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Abstract

Nonlinear Volterra integral equations model several phenomena in a variety of fields, including
epidemiology, population growth theory, diffusion and heat transfer problems. In this paper, the
analytical solution of a class of nonlinear Volterra integral equations of the second kind is presented using
a power series method based on the generalised Cauchy product. The nonlinear terms ®(U(£)) in the
proposed problem are given by normalised Jacobi polynomials Péd’"")(U(g)) (£=1,2,3,...;¢,0 > —1)
in the unknown U(£). The proposed method first expresses the nonlinear terms as a power series in
the unknown U, and then uses the generalised Cauchy product to convert the series into power series
in the independent variable £. Subsequently, recurrence relations for the expansion coeflicients of the
series solution are obtained in terms of the nonlinear terms and their higher derivatives evaluated at the
constant term of the series solution. Specialising the nonlinear terms to Gegenbauer or ultraspherical
polynomials, Legendre polynomials, and Chebyshev polynomials, several nonlinear Volterra integral
equations and their solutions are introduced. Considering the normalised Jacobi polynomials as
spherical functions on rank one symmetric spaces of compact type, a number of novel nonlinear integral
equations are presented. To validate the proposed method, some known nonlinear Volterra integral
equations are solved and the series solutions converge to the known exact solutions. The convergence
of the series solutions shows that the proposed power series method is accurate and reliable for solving

such nonlinear Volterra integral problems.
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1 Introduction

Integral equations are indispensable in the modeling of many real-life phenomena in science and engineering
([25], [50]). Integral equations are classified based on the nature of the limits of integration and the presence
of the unknown. An integral equation in which the unknown appears both inside and outside the integral is
referred to as an integral equation of the second kind. An integral equation in which the unknown appears
only inside the integral is called an integral equation of the first kind. An integral equation of the first
kind (or the second kind) with constant limits of integration is known as a Fredholm integral equation of
the first kind (or the second kind). An integral equation of the first kind (or the second kind) in which at
least one limit of integration is a variable is referred to as a Volterra integral equation of the first kind (or
the second kind) [55, Chs. 1, 2, 4, & 6]. An integral equation can be converted to an ordinary differential
equation and vice-versa ( [55, Sects. 5.2-5.3]). Thus integral equations can be solved by first reducing
them to ordinary differential equations, and vice-versa. This paper considers Volterra integral equations
of the second kind. Volterra integral equations arise in many physical phenomena such as plasma physics,
epidemiology, population growth theory and genetics, telegraph model, mechanics, potential theory, water
waves, the heat transfer, radiation and conduction, electrostatics, electromagnetics, acoustical and elastical
waves, tomography, seismology, geometric probability, industrial replacement, blow-up and quenching

phenomena, American pricing option, theory of water percolation, the Storekeeper’s control problem, and

transient behaviour of semiconductor devices (3], [3], [36], [10], [15], [50, Ch. 18], [53]). Further discussions
on the applications of Volterra integral equations in science and engineering are contained in, e.g., |25, Ch.
9.

Nonlinear Volterra integral equations that require advanced mathematical methods to obtain their
solutions arise quite often in real-life phenomena. Thus several authors have applied advanced analytical
or numerical techniques to obtain exact or approximate solutions of nonlinear Volterra integral equations
( [25], [45], [50], [55]). Alkiffai, and Alaraji in [3] used a variety of integral transforms such as Sadik
transform, Mahgoub transform, Kamal transform, and Laplace transform to obtain analytical solutions
of Volterra integral equations. In [30], Taylor series was considered. The application of Fourier sine
series and finite difference method was presented in [53]. In [12], the modified Bernstein operator for
solving Volterra integral equations was considered. In [13], Chebyshev collocation method of the first kind
was applied to obtain numerical solutions of Volterra integral equations. In [31], Islam and Shirivatasava
obtained analytical solutions of Volterra integral equations using variational iteration method and Adomian
decomposition method. Two dimensional integral equations was considered in [2| using hybrid functions
approach. In [1], collocation methods based on Laguerre and Hermite polynomials were used to obtain
numerical solutions of systems of integral equations. In [29], modified homotopy perturbation method for
obtaining analytical solutions of nonlinear integral equations was discussed. Solutions of weakly singular
multi-dimensional nonlinear Volterra integral equations using Jacob spectral method were considered in
[54]. A collocation method based on eighth kind Chebyshev polynomials for approximating solutions
of systems of quadratic integral equations was employed in [33]; see also [37], [39]. Mohammed and

Khudair [12] obtained numerical solutions of nonlinear Volterra integral equations of the second kind via
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fourth-degree hat functions. Numerical solutions of highly oscillatory Volterra integral equations with
general oscillators were considered using the moment free Filon type method in [56]. Kazemi [35] used
triangular functions for numerical solutions of nonlinear Volterra integral equations, while Costarelli [27]
obtained approximate solutions of Volterra integral equations using interpolation method based on ramp

functions.

For additional relevant papers on Volterra and other classes of integral equations, see [1], [6], [7], [9],
[LO], 1220, [23] (241, 28], 1300, [33] (400, [44] [471, [45], [51], [52]. Existence and uniqueness of solutions
of quadratic integral equations using the measures of the noncompactness approach coupled with the

fixed-point principle of Darbo was presented in [1], [5]. See also [29], [10].

The nonlinear Volterra integral equation of the second kind is of the form

B(x)
U(x) = F(x) + / K (2, ©)(U(€))de, (1.1)

where the kernel K (z,€) and the function F(z) are given continuous real-valued functions, p (# 0) is a
parameter, 3(x) is a variable limit, and ®(u(§)) is the nonlinear term in U(§). This paper examines the

nonlinear Volterra integral equation of the second kind

U(z) = F(z) + M/Or sin(z — PP (U€)de  (6=1,2,3,...) (1.2)

using a power series method based on the generalised Cauchy product with binomial expansion coefficients.
That is, in (1.1), we have set a = 0, f(z) = z, and K(z,§) = sin(z — &) to obtain (1.2). Here the
nonlinear terms ®(U(&)) are normalised ¢th-degree Jacobi polynomials PEQW)(U (&) (t=1,2,3,...50,¢0 >
—1) in the unknown U(§). The proposed power series method first expresses the nonlinear terms as
power series in the unknown U, and then uses the generalised Cauchy product to convert the series
into power series in the independent variable £&. Upon applying the generalised Cauchy product, one
subsequently obtains recurrence relations for the expansion coefficients. The recurrence relations are
expressed as a linear combination of the nonlinear terms and their higher derivatives evaluated at the
constant term (initial value) of the series solution. Consideration of special cases of Jacobi polynomials
such as Gegenbauer or ultraspherical polynomials, Legendre polynomials, and Chebyshev polynomials,
unbundles the proposed problem (1.2) into several nonlinear Volterra integral equations. Again, in view of
the normalised Jacobi polynomials as spherical functions on rank one symmetric spaces of compact type,
a variety of novel nonlinear Volterra integral equations are presented. At the end of the discussion on
Volterra integral equations of the second kind involving Jacobi polynomials, three known nonlinear Volterra
integral equations of the second kind, with known exact (analytical) solutions, are solved to validate our
main results. Results show that the series solutions converge to the exact (analytical) solutions. The
convergence of the series solutions shows that the proposed power series method is accurate and reliable

for solving such nonlinear Volterra integral problems.

The motivation and novelties in this paper are highlighted as follows:
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(i) The nonlinearities of the proposed Volterra integral equation are given in terms of Jacobi polynomials,

of which Gegenbauer, Legendre, and Chebyshev polynomials are important special cases.
(ii) Several linear and nonlinear Volterra integral equations of the second kind are introduced.

(iii) New exact (closed-form) solutions of a number of linear Volterra integral equations of the second

kind are presented.

(iv) The nonlinearities in the unknown are simplified into power series in the independent variable using

the generalised Cauchy product.

(v) The expansion coefficients of the series solution are remarkably expressed in terms of the nonlinear
terms (Jacobi polynomials) and their higher order derivatives evaluated at the constant term of the

series solution.

(vi) The proposed power series technique can handle several other nonlinear Volterra integral problems

without resolving into any quasilinearisation technique.

