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Abstract

This study investigates a specific subclass of multivalent functions defined via the application of a generalized
derivative operator. Various associated properties are examined, including coefficient inequalities, growth and
distortion estimates, the characterization of extreme points, and the determination of radii of close-to-convexity,
starlikeness, and convexity for these subclasses.

1. Introduction

Let P(p) represent the class of functions characterized by the following form:

f(z) =zP + Z ajz/, (z€Uaq; =0,peN={123..}). (1.1)
j=p+1

This class includes all analytic and p-valent functions in the open unit disk D = {z € C: |z| < 1}. Let E(p)
denote a specific subclass of P(p).

The Hadamard product (also known as convolution) f = g of two analytic functions, f, as defined by (1.1),
and g(z), given by:

g(z)=zP + Z bjzj (1.2)
Jj=p+1
is defined as
f(@2)xgz) =(f*xg)(z) =2zP + z ajbjzj, (zeU,p eEN). (1.3)
j=p+1

A function f belonging to the class P(p), is said to be multivalent starlike of order @, multivalent convex of
order d, and multivalent close-to-convex of order d under the following conditions: (p € N,0 < d < p,z € D),
where each characterization holds according to its respective mathematical definition:
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z f'(z) zf"(2) f'(2)
Re{ (2 }>6, Re{1+ f’(z)}>a and Re{fp_1}>6.

Elhaddad and Darus [3] proposed the following operator:

For a function f belonging to the class P(p), the following relation holds:

p+(G-pA" I'(e) <Hfl:1(an) j—p) a;z!

0% (v,e,aq,b z—zp+2[ - - , (1.4
iy (e a3, bS () 2 T@G —p) + O\ TGy )G -pt " Y

wherea, € C,h; e C—{0,—-1,-2,..}(i=1,...,r,n=1,..,5),ands <r + 1.

For simplicity, we rewrite the above expression as
+ MY ag b )
OM,(U e,ay,b)f(z) =2zP + Z [p ) ] G p'?'i)( S' r) a;z’, (1.5)
5 G-p!
wherem € No = NU {0}, 2 = 0and ¥(;_, ¢ (as, by), is defined by

F(e) Hfl:l(an)j—p>
Y; (as, b,) = < . 1.6
Gmpme s Pr) = TG0y v o \ T B0y (19

For further details regarding this operator, see [2].

By employing the operator defined in Equation (1.5), we introduce the following class of analytic and
multivalent functions.

Definition 1.1. A function f € P(p) is said to belong to the class P(p,y, 4) if
(2 - p)z[é)r:"p (U, e ay, bl)f(z)]” + Zz [G)T:Lp (U' e, as, bl)f(z)]”,
(31— 1)z[0", (v, e,a1, b)) ()] + Az2[0F, (v, €, ar, by) f (2)]"”
where (P213<y<10<2<3), a,€C b € O\{0,-1,-2,..}, lz| <1, v,e €C, Re(v) >0,
Re(e) >0, me N, =NuU {0}.

1, (1.7)

Numerous authors have examined various classes of analytic and multivalent functions, including their
coefficients estimates, as documented in Refs. [1], [2], [4], [5], [6]. [7], [8], [9], and [10]. In this study, we focus
on analyzing and investigating the class P(p,y, 1) of analytic and multivalent functions. Additionally, several
properties, such as coefficient bounds, growth and distortion theorems, inclusion properties, and extreme points
for functions in this class, are established.

2. Geometric Properties for P(p,y, 1)

In this section, we present theorems along with their proofs to explore certain geometric properties associated
with the class P(p, vy, A).

Theorem 2.1. A function f, as defined in equation (1.1), belongs to the class P(p,y, A) if and only if it satisfies
the following condition:

[p—j—yv+AG +DI]jG -

NgE

1) [p + (] p)l] Y'(j—p,v,e) (asr br)

(=) laj] <2 +p) =y - D], (1.8)

j=p+1
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where (p = 1,2 <y < 1,0 < 2<3) and ¥yj_p.,)(as, by is given by (1.6).

