

n=1-e

L+ X "
(¢+ E?n+e))> .

< (1 —-1t)gge(e + Dx + tgge(e + Dx = gpe(e + .

Hence, the proof is established.
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