2 Jacobi Polynomials

The (-degree Jacobi polynomials PZ(QW) = Pz((b"p)(t) (¢ =0,1,2,...; real ¢, > —1;—-1 < t < 1) are
defined by the finite series representation ( [11, Sect. 5.4.3, Eq. (5.98)])

PG T(l+¢+1) ~ TU+d+o+k+1) (t—1)F .
Fm 0 =1 1ZM k+1) k 2k ! 21)
F{t+o+e+1) & + DI (¢ +k+1) !
and admit the Rodrigues’ representation formula
-1)¢ _ _, d
vﬁﬁwa)—(ﬂg(1—w‘ﬂ1+w e la=n" el (2.2)

The Jacobi polynomials y = Pe(mo) (t) are solutions to the second-order ordinary differential equation
2 d*y dy
(1—t)@—(¢ pr@+e+2)t) o+l + o+ +1)y=0. (2.3)

The Jacobi differential equation (2.3) is a Sturm-Liouville eigenvalue value problem with the (discrete)

spectrum given, respectively, by the sequence of eigenvalues and eigenfunctions
AN —f(l+dp+p+1), y=P21), =012, ... (2.4)

As orthogonal polynomials with respect to the beta distribution (1 — ¢)? (1 + ¢)? dt on [—1, 1], the Jacobi

polynomials satisfy the integral formula

1
/ PP QPO () (1 — 1) (14 1)% dt = K396  (L,m =10,1,2,...), (2.5)
-1
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where the scalars Hf’w are given by
b _ 20ttt T+ ¢+ DI+ +1) (2.6)
¢ 204+ ¢+ @+ 1T+ 1T+ +e+1) '
The following differentiation formula holds:
A () LTl Ap+o+o+1) (prpptn)
— P, (t) = — P t =1,2,.... 2.7
dtp ¢ () o F(£+¢+§0+1) l—p ()’ b ) <y ( )
One has the reflection symmetry and pointwise identities
(6:%) ¢ p(#,9) (¢:0) F'(l+¢+1)
P —t)=(-1)"P t P 1)=—————=-. 2.
OO = (RO, PP = (28)

Gegenbauer or ultraspherical polynomials C} are a special case of Jacobi polynomials and are defined in

terms of Jacobi polynomials by (¢ =0,1,2,...;v > —1/2)

T(l+20)0 (v +3) (v—Lo—1

i) = TR (C+v+1) ¢ oy, (29)

A normalised form of Jacobi polynomials may be defined by

(6,9)
| POD) TG +1)
ng’ ®) (t) — ¢ _ ( ) (9,0)

(&2 (1) — 1.
TPy Tt ! 1), P =1 (2.10)

and are related to normalised Gegenbauer polynomials CY (¢) by

cu(t) = gj((?) — Pl ) =1, (2.11)

The Legendre polynomials are a special case of (2.11):

C

&S o=

1
(t) = C2(t) = PV 1) = POy = Py(1). (2.12)

Other notable and useful special normalised Jacobi polynomials ngb,cp) are the following: Chebyshev
polynomials of the first kind (¢ = ¢ = —1/2); Chebyshev polynomials of the second kind (¢ = ¢ = 1/2);
Chebyshev polynomials of the third kind (¢ = —1/2,¢ = 1/2); and the Chebyshev polynomials of the

fourth kind (¢ = 1/2,¢ = —1/2). These Chebyshev polynomials admit the following trigonometric
function formulations ( [11]):
11 11 in((¢£ + 1) arccost)
P( 27 2) — P(2’2) — Sln(( 21

) (t) =cos(Larccost), P;?"27(t) ((+ 1) sin(arccos ) (2.13)
1 : 1

Pg_%’%)(t) _cos ((¢+3) arfcos t) ’ PE%’_%)(t) _ sin ((¢+ 5) arccostt) . (2.14)

COoS (arc;os ) (25 + 1) sin (arcgos )

For further discussion on these orthogonal polynomials, see [13].
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3 Preliminary Results

This section discusses some results on the series representations of normalised Jacobi polynomials Pf’w(t).

The proposed preliminary results will be useful in the sequel.

3.1 Series Representation of Jacobi Polynomials

We start with the following result, which follows from the finite series representation (2.1), and it is given

as a lemma.

Lemma 3.1. The normalised Jacobi polynomaials P#"P) (t) have a finite series representation

L

P (1) =3 J2e, (3.1)
=0

where the expansion (Jacobi) coefficients Jff (0<j <l 4=0,1,2,...) are given by

¢ —j
Joo _ Z - ((1)k Mo+ Do +p+L+Ek+1) (3.2)

gt _k:J k=Nl —k)T(o+Ek+1DT(¢0+o+0+1)

In particular, the coefficients J;”f satisfy the identity
Sl =1 (3.3)

As a consequence of Lemma 3.1 and the generalised Cauchy product, we have the following result.

Proposition 3.1 ( [10]). Let the function U(x) admit the convergent power series about x = 0:

[e.e]
U(x) = Zukmk, 0<z<1. (3.4)
k=0
The normalised Jacobi polynomials PEWP) have the power series formulation
P U() = Y et (35)
k=0

where the coefficients fjf’f are given by

V4
308 = I e, (36)
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with Uy, (p=10,1,2,...) described by
k
o =0k (Jo0=1), Shp1=up,  Lpa= Y tgup_q, (3.7)
q1=0
dp—1
Upp = Z Z Z Uk—gy_ 1 Ugy_1—qp_2 " Uga—qr Uqy (P = 3,4,...). (3.8)

gp—1=0gp—2=0 q1=0

Here 0y, is the usual Kronecker delta and o, = (uo)? (p=0,1,2,...).

3.2 The First Generalised Jacobi Coefficients

This subsection presents the first expansion coefficients ;. ,, and JQW appearing in Proposition 3.1. These

coeflicients are interestingly given in terms of the normalised Jacobi polynomials Péqb"p)(u()) and their

higher order derivatives with respect to wyg.

3.2.1 The First Expansion Coefficients i, , (k=0,1,2,...)

Here we present explicit values for the first auxiliary coefficients i, , appearing in Proposition 3.1. The

finite sum formulae for these coefficients are given in (3.7). Using appropriate integer sequences, one sees

that the coefficients iy, ,, can be expressed in terms of the number uf) and its higher order derivatives and

are presented as follows:

_.p
op =1

Uy p :pug_lul
i1t o p p—2 2 p—1
2p = 9 Uy U+ pug U2
Uz, = (g) u€73u§’ +2 (g) u€72u1uz + pugflu;g
Uy p = <Z> u§_4u‘f +3 (g) ug_?’ufuz + <§> u’g_Q (2u1u3 + u%) + puf)’_lm

Us p = <Z5)> + 4( > Uy U?UQ +3 <§) ug_g’ul (u% + u1U3)
2

+ <Z> Ugd (ugus + ujug) + pu€’1U5

Ugp = 2) S+ 5<5> ujugul” P49 <4) u% (3u§ + 2uus)
+ <§) Uy (6u1uQu3 + 3u1u4 + u2) + <§> ug_Q [2uQu4 + 2ujus + ug] + puzov—
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Yoy = <179

+ 4(2) ug%ul (3u1u2u;), + ug + u%wl) +3 <§> u‘873 (ulug + 2uqugug + u%u;:, + U%U5)

-2(;)

p
u&p = <8
+ 20 <5) u1UQU3u0 + 9 (5> u1U4u€ > + <Z> u2u0 + 12 (4) ulu%u;gugfﬁl

+ 6( >u1u3u0 + 12<4> wugugul ™t + 4<4> wtusub ™t + 3<3> ugudul

+6 (g) U1U3U4u8_3 +6 (g) Uy uQusUL 543 <3> usuguh 343 (3) U1U/6ug 3 (3.10)

()

3.2.2 The First Coefficients J

)U1Uo +6 (6) uugup 615 (5> -0 (2u?u% + uilU3)

2 1
ub ™ (ugug + ugus + uiug) + puph uz

)U1Uo + 7( >u1u2u0 + 15 <6> u1u2u0 616 (6) ufuguf %110 <5> u%u%ug_g’

-2 + 2 (g) U3U5’LLO + 2 <2> u2u6u0 + 2( >u1U7u82 + pugflu&

¢ (k=0,1,2,...)

This subsection presents explicit values for the first generalised Jacobi coefficients ,jk ¥, appearing in

Proposition 3.1.

These coefficients are given by the finite series formula (3.6). Substituting the first

coeflicients Ll ,, (as illustrated in (3.9)) into the finite series (3.6), and then using Lemma 3.1, one sees

that J0¥

notation

can be expressed in terms of Péqb"p) (uo) and their higher order derivatives. Indeed using the

y(ug) := P (ug),

we have the following first coefficients 3%’2‘7.

(uo) + uruzy” (ug) + usy’ (uo)
u?u 1
(uo) + l?zy///(uo) =+ B (2u1u3 + U%) y" (uo) + uay'(uo)

uil))u2 (4) () "
(uo) + 5 Y (uo) + o (uz + Ulua) y" (uo)

+ (ugu3 + urug) y” (uo) + usy’'(uo) (3.11)
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ut

12
1

+ 6 (6u1u2u;:, + 3u%U4 + ug) ym(UO)

- U uiu
3 =gy o) + Py o) + 12 (363 + 2urus) y* (wo)

+ = (2U2U4 + 2uqus + ug) y" (ug) + ugy’ (ug)
N u udus ul
388 =y (ug) + gi,y((”)(%) + oy (205 + urus) y®) (uo)
U 1
+ Fl (3’LL1’U,QU3 + ’U,g -+ ’LL%’UML) y(4) (UO) + 5 (ulug + 2uquouyg + ’LL%Ug + ’LL%’U/E,) y"'(uo)

+ (usug + ugus + uyup) y"(uO) + U?Y,(UO)
N uf ugu$ uf
3er =gy (o) + =5ty (uo) + 5 (5u3 + 2urus) y© (uo)

2

u
+ 271 (2u3 + duruzus + udug) y© (ug)

1
+ 21 (u;l + 12ugusus + 12ulugug + 6uiul + 4U?U5) y® (ug)

+ (u6u% + 2uzugug + 2ugusuy + ugul + U§U4> y® (up)

+ (ui + 2usus + 2uoug + 2U1U7) y" (uo) + usgy’ (uo) . (3.12)

N =N =

4 Power Series Solution

In this section, we present the power series algorithm for solving the proposed nonlinear Volterra integral
equation (1.2). The proposed power series method is based on the generalised Cauchy product that

simplifies the computational difficulty associated with the nonlinear term, as contained in Proposition 6.1.