The result is sharp for the function:

(A1 +p) —yIp( — DG - p)! y
[p=j=v+ 240G+ DG = DYy-pue (as br) [P+(+P)l]

Proof. Suppose that f € P(p,y,A). Then, by (1.7), we have:

(1.9)

f2)=2z"+

nr

2 - p)z[0F, (v, e, a1,b)f (2] + 22[0F, (v, e, a1, b, )f (2)]
(BA—1)z[0P,(v,e,a1,b)f ()] + A22[0F (v, €, a1, by f(2)]

nr

III|

= |(3/1 —1)z[0%, (v, e, a1, by)f ()] + 222[0F, (v, e, a1, by ) f (2)]

III|

— |2 = p)2[0F% W, e, a1, b)) F (D] + 22[0], (v, e, a1, b1)f (2)]

III|

= |(3/’l —y—2+ p)z[é,{f‘p(v, e, a, bl)f(z)]"| + |(/1 — 1)22[5/%@, e a, bl)f(z)]

+ G-V as, b .
(BA—y—2+Dp)z il p)] Gmpme) (s r)ajzj_zl

14 G-

p(p—DzP2+jG -1 i [

j=p+1

+ p+0- p)/l]m Yij-pue)(as by) ajzf—ﬂ

p -

j=p+1

(A —1)z* [p(p -Dp-2)zr3+j-DG-2) Z [

Bl—y—=2+pplp—-DzP '+ Br-y—-2+p)j(

C p+(j_p)/1my'— Ju,e (as'br) i—
_1)2[ p ] (”Ej—)p)! 4z

j=p+1

+ p + (] - p))l]m Y'(j—p,v,e) (aSI bT‘) Zj_l

(A= Dp@ - DE =227+ A= DG -G -2) Y [ I

j=p+1

[A(1+p) —ylp(p — DzP~?

& . . L, p+ (/ _p)l my(j—p,v,e)(asr br) i
+j;1[p—;—y+zo+1)];o—1>[ | e g

<[ +p) — Ylp( - DIz
£ ) ==y 426+ DG - 1)

j=p+1

P+ (=PI Yy-pue (as br) .
[ el

_ > ==y +AG+ DG =D [p+ G = A" Ympwer@sbr) |y o
<N+ ) e e D > ] D
j=p+1
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1=0,j>p, w >0,(j — p)! > 0and ¥;;_p e (as by) is given by (1.6).

NgE

p+(] p)/1 Y'—,, (a,b)
[p—j—v+2G+ DG - 1)[ U 7 g | < [A(1 +p) — ¥Ip(p = D).
iy G-p!
j=p+1
Conversely, assume that condition (1.8) holds for |z| = s, where s < 1, then
|(32.—-y)z[éﬁz(v,e,al,bl)f(z)]" +-AZZ[GQQ(U,e,al,bl)f(z)]”w
._|(2 —-p)z[@ﬁ%(v,e,al,bl)f(z)]” +-ZZ[Oﬂ;(v,e,al,bl)f(z)]”w

= |(31 —y—=2+ p)z[ﬁzlp(v, e, a, bl)t(z)]”| + |(/1 - 1)22[5,’{;, (v, e ay, bl)t(z)]m|

=|BA-y—-2+p)z

- DA™Yy per(as by
R R e )‘11'212‘
j=p+1

_ _ _ - e . C p+ (] - p)/1 my(j—p,v,e) (asv br) -
+|(2 - 1Dz lp(p Dp—-2)2"7 +j( -1 2)1-:;1[ p ] G-y Y% 3‘

=|BA-y—=2+pp -z’ 1+ Br-y—-2+Dp)j(

|4 + (] p)/l Y- \U,e (as' br) i
b 3 P
j=p+1
T i —)A™ Yj—p.e)(as by i
H|a= 06 - Do -2t 4 G- i -G -2) . [P ’;,3;‘; gyt
j=p+1 '

=21 +p) —ylp(p — D2/ !

o)

=)™ Yy (a6, b))
+ 3 - j—y+ag+ ljg - [ ’E,’-’_)(C;, i1
j=p+1 P P

<[A1+p) - y]p(p - D|z/7

AT Y- v,e srbr i
£ - j=y+ G+ - [ e Gt o
]p+1

P ] -Y + /1(] + 1)]](] - 1) p + (] p)/1 Y'(j—p,v,e)(as'br) i
=12+ Z A +p) —ylple — 1) p ] A

NgE

A = v,e s:br
[p— J—V+/1(1+1)J(1—1)[p+0 p)] U IE]_);C;, )Iajls[ﬂ(1+p)—y]p(p—1).
j=p+1
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where |a;| is given by (1.8). So, we have:

NgE

[P ] —y+ A(/ + 1) ](] 1) [P + (] p)/l] y(j—p,v,e) (as: br)

G 6l — 2+ —vIp@-D <0

j=p+1
Thus, f € P(p,y,4),and the theorem is thereby proven. i
Corollary 2.2. Let f € P(p,y,A). Then,

o < [A(1 +p) —¥]Ip(0 — D( — p)! ’ (1.10)

. . — —om
[p—j—v+AG + D — DY j_pye (as by) [%]

Where,(j=p+1,p+2,...)(p21,%S)/<1,0</1S%).