4.1 Power Series Algorithm

This subsection presents the step-by-step procedure in the power series method of solution of the proposed

integral problem (1.2). These steps are clearly highlighted as follows:

Step I Given the nonlinear Volterra integral problem (1.2) with the unknown U (x), the real-valued function
F € C[0,1], the kernel sin(z — £), and the nonlinear function Pg(ﬁ’@)(U(g)) (0 <& < ).

Step II Assume that the solution U(x) admits a convergent power series in x with expansion coefficients
up € R (0 <z <1) as presented in (3.4). Also, let the given source function F'(z) be represented by

a convergent power series in z about x =0 :
o0

F(z)=> frz*, 0<a<l, (4.1)
k=0

where fi, € R are known expansion coefficients.

Earthline J. Math. Sci. Vol. 16 No. 6 (2026), 1067-1103
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Step III Use the Maclaurin series expansion

[e.e] m

sin(z — Z om + ] — &)t (4.2)

m=0

and Proposition 3.1.

Step IV Substitute the power series in Steps Step II and Step III into the proposed integral equation (1.2),
and then apply the Cauchy product where necessary.

Step V Take the coefficients of ¥ (k = 0,1,2,...) on both sides of the equation and express a recurrence

relation for the expansion coefficient uy (k=0,1,2,...).
Step VI Compute the first coefficients u; in terms of the initial coefficient ug.

Step VII Substitute the obtained expansion coefficients in Step Step VI into the assumed power series solution

(3.4) to obtain the required analytical solution to the given problem.

4.2 Main Results

This subsection considers the power series solution of the nonlinear Volterra integral equation (1.2).

Consideration of special cases of the normalised Jacobi polynomials Péqs’“o)

unbundles the proposed problem
(1.2) into several novel nonlinear Volterra integral equations. In view of the preliminary results presented

in Subsection 4.1, we now have the following result.

Theorem 4.1. For u € R (u # 0), the nonlinear Volterra integral equation of the second kind

x
Uz) = F(z) + / sin(e — PO U(E)de ((=1,2,3....) (4.3)
0
admits the series solution
oo
=2 uthua (4.4)
k=0
where the expansion coefficients uz’fﬂ =ug (k=0,1,2,...;0=1,2,...) are given by
uogu_f[)a ulgu_fl, uizou_fk_FJk 2,017 (k:273a)7 (45)
with Jk 2t depending on wug,us,--- ,ux_o. Here, fr are the expansion coefficients of the series
representation of F(x) and qu ., are gien by
. /2] (—1)P 4
e =n> maq;@pﬁ@p +2,g-2p+1)  (¢g=0,1,2,...), (4.6)
p=0

where Jz’f are as described in Proposition 3.1 and B(x,y) is the beta function of x and y.

http: / /www. earthlinepublishers.com



Analytical Solutions of Volterra Integral Equations ...

1077

Proof. Let U(z) admit the power series as given in (3.4). Indeed, using (3.4), (3.5), (4.1), and (4.2

(4.3), we have

Zukm —kax +uZZj 2m+1 /x(x—§)2m+1§nd§

m=0n=0

(=1)™ T(2m + 2)T(n + 1)z2m+n+2

— ~P,p
Zf’“x +“ZZ‘W @2m + 1) T(2m +n+ 3)
m=0n=0
m
— ~Ps — 2mA4-n+2
E frex® + E E ‘jnf 2 —|—1 T B(2m +2,n + 1)z7" "
m=0n=0
1)P
_ ~byp _ k+p+2
g fra® +,uk§0p§0‘jk bt 2 +1) B(2p+2,kz p+ 1)z :

Using the identity ( [11, Sect. 1.2.3. Eq. (1.18)])

oo k oo [k/2]
DY Appe= Z D Ao,
k=0 p=0 k=0 p=0

we have

oo [k/2]
Zukm _kax +“ZZ G +1 Ji¢2p€B(2p+2,k—2p+1)mk+2

oo oo (k 2)/2] (_1)])
Z frx +MZ Z 3?‘”213 21227+)B(2p—|-2 Jk—2p—1)z"
k=0 -

—kax +2Jk o

Equating the coefficients of 2% (k =0,1,2,...), we have
uo = fo, u = fi, Uk;—f]g—FJeru (k=2,3,...;0=1,2,3,...),

where

la/2]
4) _ ~¢
qfu 'UZ (2p +1 q@2sz(2p—|—2,q—2p+1).

This completes the proof.

) in

(4.8)

(4.9)
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The first coefficients J¢’f " in Theorem 4.1 are illustrated as follows:

"y

I 2 2
¢7 ~¢7
ut :‘jl’f _ 1, y' (fo)
. 5 gy (fo
¢7 ~¢7 ~¢7
oin :_do,er"zf Ui V' (fo) + 2 /(f)_y(fo)
" 24 g oY VO RY UoIT T,
J¢7§0 3(1)750 3¢’§0 3 _ 6
3,01 _ 1,0 3.0 _ uy UU1 4 o U us
L 120 50 = 120Y 3 (fo) + 50 Y (fo) 120 Y (fo)

U (3) _
720 D (fo) + 0 (fo) 0 (fo)
o U2 — 12“4 /( ) y( 0)
360 720
¢7 ~¢ ~¢7 ~'
J5,Zu I IS n Js 20

@ 5040 840 | 42
udy®) ugu3 u? — 60usu; — 60u2) u;
_ 1Y (fO) + 2 1y(4) (fO) _ ( 1 2) (3 (fO)

5040 252 5040
uiug — 20uzugs — 20uus 4, (u1 — 6bug + 12()U5) ,
10 y" (fo) 5040 y (fo)
¢7 ~¢7 ~¢7 ~¢7 ~¢»
JG,ZN _ ‘50,20 ‘52,20 _ \54,20 \56,20

40320 20160 1680+ 56

Culy 9 (fo) | ueul (5  (uf — 120uguy — 180u3) ui 4
=030 T 13aaY (0) 40320 Yy (o)
(10u§ — u%uz + 60ujugus + 3OU%U4) (3)
+ 3360 v (fo)
(u? — 24uguy + 720usu; — 12u3 + 360u3 + 720usuy)
40320
(UQ — 12U4 + 360u6) ’ Yy (f())
20160 Y (fo) = 10320
L A Y S A i 1
L 362880 @ 60480 3024 ' 72
Ay D (fo)  ugud © )__(uf-210u3u1-420u§)u§ ® (fo)
= 362830 +8640y 0 362880 y o
N (42u2 - U1U2 + 1?2313@ + 42U1U4) Uy (4) (o)
(u$ — 60usuf + 2520usuf — 60uzuy + 2520uju,) "
362880
(504OU2U4U1 + 252011,%71,3) 3)
362880 y™ (fo)

+ y" (fo)

D (fo)
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n (U1UQ — 20usus + 840usus — 20uiug + 840usuyg + 84Ou1u6)y,,

60480 (fo)
(u1 — 6us + 120us — 504OU7) ,
362880 Y’ (fo)
¢7 ~¢)7 ’”¢7 ~¢’ ~¢)7 ’”¢7
J&Zu B Jo,f ‘52,20 \54,20 ‘56,20 ‘58,20

3628800 1814400 | 151200 5040 © 90

::u§y@)(fb)_% ugu$ JD )__(U%AfBBGU3u14—840u%)u%y«n
3628800 64800 0 3628800

112u3 — v2us + 224uqusus + 56uuy) u?
o (1120 = iy + 220 + 56ufua) ui

(fo)

120960
(ui — 120uguf + 6720usuf — 180ujuf + 10080uzuf + 20160ususui) (4
* 3628800 v (o)
(20160u3uzus + 1680u3) 4
3628800 v (o)
(10u3 — 1680usu3 — ujus — 1680ujus + 60uruzus — 3360urusus) (5
N 302400 v (o)
(30uius — 3360usuzus — 1680ufug) )
N 302400 v (o)
(uf — 24uzus + 720usuy — 40320u7uy — 12u3) ,
N 3628800 v (o)
(360u3 — 20160uj + 720uuy) ,
N 3628800 y' (o)
(4032OU3U5 + 40320u2u6) y” (f()) (UQ — 12u4 + 360ug — 20160u8) y’ (fo)
* 3628800 a 1814400
LY (fo) '
3628800

4.3 Special Cases of Main Results

This subsection gives special cases of our main result Theorem 4.1. It also presents a preliminary result

on the higher order derivatives of the normalised Jacobi polynomials Pg‘b’(p) (t) evaluated at t = 1.

Lemma 4.1 ( [15], [L7], [1&], [19]). For £ =1,2,..., the normalised Jacobi polynomials Péwp) satisfy the

differentiation formula

4 a4 .
YO (1) == 2P (1) - z;czw, P+ +o+1F (g=12...), (4.10)
L £
where
s7(6,¢)

G(69) = 3¢ $j(0,0) =1 (4.11)

¢+ 1)(p+2)---(0+0q)]
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Here sg(gb, ©) are a class of Jacobi coefficients which coincide with the Jacobi-Stirling numbers of the first
kind (see, e.g., [15], [0, Table 2]). The first values y\9 (1) are illustrated as follows ()\?’SD =L(l+op+p+1)):

&0
Y1) = (4.12)
2(p+1)
2
byp
y'(1) = QZ ) _ O+ et DN (4.13)
Ao+ 1)(¢+2) 4o+1)(0+2)
3 2
- A7) (36 + 3 +8) (A7)
TR0 D0+ 2(6+3) 80+ 1(@+2)(0+3)
206+ +3) (¢ + ¢ +2)A)¥ (4.14)
8(¢ +1)(¢+2)(¢ +3)
4 3
N (A7) = 2030 + 3+ 10) (A7)
1) =
T DG D@+ e+ )
2
(1162 + 112 + 22 + 706 + 704 + 108) (AZ’#’)
+
16(¢ +1)(¢ +2)(¢ + 3)(¢ + 4)
6@t e+ 2)(d+ ot )@+ TN (4.15)
16(¢ +1)(¢ +2)(¢ + 3)(¢ +4)
We now give a special case of Theorem 4.1.
Theorem 4.2. The nonlinear Volterra integral equation of the second kind
Uz) =1 +/ sin(z — PSP (U(€)de  (£=1,2,3,...) (4.16)
0
admits the series solution
Uz) =Y upfia”, (4.17)
k=0
where the expansion coefficients ui:Zl =ug (k=0,1,2,...;0=1,2,...) are given by
wfi =1, ulf =0, upf =00%,  (k=23,...). (4.18)
Here, fo=1, fr =0 (k=1,2,...); and JZ’ZI are given by
. /2] 3¢>,<p2 ,
P 1\ _Ya—2p, _ _
108 p;o( 1) o 1)!B(2p+ 2,q—2p+1)  (¢=0,1,2,...), (4.19)

where ﬁi’f are as described in Proposition 3.1 and B(x,y) is the beta function of x and y.

The expansion coeflicients Jg”fl as illustrated in (4.19) can be simplified further to give the following

result.
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Corollary 4.1. The nonlinear Volterra integral equation of the second kind

Uz) =1+ /0 sin(z — PSP (U(€)de  (£=1,2,3,...) (4.20)

admits the series solution

x? 1 1 1
U :1 —_— C¢’(P - 4 Cd)’@ . 6 C¢7<P _ 8
() =145+ ( 4.0 24)55 A\ T )T TS T q0320) T

?, 1 10
+ (ij@+3628800)$ e (4.21)
where
coe — /\?W
LET48(p + 1)
o6 (40 +5) (XW)2
ot _ (79 + 3p + 14) )] N ¢
6.t 2880(¢ + 1)(¢ +2) = 2880(¢ +1)%(¢ +2)
6o (1397 +16¢p + 650 + 50° + 43¢0 4+ 78) 4
Csi = 53760(¢ + 1)(¢ + 2)(¢ + 3) A (4.22)
3
(3562 + 21 + 143 + 33 + 124) , , \2 (3497 + 1076 +75) (Af ’“0)
©107520(¢ 4+ 1)2(¢ + 2) (¢ + 3) ( ¢ ) 322560(¢p + 1)3(¢p + 2)(¢ + 3)
ot _ (94343 + 20079 + 8487¢ + 1395¢p? 4 12654¢¢ + 24518¢ + 315¢%) NE
106~ 29030400(¢ + 1)(¢ + 2) (¢ + 3)(¢ + 4) ¢

(463502 + 19134 + 22632) o

~29030400(¢ + 1)(¢ + 2)(d + 3) (¢ +4) ¢

(1237¢" 4+ 1684¢°¢p + 12269¢° + 563¢%p? + 1193647 + 43316¢%) / 4\ 2
* 19353600(¢ + 1)2(¢p + 2)2(¢ + 3) (¢ + 4) (Ag )
N (22510 + 263540 + 64384¢ + 2306¢* + 18436 + 33864) <XW>2

19353600(6 + 1)2(6 + 2)2( + 3) (6 + 4) ‘

(1168¢* + 777¢%p 4 10322¢° + 4659¢%¢ + 3209397 4 8949pp) / 4 ,\3

B 29030400(¢ + 1)3(¢ + 2)2(¢ + 3) (¢ + 4) (Ae )
(41812¢ + 53104 + 19140) 6.0\3

29030400(¢ + 1)3(¢ + 2)2(¢ + 3) (¢ + 4) ( ¢ )

(496¢* + 3902¢° + 10817¢? + 12415¢ + 5010) / 4 ,\4

58060800(¢p + 1)4(d + 2)2(¢p + 3) (¢ + 4) <Af ) '

(4.23)
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Proof. One notes that u; = 0, and as a result, ug,+1 =0 (r = 1,2,). Thus the first expansion coefficients

uf’f,l = Ji’i@ o1 (B =2,3,...) of the series solution of the nonlinear Volterra integral equation (4.20) are

presented as follows:

byp _Y(l) _1
u2,€;1 - 2 - 9
R} 7y/(1) _ i
Y1 T 90 T g
/! /
b Y1) 1 e ¥yA) 1
Usr1 =350 T70Y M T 360 T 720

6o YO ¥'(D) y’(1)3_y’(1)2+y’(1) y'(y"@®) 1
8,61 7 9688 2240 40320 13440 = 13440 2240 40320

6 yWa) vy vy . yYmt Y ya)? o YA

0,61 = 34560 16128 = 43200 = 44800 + 3628800 907200 ' 604800 907200
G (1W (1 "(1)2v" (1 "(1)W" (1 1
y ()y()+y()y()_y()y()Jr _ (4.24)
16128 44800 22400 3628800

Upon using the explicit values of the derivative formulae in (4.12) and simplifying, we obtain the results

as required. ]

A special case of Corollary 4.1 is the following result on the series solution of nonlinear Volterra integral

equations with ultraspherical polynomial nonlinearities.

Corollary 4.2. The nonlinear Volterra integral equation of the second kind

Uz) =1+ /O sin(z — PP (W(E)de  (€=1,2,3,...) (4.25)

admits the series solution

x? 1 1 1
2T (e AN ay (oo LY 6 (o0 8
Ula) =145+ (C‘M 24>x * (C&f T720) T TG T g0 )
1
000 0, 4.26
+<17€+3628800)$ T (4.26)
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where
A
48(q§ +1)

2
so (109 + 14207 (o +5) ()
6.0 2880(¢ + 1)(¢ +2) =~ 2880(¢ + 1)2(¢ + 2)

2

6.6 _
C4€

Q

C“'_%me+4ﬂ¢+2x¢+3f_HW&M¢+1Pw+ﬂﬂ¢+$
(34¢2%—107¢—%75)(Af¢>3
322560(¢ + 1)*(¢ + 2)(¢ + 3)
(466093 + 25776¢2 + 43652¢ + 22632)
~29030400(¢ + 1)(¢ + 2) (¢ + 3)(¢ + 4)
(34849 + 26456¢° + 7197692 + 828209 + 33864) (A ,¢)
19353600(¢ + 1)%(¢ + 2)%(¢ + 3)(¢ + 4)
(1945¢" + 14981¢° 4 41042¢% + 47122¢ 4 19140) / 4 4
B 29030400(¢ + 1)3(¢ + 2)2(¢ + 3) (¢ + 4) (A )
(4969 + 3902¢° + 10817¢2 + 12415¢ + 5010) (A7¢>4
58060800(¢ + 1)*(¢ + 2)%(¢ + 3)(¢ + 4) ‘

+

s
<

?,9
¢

a
iy
~

0,

(4.27)

(4.28)

(4.29)

We have the following three special cases of Corollary 4.2. The nonlinear terms of these Volterra

integral equations are Chebyshev polynomials of the first kind, Chebyshev polynomials of the second kind,

and Legendre polynomials, respectively.
Corollary 4.3. The nonlinear Volterra integral equation of the second kind
x
U(x) =1+ / sin(x — &) cos(£arccos U (§)) d€ (¢=1,2,3,...)
0

admits the series solution

22 (-1+1) , (E—=1)(+1)(22-1)

U(x):l—i—?—l- o x4 =0 x
+(”*U@+4)@%*1%2+st
40320
+_(é-—1)(.€+1)(160£6--463644—378£2—-3)w10+
10886400

Corollary 4.4. The nonlinear Volterra integral equation of the second kind

sin((¢ + 1) arccos U(£))
(¢ + 1) sin(arccos U (£))

U(x)=1 Jr/ogcsin(x —&)

¢ (0=1,2,3,..