3. Growth and Distortion Theorems

The bounds for |f(z)| and |f'(z)| will be established through the following theorems, which specifically
pertain to multivalent functions f(z) expressed in the form.

[A(1+p) —ylp(p— 1) 1

fz) =27+ —
A +2) = (1 + VIp( + D)o (as b) [E2]

Theorem 3.1. If the function f belongs to the class P(p, vy, 1), as defined in Equation 1.2, then for |z| = s < 1,

P _ gp+ A +p) —ylplp -1
A +2) = (1 + NI+ Do (@ b) 2]

< If (@)

[2(1+p)—vlp(p - 1)
A +2) — A+ VIp(L + p)Yaue)(as by) [pTJ:’l]

< sP 4 sP*1

Proof. By considering Theorem 2.1, we obtain

i [p—j—v+2AG+ DG - 1) [p +( - p)z]’“r(,-_p,u,e)(as. by)
o A+ =yl -1 p G-t

Using the specific characteristics of analytic p-valent functions, we also have

o]

Y'(l,v,e)(as:br) Z |aj|
j=p+1

[y —AG + DI - 1) [p + /1]’”
(A1 +p)—ylp(p—-1)

- i p—j -y +AG+ DG =D p+ G- p)a]"‘ Yy-pwe) (s br)

- (A1 +p) —ylp(p - 1) p U—-pn)!

Hence, we have

Z )| < A1 +p) —ylp(p -1
St 42~ (LI + PV (as b) [
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From (1.1), we have

If(2)| = |zP + z ajzj < |zP| + |zP+Y| Z |aj| < sP 4 sPH1 Z |aj|
j=p+1 j=p+1 j=p+1
<t [A(1 +p) —ylp(@ - 1) _gp+

A +2) = (1 + VIpQ + PV (as, b) [E2]

Similarly, the opposing argument can be demonstrated as follows:

[o¢]

|f(z)|= ZP + Z ]Z] >|Zp| Zp+1| Z |a]|>sp—sp+1 Z |a]|

j=p+1 j=p+1 j=p+1
11 +p) —vlp(@ -1

—sPt1,
A +2) = (1 + VIp( + PV e(as, b) [E2]

> sP —

This concludes the proof. O
Theorem 3.2. If f € L}, (as, by, 4; j,p), then for |z] = s,s < 1, we have

psP=1— A0 +p) —ylp(@ - 1) P < | (2)]

A +2) = (1 + VIp( + D)o (as b) [E2]"

[A(1 +p) —ylp(p - 1) .

<psPl+ S
A +2) = A+ PIP(A + P)ape (@5 b,) |27

Proof. Let f € L. (as, by, 4; j, p). Then, from (1.8), we have

Z o] < (21 +p)—vylp@ -1
S RO+2) = A+ + P)ae (s b) B

Also, from (1.1), we have

[oe]

If'(2)| = [pzP~* + Z jajz 7Y < psP™l 4+ (p + 1)sP z |aj|

j=p+1 j=p+1

[AQ+p)—ylp(@p—1

< psP~1 4+ S’
A +2) = (1 + PP+ PYaue(as b) [E2]
Similarly, by reversing the inequality, we have
F@l={pPt+ ) jazi | = pPi- @+ Ds” Y g
j=p+1 Jj=p+1
> psP1 — [AA+p) —vlp(@ -1 o7
Ap +2) = (A + PP + P e (@5, b,) |27
This completes the proof. O
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4. Radii of Starlikeness, Convexity and Close-to-Convexity

In this section, the subsequent theorems are reformulated in terms of the radii of starlikeness, convexity, and
close-to-convexity.

Theorem 4.1. If the function f(z), defined by (1.2), belongs to the class P(p, y, 4), then it is multivalent starlike
of order (0 < @ < p) in the open disk |z| < s, such that

1

Z @-Dp-j-v+AG+D]G-1) [p +(G - p)/l] Y(j-pu.e(as, br) =

51p.y.4,0) = inf; G- A +p) -1 -1 > G-p)! ‘ Uzp+D.

The result is sharp for the extremal function f(z) given by (1.9).

Proof. It is sufficient to show that

zf'(2)
f(@)

—p‘ <p-9d, (0<0<p),
for |z| < s;(p,v, A, 3). We have

Z[pzp_l + Z?;pﬂjajzj_l] - p[zp + X p+1 ajzj]

2P+ X

‘Zf’(Z) ) ’ _
@

7]
a;z

[Z} p+1(] P)|a]||Z|J p]

_ (X5 pr1/077] = p[E5p11 ;7]

Zp+2?;p+1ajzj [1 p+1|a]||z|1 p] .
Thus,

2f’ (z)_p‘ -

f(2) -
if

i —Na;|z|/~P
G = 9)ajlzl’™? _

L 00

Therefore, by Corollary 2.2, the above inequality holds if
G=Dlzl™? _p—j—y+2G+DYG - 1) [t G- p)z]’%-p,v.a(as, br)
®-0) ~ [AA+p)-vlp(p-1D p G-po)!
Equivalently, if

|z| <

p-Dlp—j-—v+AG+DG-D[p+(G - p)/l]m Yij-pue)(@s, b7 (1.11)

(-0M1+p)—vlpe -1 p G-n)!
Hence, the theorem follows easily from (1.11). O

Theorem 4.2. If the function f(z), defined by (1.2), belongs to the class P(p,y, ), then f(z) is multivalent
convex of order @ (0 < @ < p) in the open disk |z| < s, where

1

(P - a)[p _j —Y+ A(] + 1)](] - 1) [p + (] - p))’]m Y(j—p,v,e)(as:br) -p

2y 40 = Iy TG+ ) — VP - D . G—p! ]  Gzp+).
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The result is sharp for the extremal function f(z) given by (1.9).

Proof. It is sufficient to show that

zf"(2) ‘

1+=———pl<p-a, (0<d<p)

‘ o PI=P P
for |z| < s,(p,v,A,0). We have

‘1 + L@ ‘ = ‘1 L AP® = D27 4 By jG — D2/~ plpzP ™t 4 B oz
f'@) [pzP =" + X7 piajaiz/ 7]
_ [Zﬁp+1j2ajzj_1] - [p] Z;'ip+1ajzj_1]

[pzr=t + Zﬁp+1jajzj_1]

Then
‘1+Zf”(z)_ ‘ [Z] p+1](] P)a]|Z|] p]
f'@) [1 Z] p+1]a]|z|1 p]

Thus,

2" (2)
R TR R

i jG = Daylzl P _
s ®-0)

Therefore, by Corollary 1.9, the above inequality holds if

jG=0)NzP™P _[p—j-y+AG+DIG-Dp+G - p)A]"‘ Yij-pu,e)(@s br)
-0 ~— [LaA+p)-vlp@-1 14 G-p)!

Equivalently, if

1

| | [(P - ) p— ] -Y + /1(] + 1)](] - 1) p + (] - p)l]m Y(j—p,v,e)(as' br)]E (1 12)
| - +p)-ylpe-1) p G-p! ' '
Hence, the theorem follows easily from (1.12). |

Theorem 4.3. Let the function f(z) defined by (1.2) be in the class P(p,y,A). Then f(z) is multivalent close-
to-convex of order d (0 < d < p) in the open disk |z| < s3, where

(P - a)[P _j -Y +/1(j + 1)]([ - 1) [p + (] - p)/l]my(j—p,v,e)(as'br) E‘ (] >p+ 1).

) ’/1’ a =1 i .
55y, 4.0) = in, [ A +p)—yIpe - D p G-p)!
The result is sharp for the external function f(z) given by (1.9).