(4.30)

(4.31)

) (4.32)
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admits the series solution

22 (=1 +3) , (C—=1)(0+3) (1402 + 280 —15) |

U(z) =1+ —
(@) =1+ 5+ PR 32400 v
4_(ﬁ-—],)(u-s)(548%44-219263--23252--484864—315) g
38102400 v
(€ —1)(€+ 3) (25672¢5 + 15403205 + 919830+ — 658948¢3) |,
+ x
51438240000
__(6——1%[—%3)(35105462——10265406%—4725)x10%_.... (4.33)
51438240000

Corollary 4.5. The nonlinear Volterra integral equation of the second kind

Ulx) =1+ /0 sin(z — ) P(UE)de (£=1,2,3,...) (4.34)

admits the series solution

w2 (-1 +2) , (=1)(+2) (52 +50—4)

U(x) :1+?+—48 "+ 760 x
%_(E——])(64—2)(25644—5063——4962——7464—8)m8
645120
+(ﬂ—nw+2ﬂ&%ﬁ+aamﬁ—2mmﬁ—8%&5+2%%?+ﬂﬂ%—6@$m
464486400
e (4.35)

4.4 Volterra Integral Equations Involving Jacobi Linearities

This subsection considers Volterra integral equations of the second kind with linearities Pgd)’@)(U) for

different values of the Jacobi parameters ¢, . Interestingly, the series solutions of the linear Volterra

integral equations considered converge to the exact or closed-form solutions.

Corollary 4.6. The linear Volterra integral equation of the second kind

U(m)zl—f—/oxsin(x—{)(

admits the analytical solution

o+ p+2

b—
2W+J)U@f+>d§ (4.36)

2(0+1)

U(z) =1+ "PLZ _ &1,4 + (¢ — 80)2 6 (¢ — @)3 8

2 48(¢p+ 1) 2880(p + 1)2°  322560(¢ + 1)°
(¢ —p)?
58060800( + 1)1

- e E

p— (¢ # ), (4.37)
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which is the exact solution. For the special case ¢ = ¢, we see that the linear Volterra equation of the

second kind
U(x) = 1+/z sin(z — &)U(&) d€ (4.38)
0

admits the exact solution

Ulz) =1+ % (4.39)

Remark 4.1. One recovers (4.38)-(4.39) from Corollaries 4.3- 4.5 by setting ¢ = 1.

Example 4.1 (¢ = —1/2,¢p = 1/2). Here one sees that the linear Volterra integral equation

U(z) =1+ /Ox sin(z — &)(2U(§) — 1) d¢ (4.40)

admits the exact solution

2 .’L'4 .%'6 .CES xlO

X
Ur)=1+2 +2 42 ... = coshaz. 4.41
(@) =1+ 5+ 50+ 7505+ 20320 T 3628800 T CoSE (4:41)

Example 4.2 (¢ = 1/2,p = —1/2). Indeed the linear Volterra integral equation

x 2 1
U(z) =1 +/ sin(x — &) <3U(§) + 3> d¢ (4.42)
0
has the exact solution
.’1,'2 334 $6 .CUS $10
Ulx) =1+ — — — —
(z) + 2 72 + 6480 1088640 + 293932800 +
172 $4 CL'G 1’8 xlO
=14+ = — _ e
+2 4' 3+6' 9 8!-27—‘_10!-81+
& n 1 2n T
=1+ Z = 1 =4 — 3cos <\/§> . (4.43)
Example 4.3. One has another important special linear Volterra integral equation by setting ¢ =7, = 3:
v 3 1
U(x)=1+ [ sin(x —¢) ZU(Q + 1 d¢ (4.44)
0
admits the exact solution
1‘2 $4 I‘6 xS xlO
Ulx) =1+ — — — —
(z) + 2 96 + 11520 2580480 + 928972800 +
ZIS‘2 ZL‘4 .CUG ZL‘8 ZL‘lO
=14+ = _ _ e
+2 4‘ 4+6' 16 8!-64+10!-256+
e n 1 2n T
—1+Z = 1 *5—4cos<§>. (4.45)
=1

Remark 4.2. For different values of the Jacobi parameters ¢ and ¢ (¢ # ¢), several linear Volterra integral

equations of the second kind and their exact solutions can easily be obtained from Corollary 4.6.
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4.5 Volterra Integral Equations with Jacobi Polynomial Nonlinearities

In this subsection, we present series solutions of special cases of nonlinear Volterra integral equation (4.16)
by considering the first degrees ¢ = 2,3. Special Volterra integral equations that involve Gegenbauer,

Legendre, and Chebyshev polynomial nonlinearities are also considered.

4.5.1 Volterra Integral Equations with Jacobi Quadratic Nonlinearities

Here we present series solutions of Volterra integral equations with 2nd-degree Jacobi polynomials. Volterra
integral equations involving Gegenbauer, Legendre, and Chebyshev quadratic nonlinearities are important

special cases.

Corollary 4.7. The nonlinear Volterra integral equation of the second kind

Ulz) =1+ / “sin(z - &) (J85U%(&) + TEFUE) + I35 ) de, (4.46)
0
with
goe (0t +3)(0te+d) 6p (09 @+ p+3)
2 o+D@+2) " 2Ae+1)(0+2)
o_ A+t —(6—9)?
K e (447

admits the series solution

) ij+ p+2 4 50%¢p + 7% + 60d? + 3500 + 37 + 3¢ + 24¢% + 65¢ + 52 6
24(¢p + 1) 1440(¢ + 1)2(¢ + 2)
N (o +2) (11p* + Tl + 9¢° + 18p¢* + 72¢? + 100%¢ + 85p¢ + 175¢ + 116) 8
40320(¢ + 1)3(¢ + 2)
N 42¢5 + 16845 + 672¢° + 333¢%p? + 2424¢*p 4 4608¢* 4 330433
7257600(¢ + 1)4(¢ + 2)2
3726¢3g02 + 1371603 + 170164 + 125¢%¢* + 2317¢%¢3 + 14265¢%¢?
7257600(¢ + 1)4(¢ + 2)2
36700¢2<p + 3459802 + 335¢¢* + 4405003 + 21210pp? + 448000 10
7257600(¢ + 1)*(¢ + 2)2
35480¢ + 212¢* + 2434¢° + 103862 + 19624¢ + 13952 S0

4.48
7257600(¢ + 1)%(¢ + 2)? ( )
One can also set ¢ = ¢ in Corollary 4.7 to give the following result.
Corollary 4.8. The Volterra integral equation with Gegenbauer quadratic nonlinearities
T 204+3 1
U:L'—1+/ sin(x — <U —>d 4.49
(@) =1+ [ sinle—©) (50O — 5 ) e (1.49)
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admits the series solution

o a? d+2 4 TH?+199+13 4 (¢+2) (374 + 949 +58)
Ule) =1+ 5 + 24+ 1)" T 0 © T 40320(¢ + 1)3

N 499¢* + 2741¢° + 564302 + 5144¢ + 1744 N
x e,

3628800(¢ + 1)4 (4.50)
Other special cases of Corollary 4.7 are the following, given as examples.
Example 4.4. The Volterra integral equation with the Legendre quadratic nonlinearity
Uz) =1+ /Ox sin(z — €) @U?(g) - ;) de (4.51)
admits the series solution
U(x) =1+ Ji + %x‘l + %mﬁ + 1020980338 + 2216089009610 e (4.52)

Example 4.5. The Volterra integral equation with Chebyshev quadratic nonlinearity of the first kind

Ux) =1+ /Ox sin(z — &) (2U%(¢) — 1) d¢ (4.53)

has the series solution

2 1 7 27 1447
oy e s 8 10
Ulz) =1+ 5+ 22"+ 557"+ 12507 T 1200600"

Example 4.6. In the case of Chebyshev quadratic nonlinearity of the second kind, one sees that the

(4.54)

Volterra integral equation

Uz) =1+ /Ox sin(z — ) <§U2(§) - ;) d¢ (4.55)

admits the series solution

2 5 97 457 97609
Uw) =1+ = + —a + o 4 St o'’

> T 72" Teas0” T 21rras” T 293032800
Example 4.7. The Volterra integral equation with Chebyshev quadratic nonlinearity of the third kind

(4.56)

U(x) =1+ /Om sin(z — &) (4U?(&) —2U(§) — 1) dé (4.57)

has the series solution

2 5 49 169 22201
Ule) =1+ L 4 2 4. 2 6 8 10
(@) =1+ 5+ 00+ 57+ 2062% T 3628800

Example 4.8. The Volterra integral equation with Chebyshev quadratic nonlinearity of the fourth kind

(4.58)

Ux) =1+ /Ox sin(z — &) <§U2(§) + %U(é) - ;) d¢ (4.59)

admits the series solution

S| 29
Ulw) =1+ = + —a* +

149 8641
2 " 2147 T 3600"

6
*201600° T 90720000"

(4.60)
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Example 4.9. Another interesting nonlinear integral equation can be obtained by setting ¢ =7 and p = 3 :

Ux) =1+ /Ox sin(z — &) (19414(]2(5) + %U(f) 144) d¢ (4.61)

with the series solution

V@) =1+ 2+ 5 4, 803 o USL o 19279027
—_ — X X X
1927 1382407 ' 4128768 ' 401316249600

(4.62)

4.5.2 Volterra Integral Equations with Jacobi Cubic Nonlinearities

We give series solutions of Volterra integral equations with 3rd-degree Jacobi polynomials. Volterra integral

equations involving Gegenbauer, Legendre, and Chebyshev cubic nonlinearities are important special cases.