Proof. It is sufficient to show that

f'(@

zp—1

—p‘Sp—a. (0<d<p),

http://www.earthlinepublishers.com
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for |z| < s3(p,v, A, 0). We have

) 1 o . iq -1 d >
j=p+1 j=p+1
Thus
;,(_Zl) —p|=p-0
if
jajlzlj_p )
L @0 T

Therefore, by Corollary 2.2, the above inequality holds if

lelj—p < p—j—yv+AG+DG-Dp+G- p)l]m Y(j—p,v,e)(asr b;)
-0)" [AAQ+p)-ylp(p—-1) 1% G-p¢

Equivalently, if

p-Dlp—j—y+AG+DIG-1) [p +( - p)/l]m Yii—pwe)(@s br)]j_p.
p

z| < - 1.13
g A +p) 7l - D G —p)! (13
Hence, the theorem follows easily from (1.13). O
5. Extreme Points
The theorem below addresses the extreme points of the class P(p, y, A).
Theorem 5.1. Let f,(2) = zP and
© . . sy . m
)=+ Z p—j—v+AG+DIG-Dp+G- p)/l] Y-pve)(@sbr)
L [A1+p)—vlp(p -1 p G-n!
Jj=p+1
1 1
where (j2p+1,p21,§Sy<1,0</IS§>.
Then the function f(z) belongs to the class P(p,y, 4) if and only if it can be written as:
F@ =L+ ) L), (1.14)

j=p+1

such that

(L, 20,4;20j2p+1) and L+ ) L;=1
j=p+1

Proof. Suppose that f(z) thus defined in (1.14), then

Earthline J. Math. Sci. Vol. 16 No. 2 (2026), 247-260
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f(2) = Lp2P + Z [ A1 +p) —vIp( - 1) G=p)! Zj]

St p ] -Y + /1(] + 1)]](] - 1) [p + (] - p)/l] Y(j—p,v,e)(asr br)

A +p) —vlp(p -1 4 mo (j—p)! .
=zP 4 z [p ]—y+/1(]+1)]](]—1)[p+(] p)/l] y(j—p,v,e)(as,br)]LjZ]'

Hence

Z [ (A1 +p) —vIp(@-1) U-p)!

S\ —j—y+2G+DYG-Dlp+G - p)l] Yij-pu.e)(@s br)

[[p —j—y+A(G+D]jG-1) [p +(G - p)ﬂ]m Yiji-pu,e)(@s, br)] .
(A1 +p)—ylp(p—-1) P G-p)! J

Thus f € P(p,y, A).

Conversely, suppose that f(z) € P(p,y,A) we may be setting

— p—j=v+AG+ DG =D+ 0= Yy-pue(as br)] |
K Z [ (A1 +p) —vIp(p -1 [ p ] G-p)¢ |Y

where q; is defined in (1.10). Then

A +p) —ylp(p — 1) p mo (j—p)! ] .
= 7D ] = 5P 7]
f@ = 1;1“12 T ];1 [ RS VT ey et M T cors o

=2zP + Z [f]-(z)—zp] = Z Lifi(z)+ (1 - Z Lj)zP.

j=p+1 j=p+1 j=p+1
Thus
F@ =Ly + ) Lfi(a).
j=p+1
This completes the proof of Theorem 2.1. O

6. Convolution Properties

In this section, we present the following theorems, which explain the convolution properties of functions
belonging to the class P(p,y, 4).

Theorem 6.1. Let the functions f;(z) belong to the class P(p,y, A) such that

fi(z) = 2P + Z 4,20, (a2 0,5=12). (1.15)
j=p+1
Then (f; * f2) € P(p,v, k), where
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p(p—Dp—j—yIA+ip) —y]*p™( - p)!
k> +](] - 1)V[p _j -Y + (/1] + 1)]2[}? + (] - p)/l]my(j—p,v,e)(asr br)
B (1 + p)]([ - 1)[p _j -y + (/1] + 1)]2[}? + (] - p)/l]my(j—p,v,e)(asv br) .
—( + Dp - DIA + Ap) —yv]?p™( — p)!

The result is sharp for the functions f; (s = 1,2) given by (1.9), where k € C/{0}.

Proof. We will find the smallest k such that

z [ p—j—v+k(G+DjG-Dp+(- P)/’t] Y(j-pue)(as, by)

[k(1+p) —vlp(p -1 P U —p)! ]af,laj,z =L

Since f; € B(p,v,A), (s = 1,2),

Z [p j=y+ @+ DG-Dp+G - p)A] Wopwe @bl 1 (5=12).

[A+2p) —ylp(p — 1) 14 U —p)!

By Cauchy-Schwarz inequality, we get

p—ji—v+@W+DG-Dp+ G-I Yj-pve (as by)
Z[ [(1+4p) —ylp(p — 1) [ p ] G —p)! ]\/aj,laj,zﬁl. (1.16)

Now, the only thing we need to prove is that:
[[P _j -y + k(j + 1)]](] - 1) [p + (] - p)/l]my(j—p,v,e)(as' br) @ a
k(1 +p) —vlple -1 p G- p)! s

[p—j-vy+A+ DG -D[p+G-p)A mlf(j_p,ule)(as,br)] _
= [ [((1+2p) —vIp(p — 1) % ] (G —p)! V19,2

and equivalently to:

kA +p)—vllp—j—v+ QA+ 1)]
VG1%2 = B TRG + DI + ) — 7T

from (1.16), we have

1
V31,2 = [p—j-y+@Aj+D]j(j-1) [p+(1 p)/l]m Y(j—puv.e)(@sbr)’
[(1+Ap)-y]p(p-1) 14 (-

this ends well enough to illustrate that

[((1+ Ap) —ylp(p — Dp™( — p)! - k(Q+p)—vllp—j—v+ @A+ 1]
p—j—-v+@W+ D)l -Dlp+ G-I jppey@s,by) ~ [p—j—v+k(G+DIA+Ap) —vy]’

then

[p—j—vI[(A+2p) —yI*p(p — Dp™ (G —p)+k( + DA + Ap) —y1*p(p — Dp™( — p)!

S —-j—v+@A+ D% - Dlp+ G — A" j—pue) (as by)
+k(Q+plp—j—v+ Qi+ DG - Dlp + G —p)A™Yj—pue (as by,
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p(® — Dlp —j —yI[(1 + Ap) —vI*p™( — p)!
k> +](] - 1)V[p _j -Y + (/1] + 1)]2[}? + (] - p)/l]my(j—p,v,e)(asr br)
B (1 + p)]([ - 1)[p _j -y + (/1] + 1)]2[p + (] - p)/l]my(j—p,v,e)(asv br) .
—(U+ Dp — DIA + 4p) —y]*p™( — p)!

Thus, the theorem is established. O

Theorem 6.2. Let the functions f;(z) defined by (1.15) in Theorem 6.1 belong to the class P(p,y, 4). Then the
function f(z) = zP + X52,41(aly + a?,)z/ also belongs to the class P(p,y,4), where p(p + 1)[1—
Ap+D+D+yl-2p(p-DIAp+1) -yl =0.

Proof. Since f;(z) € B(p,y, 1), we get

Z [p J—V+(/11+1)]J(1—1)[p+(1 p)ﬂ]ml@ ey (@s b 5
[A+2p) —vIp(p—1) 4 U-p)!

1 1
where <j2p+1,p21,§Sy<1,0</1S§).

Z [p =y + W+ DG -Dp+G— p)a] Yijopwey(@s b
[(A+2p) —ylp(p—1) p U-—p)!

2
p—j—v+W+DG-D[p+(G—-p)A Y-(j—p,v,e) (as, by)
( Z [ [A+2p) —ylp(p—1) p ] G—p)! ]a”) =1 (17

and

i [[p —j—y+ A+ DG - Dp+ - p)z]m Yiopwe(@s b
[(1+4p) —vlp(p— 1D 14 G—p)!

2
< Z [p J=v+@Q+DG-D[p+ (- P)ﬂ] Y(j—p,vle)(aS'bT)]a. ) <1, (118)
2] = ’

(A +2p) —ylp(p — 1) p G-p)!

combining the inequalities (1.17) and (1.18) gives

2
p—j—v+W+DG -+ G =) Yj-pve (as by)
Z [ [(1+Ap) —ylp(p - 1) [ 14 ] G-p)! ] (a3 +afz) <1

According to Theorem 2.1, it is sufficient to show that

Z [ p—ji—-v+@X+DG-Dp+G- p)l] Y(j-puw.e)(as, by)

[A+2p) —vIp(p— 1) p G —p)! ](11+ ai,) < 1.

Thus, if the last inequality is fulfilled, for (j =p+ 1L,p+2,p+3,...)
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[(A+2p) —ylp(p —1) p U-—p)!
1 [[P —j-v+@W+D]jG-1) [P +(0 - p)ﬂ]m Yij-pu,e)(as by) 2
2 [A+ap)—vIp(p-1) 14 U-p)!