Corollary 4.9. Consider the nonlinear Volterra integral equation
U) =1+ [ sine — &) (JELUNE) + JEFUP(E) + JPFU(E) + 0¥ d 4.63
(2) + ; sin(z — &) (J55U(§) + 53U (§) + 15U ) + Jos ) dE, (4.63)

with

g (0T e T4+ 9 +5)(¢+¢+06)

53 8(¢ +1)(¢ +2)(¢ + 3)

b 30 —9) 0+ +4)(d+9+5)

23 8(¢+1)(¢+2)(¢ +3)

3((0—9)?—9p—¢—6)(p+e+4)
8(¢p+1)(¢ +2)(¢ + 3)

Joe _(@—9)° — (6= ¢)(3¢+ 3¢ + 16)

03 8(¢+1)(¢+2)(¢ +3) '

The series solution is given by

<

(4.64)

¢7 p—
s =

1 o 3p+¢+10 , 369>+ 282p + 19¢3 + 42p¢? + 202¢°
y(z) =1+ ;2" + x
2 48(p +1) 2880(¢ + 1)2(¢p + 2)
270%¢ + 270p¢ + 662¢ + 560
2880(6 + (6 +2)
N 12243 4 1495802 + 60660¢ + 199¢° + 819p¢* + 4049¢* + 1053 ¢>3
322560(¢ + 1)3(¢p + 2)(¢ + 3)
1167390¢3 + 30318¢° + 4419302 + 9315p2¢? + 5619602 + 103426¢2
322560(¢ + 1)3(¢ + 2)(¢ + 3)
16114,03(;5 + 2273402 ¢ + 104544¢0¢ + 1571006 + 81600 S
322560(¢ + 1)3(¢ + 2)(¢ + 3)

(4.65)

We conclude this section by presenting several examples of Volterra integral equations with Jacobi

cubic nonlinearities.
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Example 4.10. The nonlinear Volterra integral equation of the second kind with 3rd-degree Gegenbauer

polynomials
T 20+5 5 3 (p—1)p
U:E:1—|—/ sin(x — & (U ) — ——=U(E) — d€. 4.66
=1 f, 5= e @ 2 YO T s +9) (1.66)
has the series solution
1 2 2 11¢ + 14 2¢ + 5) (157¢ + 488¢ + 340
p(@) =14 Lg2p 2045 4, (2045)(19+14) o (29+5) (15747 + 4889 + 340)
2 24(p+ 1) 720(¢p + 1) 40320(¢ + 1)3
2¢ + 5)2 (1921¢* + 4583¢ + 2671
(2¢ +5)* (19219” + 4583¢ +2671) 1, (4.67)
3628800(¢ + 1)*
Example 4.11. The Volterra integral equation with Chebyshev cubic nonlinearity of the first kind
Ulx) =1+ / sin(x — &) (4U(€) — 3U(€)) d¢. (4.68)
0
admits the series solution
1 1 1 41 439210
y(r) =1+ 2% + ot + 176, A s, 303% (4.69)

2 3 90 5040 56700
Example 4.12. The Volterra integral equation with Chebyshev cubic nonlinearity of the second kind

Ulxr) =1+ /0 ’ sin(z — &) (2U(€) — U(€)) d¢. (4.70)

admits the series solution
17 ¢ 541 o 24192

1 1
=1+ 2?2+ ozt + — — 4.71
ylo) =14 50"+ 5+ 507"+ 5010 + 226s00 (4.71)
Example 4.13. The Volterra integral equation with Chebyshev cubic nonlinearity of the third kind
Ux) =1 +/ sin(z — &) (8U?(&) — 4U%(€) — AU (€) + 1) d&. (4.72)
0
admits the series solution
1 11 241 9971 659881
T e S 8 10 47
y(@) =1 507 o4+ 750" T 0320 T 3628800° (4.73)

Example 4.14. The Volterra integral equation with Chebyshev cubic nonlinearity of the fourth kind

4

Ulz) =1+ /0 " sin(z — ) <§U3(£) + 50O - éU(g) - ;) de. (4.74)

has the series solution
1 4 11 437 ¢ 37141 4,

1
=14+ 424 = fniall =
y@) =1+ 527+ g2+ a4 g6 + Sa67200”

Example 4.15. Another nonlinear Volterra integral equation can be obtained by setting ¢ =7, o = 3 :

(4.75)

Ux) =1+ /Oz sin(z — &) <172U3(§) + %U%g) - 418> de. (4.76)

with the series solution

(o) =14 Loz 130, 1009 g 04507 . LSGSSGSL
xTr) = - —X X X X
Y 27 71927 T 460807 ' 20643840 ' 14863564300

(4.77)
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5 Several Other Nonlinear Volterra Integral Equations

In this section, we establish several nonlinear Volterra integral equations of the second kind involving
spherical functions on rank one symmetric spaces of compact type ( [32]), simply abbreviated R1SSCT.
Interestingly, spherical functions on rank one symmetric spaces of compact type coincide with normalised
Jacobi polynomials PEQW) ( [L7], [26]). One recalls that N-dimensional rank one symmetric spaces of
compact type include the sphere S (of real dimension N = n), the complex projective space P"(C) (of
real dimension N = 2n), the quaternionic projective space P™(H) (of real dimension N = 4n), and the
Cayley projective plane P2(Cay) (of real dimension N = 16). For further and detailed geometric discussion

on these symmetric spaces, see, e.g., [19, Ch. 3].

The following remark relates and connects spherical functions on R1SSCT to our discussion:

(a) The spherical functions on the sphere S" are normalised Gegenbauer polynomials Cy—l)/ > In

particular, the spherical functions on the circle S' are Chebyshev polynomials of the first kind

Pfl/ 2-1/ 2); the spherical functions on the sphere S? are Legendre polynomials Pp; while the spherical

functions on the sphere S? are Chebyshev polynomials of the second kind Pél/ 2.1/2),

. . L. . . (n—1,0)
(b) The spherical functions on the complex projective space P"(C) are Jacobi polynomials P, .

(c) The spherical functions on the quaternionic projective space P™(H) are Jacobi polynomials szn_l’l).

o . . . L o(T3)
(d) The spherical functions on the Cayley projective plane P?(Cay) are Jacobi polynomials P,

Note that the Volterra integral equations with Jacobi nonlinearities P§7’3) (¢ = 2,3) have been

considered in Section 4.5.

n—1
5.1 Nonlinear Volterra Integral Equations with C,> ({=2,3,...)

In this subsection, we introduce nonlinear Volterra integral equations involving Gegenbauer polynomials
i on settingn =1,2,3,...;¢=2,3,...; several nonlinear Volterra integral equations wi eir
c" V72 Upon settingn = 1,2,3,...;£=2,3 1 nonlinear Volt tegral equat th th

solutions are presented. To this end, setting ¢ = (n — 2)/2 in Corollary 4.2, we have the following result.

Corollary 5.1. The nonlinear Volterra integral equation of the second kind

n—1

U(JU):1—1—/096311(1(95—5)%2 (U(&)) d¢ (£=2,3,...) (5.1)
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admits the series solution (A = ¢({ +n — 1))

22 n—X, (=X (n*=2X2n+1)+2n) |

=1+ = —
Ule) =1+ 5 =55 ® 720n2(n + 2)
(n—A) (n* +6n3 4+ 2X? (17n% 4 39n + 4) — 2X (25n* 4+ 57n + 8) n + 8n?) |
14032013 (n + 2)(n + 4) “

(n—A) (n” + 14n% + 68n® + 136n* + 96n3) |,
362830004 (n + 2)2(n + 4)(n +6)
4(n — M)A3 (124n* 4 95903 4 2087n? + 10061 + 24)
36288001 (n + 2)2(n + 4)(n + 6)
3n(n — \)A? (483n* + 3522n3 4 7576n? + 4528n 4 96) ,,
* 36288001 (1 + 2)2(n + 4)(n + 6) v
6n?(n — M)A(n + 2) (194n® + 981n? + 1006n + 24) |,
N 36288001%(n + 2)2(n + 4)(n + 6) v

(5.2)

We give some special cases of Corollary 5.1.

Example 5.1. Let the nonlinear term be given by the normalised Gegenbauer polynomials anfl)/Q, Then

the nonlinear Volterra integral equation of the second kind

n—+1

Uz) =1+ /Om sin(z — ) < U?(¢) - i) d¢ (5.3)

admits the series solution

22 n+2 4, MP+10n+4 4 (n+2) (37T +40n+4)

Ulz) =1+ —
@) =15+ S * oz T 1032013 !
499n* + 149013 + 165602 + 680n + 16 4,
+ Tt (5.4)
3628300n*
Example 5.2. In the case of Gegenbauer cubic nonlinearities Cén_l)/z, we see that the nonlinear Volterra

integral equation of the second kind

n+3
n

U) =1+ [ sinte - (00 - 2o a (55)

admits the series solution

2 n+3 , (n+3)(1ln+6) 6+(n+3)(157n2+348n+36) g

Uz) =1 + =
(@) =1+ 5 + 5 -7 360n2 o 2016013 v
(n+3)? (1921n* + 1482n + 36) |,
L 5.6
+ 907200 T (5.6)

5.2 Nonlinear Volterra Integral Equations with Pén_l’o) (¢=2,3,...)

This subsection introduces nonlinear Volterra integral equations involving the spherical functions Pgnil’o)

(n=1,2,3,...;£=2,3,...). Setting  =n — 1, ¢ = 0 in Theorem 4.2, we have the following result.

Earthline J. Math. Sci. Vol. 16 No. 6 (2026), 1067-1103



1092 R. O. Awonusika, P. O. Olatungi, O. O. Okundalaye, et al.

Corollary 5.2. The nonlinear Volterra integral equation of the second kind

Ulx) =1+ /Ox sin(z — PO de (=2,3,...) (5.7)

admits the series solution (A = £({ +n))

2 2n— )\ 4n3 +4n? + X2(4n +1) — Tan(n +1
Ule) =145 = o'+ 288(()n2(n+)1) e
8n5 + 24nt + 16n% — X3 (34n? + 39n +2)
- 32256003 (n + 1)(n + 2) v
3A%n (35n% 4 73n 4+ 16) — 78 n*(n+1)(n+2) 4
N 32256003 (n + 1)(n + 2) *
N 1608 + 112n7 + 27208 4 272105 + 96n* — 1886An3(n + 1)%(n + 2)(n + 3)3310
58060800n4(n + 1)2(n + 2)(n + 3)
3X*n?(n 4 1) (1237n® + 6084n? + 7847n + 1764) ,,
58060800m4(n + 1)2(n + 2)(n + 3)
2X3n(n + 1) (1168n3 + 4482n? + 3653n + 267) |,
N 58060800n4 (1 + 1)2(n + 2)(n + 3) .
A1 (496n +1918n3 + 2087n% 4 503n + 6) 4,

58060800n4(n + 1)2(n + 2)(n + 3)

(5.8)

We present some special cases of Corollary 5.2.

Example 5.3. The nonlinear Volterra integral equation of the second kind with Jacobi quadratic

nonlinearities

n+2)(n+3)

v n—1)(n n? —3n —
U(:U)zl—i-/o sin(m—§)<( TICES) (n=1n+2) n”—3n—2

UHO) + 2n(n +1) U+ dn(n +1)

> s (5.9)

has the series solution

2 3 2 3 2
x 1 3n°® 4+ 15n° 4 26n + 8 In® + 45n° + 58n + 4
Ulx)=1+—+ —aza! 6 8
@ =t S o Y T ey ¢ 20160n3(n + 1)
N 2108 4 21015 + 939n* + 2232n3 + 2554n2 + 1004n + 16 4, N
x cee

3628800n%(n + 1)2

(5.10)
Example 5.4. The Volterra integral equation of the second kind with Jacobi cubic nonlinearities
U(z) =1+ /0 sin(z — &) (155 0U%(€) + I3 MOURE) + T U () + T3 ) de, (5.11)

with

(n+3)(n+4)(n+5) n-1,0 __ 3(n—1)(n+3)(n+4)
Sn(n+1)(n+2) ~ "2 Sn(n+1)(n+2)

3(n—4)(n+3) no10  (n—1)(n*—5n—12)
Sn(n+2) 7 "% T San+1D(n+2)

n—1,0
JS,B -

n—1,0 _
‘]1,3 -
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has the series solution

22 n+9 , 1903+ 14502 + 315n + 81 4
2 " 4sn ¥ 2880n2(n + 1)
199n5 + 3054n? + 16112n3 + 3477602 + 26001n + 1458
* 322560n3(n + 1)(n + 2) “
4861n7 + 91732n% + 687515n° + 2540018n? + 468017103
* 580608001 (1 + 1)2(n + 2) v
+3819960n2 + 983421n + 13122
58060800n4(n + 1)2(n + 2) o

(5.12)

5.3 Nonlinear Volterra Integral Equations with Pf"_l’l) (0=2,3,...)

This subsection introduces nonlinear Volterra integral equations involving the spherical functions Pé%*l’l)
(n=1,2,3,...;0=2,3,...). Setting ¢ =2n — 1, ¢ = 1 in Theorem 4.2, we have the following result.

Corollary 5.3. The nonlinear Volterra integral equation of the second kind
Ulz) = 1 +/ sin(z — OPE WU (©)de ((=2.3,...) (5.13)
0

admits the series solution (A = £({ 4+ 2n + 1))

2 4n — )\964 N 32n3 + 16n% + A\2(8n + 1) — 4An(7n + 5);56
2 96n 11520n2(2n + 1)
128n° + 192n* 4 64n3 — A3 (68n? +39n+ 1)
- 258048013 (n + 1)(2n + 1) v
12X%n (3502 + 47Tn + 7) — 24 n?(n + 1)(26n + 29)
N 258048013 (n + 1)(2n + 1) v
2048n8 + 7168n7 + 8704n° + 4352n° + 768n* |,
928972800n4(n + 1)(2n + 1)2(2n + 3)
32An3(n +1)(2n + 1)(2n + 3)(943n + 1475) 4,
T 02897280004 (n + 1)(2n + 1)2(2n +3)
24X%n? (4948n* + 18010n3 + 21378n? + 9135n + 1179) |,
928972800n4(n + 1)(2n + 1)2(2n + 3)
AN (9344n* + 25708n3 + 2092602 4 5882n + 255)
N 928972800n4(n + 1)(2n + 1)2(2n + 3) v
At (3968n* + 767203 + 4174n% 4+ 503n + 3)
928972800n%(n + 1)(2n + 1)2(2n + 3)

(5.14)

We set £ = 2,3 in Corollary 5.3 to obtain the following.

Example 5.5. The nonlinear Volterra integral equation of the second kind

U) =1+ [ sine - o) (HEDE a4 2Oy 20 Y de )
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admits the series solution

U(x) _1+x—2+i iy 4n3+14n2+18n+3$6 3(8n3+28n2+26n+1)x8
2 " 16n 960n2(2n + 1) 35840n3(2n + 1)
448n + 313615 4 10120n* + 17184n3 4 13374n? + 3024n + 27 2104 (5.16)
19353600n4(2n + 1)2 ’
Example 5.6. The nonlinear Volterra integral equation of the second kind
Ua) =1+ [ sin =) (B350 + 35U + U + ) de (5D
with
J2n71,1 . (n + 2)(n + 3)(27’1, + 5) J2n71,1 . 3(7’L — 1)(n + 2)(2” + 5) 518
33 = oy T = (5.18)
8n(n+1)(2n+1) 8n(n+1)(2n+1)
Jon11 :3(n +2) (2n2 —5n — 1) g1 _ (n—1) (2n2 — ™ — 6) (5.19)
13 sn(n+1)(2n+1) = 703 8n(n+1)(2n+1) )
admits the series solution
n+6 4 3803+ 187n% +264n + 36 4
=14+ =
Ule) =1+ - 2 o+ A8n " 2880n%(2n + 1)
398n + 3873n* + 12781n3 + 1686612 + 72361 + 216 8
322560n3(n + 1)(2n + 1)
19444n + 23165615 + 1088945n5 + 2492005n* + 2775732n3 10
58060800n4(n + 1)(2n 4+ 1)2
1300968n2 + 182304n + 1296 4, (5.20)

5806080014 (n + 1)(2n + 1)2

6 Some Known Nonlinear Volterra Integral Equations

In this section, we validate our results on the power series solutions of nonlinear Volterra integral equations
involving Jacobi polynomial nonlinearities by considering some of the known nonlinear Volterra integral
equations having same kernel. Three nonlinear Volterra integral equations - two of which involve one-term
polynomial nonlinearities and the third contains rational function nonlinearity in the unknown variable,
are taken from the literature to demonstrate the effectiveness, accuracy, and reliability of the present
method. The solutions of the proposed Volterra integral equations using the present method are compared

with the exact or existing solutions. The problems are presented as examples.

To this end, we first present results on the generalised Cauchy product, which is a special polynomial

case of Proposition 3.1, before presenting the proposed examples.