[P _j -y + (A] + 1)]](] - 1) [P + (] - p)/l]m Y-(j—p,v,e) (asv br)]

Or, if

[(A+2) —vIp—-D -2/ -Dlp—j-v+A+1D]=0 (1.19)

forj=p+1,p+2,p+3,.. the left-hand side of (1.19) is increasing function of j, hence it is satisfied for
all j,

plp+ DA+ —y]-2[A+2p) —ylp(p—-1) 20,

which is true by our assumption therefore the proof is complete. i

7. Conclusion

The main aim was to employ the integration of a generalized derivative operator to construct the subclass
P(p,y,A) of multivalent functions in the open unit disk. For functions in this subclass, we established various
properties such as, coefficient inequalities, growth and distortion estimates, extreme points, radii of close-to-
convexity, starlikeness and convexity.

Acknowledgement

The authors thank the reviewers for their supportive and insightful comments on this study.

References

[1] Al-Khafaji, A. K., Atshan, W. G., & Abed, S. S. (2019). Some interesting properties of a novel subclass of
multivalent function with positive coefficients. Journal of Kufa for Mathematics and Computer, 6(1), 13-20.
https://doi.org/10.31642/Jo0KMC/2018/060103

[2] Ricci, M., & Sophie, D. (2025). Geometric properties of a novel subclass of meromorphic multivalent functions
defined by a linear operator. Frontiers in Emerging Multidisciplinary Sciences, 2(2), 1-4.

[3] Elhaddad, S., & Darus, M. N. (2020). Certain properties on analytic p-valent functions. International Journal of
Mathematics and Computer Science, 15(1), 433-442.

[4] Yusuf, A. A, & AbdulKareem, A. O. (2025). Defining novel integral operator on the class of multivalent
functions. International Journal of Open Problems in Computer Science and Mathematics, 18(1), 35-55.

[5] Tayyah, A. S., Atshan, W. G., & Yalgin, S. (2025). Third-order differential subordination and superordination
results for p-valent analytic function involving fractional derivative operator. Mathematical Methods in the Applied
Sciences, 49(1), 67—77. https://doi.org/10.1002/mma.70118

[6] Caus, V. A. (2025). Applications of symmetric quantum calculus to multivalent functions in geometric function
theory. Contemporary Mathematics, 6(4), 5172-5196. https://doi.org/10.37256/cm.6420257431

[71 Marrero, 1. (2025). A class of meromorphic multivalent functions with negative coefficients defined by a
Ruscheweyh-type operator. Axioms, 14(4), 284. https://doi.org/10.3390/axioms14040284

Earthline J. Math. Sci. Vol. 16 No. 2 (2026), 247-260


https://doi.org/10.31642/JoKMC/2018/060103
https://doi.org/10.1002/mma.70118
https://doi.org/10.37256/cm.6420257431
https://doi.org/10.3390/axioms14040284

260

Ageel Ketab Al-khafaji and Abbas Kareem Wanas

[8]

[9]

[10]

Ali, E. E., ElI-Ashwah, R. M., Albalahi, A. M., & Sidaoui, R. (2025). Geometric properties for subclasses of
multivalent analytic functions associated with g-calculus operator. Mathematics, 13(23), 3766.
https://doi.org/10.3390/math13233766

Wanas, A. K., & Majeed, A. H. (2018). Differential sandwich theorems for multivalent analytic functions defined
by convolution structure with generalized hypergeometric function. Analele Universitdtii din Oradea, Fascicula
Matematica, 25(2), 37-52.

Yang, Y., & Liu, J.-L. (2021). Some geometric properties of certain meromorphically multivalent functions
associated with the first-order differential subordination. AIMS Mathematics, 6(4), 4197-4210.
https://doi.org/10.3934/math.2021248

This

an open access article distributed under the terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted, use, distribution and reproduction in any medium, or format

for any purpose, even commercially provided the work is properly cited.

http://www.earthlinepublishers.com


https://doi.org/10.3390/math13233766
https://doi.org/10.3934/math.2021248
http://creativecommons.org/licenses/by/4.0/

	An Analysis of Certain Properties of a Subclass of 𝒑-Valent Functions  Determined by a Generalized Derivative Operator
	Abstract