Proposition 6.1 (Generalised Cauchy product [16], [20], [21]). Assume the function V(z) admits a

convergent power series about x =0 :

oo
x):kaxk, 0<z<1, (6.1)
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where the expansion coefficients vy € R are to be determined. One has
00 J 00
= <kaxk> => Wyt (G =1,2...), (6.2)
k=0 k=0
where the coefficients By, ; (k=0,1,2,...;5 =1,2,...) are given by
k
V1 =vk, Vg2 = vakap- (6.3)
p=0
bj—1 P2
mk,] - Z Z Z Vk—p;j_1Vpj_1—pj—2 """ VUpa—p1Up1> J=34,.... (6.4)
Pj—1= OpJ 2=0 p1=0
In particular,
1, k=0,
B0 = Vo = (vo) (j=0,1,2,...). (6.5)
07 k= 11 27 T
Example 6.1. Consider the nonlinear Volterra integral equation ( [27], [12])
x
V(z) =1+sin®z — 3/ sin(x — &)V2(€) d€. (6.6)
0
The exact solution is V(x) = cosx. Indeed we have the recurrence relation
Vo = 9o, v1 = g1, Vg =gk + Vi—22  (k=2,3,...). (6.7)
Here, g are the expansion coefficients of the series representation of
G(z) :=1+sin’z
and Vg2 are given by
la/2] B, oo
Vo =—3 1) 2 B(2p+2,q—2p+1 =0,1,2,...). 6.8
02 pz:%( P iE 2=+ ) (6.8)
The function G(x) has the power series expansion
A 96 8 9,10 k (—1)kg2h+2
G(z) =1 -t — - — =1 6.9
(z) ot 3 +45 315+14175+ +k20pzo (2p+ D)2k —2p+ 1) (6.9)
Thus we obtain the expansion coefficients
30 1 Py
vo=1, v =0, vy =g2+ Voo =1-— 20’22—57 03293+V1,2=—¥=0,
1 Yoo Yoo 1 V1o 33Uz
= V = —— = = = = V = = = =
vg = g4+ Voo 3 + 3 1 o V5 =95 + V32 10 20 0,
2 Yoo Voo Vap 1
— V —_ __ _ i ) _ i _
YT g6 Ve = s T 500 T 120 10 720
Pl Py Py
v =gr+ V52 =— o2 2 252, (6.10)

1680 = 280 14
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In general, it follows that

Vo = gok + Vok-22 = i+ (k=1,2,3,...). (6.11)

Hence, we obtain the series solution

= cos, (6.12)

which 1s the exact solution.

Example 6.2. Consider the nonlinear Volterra integral equation of the second kind ( [75], [12])

V(@) = Gla) + [ sint@ - (¢ + V) (613)
0
where
3 29 20 25 72t 29 ,

G(x)_g—zcosx+81nx+z—6—4+3—2—§x. (6.14)
The exact solution is V(x) = x + 23/8. Now, in this case, the function G(x) admits the power series

expansion

2 2t 2P x5 z’ 2928 z? 29x!

=L —— — =+ == —=— - 6.15
G) =r =31~ 13 " 120 180 5040 161280 ' 362880 " 14515200 " ng“’ (6.15)

On the other hand, the nonlinear term gives

V(L) =&+ V3 =€+ ka,sz =Yoo+ (1+Vi2)E+ quk,sz- (6.16)
k=0 k=2

Using (6.16), we have the integral formula

i 2 ym 2m+2 % ymg2m+3
iz — €)(€ + V2(€)) de =0 1+
/0 sin(z — &)(€ + ) d§ 0,2 Z 2m+2 312 Z:O 2m—|—3
B pt2.2 mA4p+4
DN 2p+1 B(2p+2,m—p+3)2" 7, (6.17)

m=0 p=0

where B(r, s) is the beta function of r and s. Simplifying the last series on the right of (6.17), we have

Z Z 2 m1p+22B(2p+2,m—p+3)wm+p+4
m= Op 0 p +
(e.) (o)
= Z Vm_4721:m = Z ng_4,2x2m + Z ng_372x2m+1, (618)
m=4 m=2 m=2
where

la/2] (—1)

Vo2 =) mQ3q_2p+2,23(2p +2,g-2p+3) (¢=0,1,2,...). (6.19)
p=0 ’
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We have
x 2 3 o0 o0
/ sin(z — €)(E+ V3(6)) dé = Doz + (1+V12) =+ > Boa®™ + > Compia®™t, (6.20)
0 m=2 m=2
where
Bam = 2ﬂ +Vom-a2, Comt1 = (1+D1p2) Ly + Vam—3.2. (6.21)
“ (2m)! ’ T (2m+1)! ’
Hence, we have the first expansion coefficients
w=go=0 vi=gi=1 wv=g+DBo2=g2+v;=0, vgzgg+1+T§nl’2:é (6.22)
The values of the higher expansion coefficients are given as
_ )m—l
Vom = G2m + Vom—42, V2mt1 = Jom+1 + m +Vop_32 (m=2,3,...); (6.23)
with the following first expansion coefficients:
v4=g4+V0,2=—%+Q122’2 =0, U5=g5+V1,2—17;0:0 (6.24)
In general, one sees that vy, =0 (k = 4,5,6,...). Hence, we obtain the series solution
ok L 3
V(z) = ;:;)vkm =x+ 3% (6.26)

which is the exact solution.

Example 6.3. Consider the nonlinear Volterra integral equation of the second kind ( [55, Ch. 6, Problem
1, pp. 236-237])

1

T de. (6.27)

V(iz)=1 +/Oxsin(x —&)

The series solution, using the method of successive approzimations ( [55, Ch. 6, Problem 1, pp. 236-237]),
18
V(z)=1+a22/4—721/192 + - .

In this case, the nonlinear term is given by the geometric series in V3. Indeed one has

1 0.) oo [o.¢] o
V() = —57 = DDV =D (D)"Y Wy =) Wi, (6.28)
T R R =
where
Vi =Y (=1)" Vg g0, Vo= (=1)"Bogn = Y _(—=1)"0f" = ®(uo). (6.29)
n=0 n=0 n=0
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Thus, from Theorem 4.2, we get the formula

sin(x
| g e Z% o

where
la/2]

(=1

p+1)!

Hence, we obtain the recurrence relation
’U():l, ’U1:0, @k:’j/k_Q (k:2,3,4,...).
Using the differentiation formula

. a1
o) = 1 (5

we compute the first expansion coefficients vy, (k =2,3,...) as follows:

(m=0,1,2,...),

V=1

Vo @(1) 1
=5 =3 71
1 " v / @ (1) 1 / 1 7
24‘1’ R T R 7 R T O A T T
2 2 2
Ve :%10(13(4) (1) + Uégl B (1) — u 241,)732”01 12v3 3" (1) — v2 361)2”4
_o(1) 11 N b(1) _ 67
960 5760 720 23040
" _ 0§ @ (1) | wpufe® (1) (vf — 120vsvy — 18003) v?0™ (1)
40320 1344 40320
(—101)% + v%vg — 60vv3v9 — 301}%1}4) o) (1)
B 3360
(v — 24wy + 7200501 — 1203 + 36003 + 720v9v4) B (1)
T 40320
n (1)2 — 12v4 + 3601)6) o’ (1) B o (1)
20160 40320
Ce®(1)  1397(1)  379/(1)  D(1) 649
20504 71680 © 430080 40320 _ 5160960
where we have used the derivative values
1 / 3 " 3 " 15
®(1) =5 @ (1) = -5 @ (1) = @ (1) = =

2 Tt 67 649
Viz)=1+=— 6
(@) =1+ =19 % 93000% ~ 5160960"

).

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)
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7 Concluding Remarks

This paper has successfully applied a power series method based on the generalised Cauchy product to
obtain series solutions of a class of nonlinear Volterra integral equations of the second kind. The integral
equations considered have Jacobi polynomial nonlinearities. By specialising the Jacobi parameters to
different values, we obtained several linear and nonlinear Volterra integral equations with Gegenbauer,
Chebyshev, and Legendre polynomial nonlinearities. We also relate our discussion to spectral theory of
the Laplacian on symmetric spaces by considering normalised Jacobi polynomials as spherical functions
on rank one symmetric spaces of compact type. Thus several nonlinear Volterra integral equations of the
second kind involving spherical functions on the sphere, the complex projective space, the quaternionic
projective space, and the Cayley projective plane, as well as their series solutions were presented. It is
also worth mentioning that several Volterra integral equations of the second kind with Jacobi linearities

and their exact solutions were introduced.

To validate our results on the series solutions of Volterra integral equations with Jacobi polynomial
nonlinearities, we applied the present power series method to known nonlinear Volterra integral equations
in the literature. These known integral equations have same kernel as in our main problem. Three known
nonlinear Volterra integral equations of the second kind were considered. In the first two examples of the
known problems, our series solutions converge to the exact solutions, while the series solution in the third

example agrees with the known series solution.
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