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Abstract

This paper extends classical discrete cyclic inequalities to a continuous setting involving cyclic sequences
of measurable functions. By integrating cyclic symmetry with functional analysis, we establish an
integral inequality framework that provides global bounds on combinations of adjacent functional terms.
Utilizing fundamental results including the Minkowski, Young, Cauchy-Schwarz, Hardy, and Jensen
inequalities, we present sixteen general families of cyclic integral inequalities. Detailed proofs, special

cases, and concluding remarks are also provided.

1 Introduction

Inequalities are fundamental tools in mathematical analysis. An important subclass consists of cyclic
inequalities, which remain invariant under cyclic permutations of their variables. A classic benchmark is

the Nesbitt inequality, which states that, for any a, b, c > 0,

a b c 3
+ + > .

b+c c¢c+a a+b 2

While numerous generalizations and refinements of this result have been explored [1,2,5,6,8,9,11], most
existing literature focuses primarily on discrete real domains. For recent developments in this direction,

see [3,4, 10].

This paper extends these classical discrete frameworks to a continuous setting by considering a cyclic
sequence of measurable functions fi, fo,..., fn, with n € N\ {0,1}, defined on a real interval I C R,
with indices evaluated modulo n. Consequently, the sequence forms a closed loop such that f,+1 = fi,
fnt2 = fo, and so forth. Building upon these functions, we transition to an integral inequality framework.
A simple illustrative example is described below. Let n € N\ {0,1}, a,b € R with b > a, and fi, fa,..., fn:
I = [a,b] — R be a cyclic sequence of measurable functions. We suppose that, for any i = 1,2,...,n, |fi|

is integrable. Then we have

n b n b
> [ 15+ frnlatb- o)l <23 [ Ift)de
=17 i=1"¢
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The proof follows directly from the triangle inequality, the change of variables y = a+b— z, and the cyclic
symmetry, which implies that Y ;" , ff | fir1(z)|dz = >0, ff |fi(z)|dz. This result can be interpreted as
follows: the total L' norm of the sums between each function and the symmetric reflection of its successor

is bounded by twice the total L' norm of the functions in the cycle.

More generally, unlike pointwise comparisons, integral formulations capture the global behavior of
sequences of functions over their domain. They thereby smooth out localized fluctuations to provide robust
bounds on cyclic combinations, such as sums, products, and quotients, of adjacent terms. This framework
establishes a natural link between cyclic symmetry and functional analysis, enabling the integration of
classical tools (notably the Minkowski, Young, Cauchy-Schwarz, Hardy, and Jensen inequalities) into
cyclic structures. Building on recent parametric extensions of cyclic inequalities, we state and prove

sixteen general families of cyclic integral inequalities that offer a wide class of new bounds.

The remainder of the paper is organized as follows: Section 2 develops an important aspect of the
considered framework. Section 3 presents the general theorems, accompanied by their proofs and some

cases of particular interest. A conclusion is provided in Section 4.

2 Framework

To maximize generality, the main theorems are formulated using two cyclic sequences of measurable
functions, f1, fo,..., fn, as previously introduced, and g1, ¢o,...,gn, that share common integrability

properties.

For example, in the first theorem, we deal with an integral assumption of the following form: for any

/abgi(x)pdac = /ab fi(z)Pdx,

First, it is obviously satisfied for g; = f;, which serves as a natural baseline.

1=1,2,...,n,
where p > 1 (see Theorem 3.1).

Second, symmetry and standard changes of variables frequently guarantee this integral identity. For

instance, taking g;(z) = f;(a + b — x), the change of variables y = a + b — x gives
b b a b
/ gi(x)Pdx = / fila+b—x)Pde = —/ fily)Pdy = / fi(x)Pdx.
a a b a

Finally, functions do not strictly require a global pointwise relationship or structural symmetry to

satisfy this integral identity. For instance, taking a = 0, b = 1, p = 1, fi(x) = 2z, and g;(x) = 322, we

b 1 1 b
/ fi(x)Pdx = / 2xdxr =1 = / 3z?dr = / gi(x)Pdx.
a 0 0 a
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Here, f; and g; exhibit completely different local behaviors: f;(z) > g;(z) on [0,2/3), while g;(z) > f;(z) on

(2/3,1], demonstrating that the identity depends solely on overall mass rather than pointwise dominance.

Introducing g1, g9, - - . , gn thus enhances the generality of the results.

3 General Theorems

For a concise summary of the core inequalities, the reader is referred to Table 1 in Section 4. The
remainder of this section is devoted to the formal statements, detailed proofs, and notable special cases of
the sixteen theorems. The proofs rely on fundamental tools from classical analysis, including the Young,

Cauchy-Schwarz, Minkowski, Hardy, and Jensen inequalities. For their general statements, we refer to [7].

3.1 PFirst theorem

The first theorem is stated below.

Theorem 3.1. Let n € N\ {0,1}, a,b € R with b > a, p > 1, and fi, fo,..., fn : [a,b] = (0,00) and
91,92, -, 9n : [a,b] — (0,00) be two cyclic sequences of measurable functions. We suppose that, for any

i=1,2,...,n, flp and gf are integrable, and

/a " i) = / " ()P,

>, </:(fi($) +gi+1($))pd$>1/p < 2;”; </: fi($)pdx>

i=1

Then we have
1/p

Proof. By the Minkowski inequality and the equality f; Giv1(z)Pdr = fab fi+1(x)Pdz, we have

</ab(fi($)+gi+1( )pdzn> 1/p (/ fila pd:c) l/p+ (/abgiJrl(I)pdx) 1/p

1/p b 1/p
(L) ([ rore)”
Summing cyclically both sides, we obtain

1/p
< f’L + gz+1 pdﬂ?)

f} ([ #taryar) " nl () fi+1<x>pd:c)1/p. (3.1)

i=

=1

7
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Due to the cyclic symmetry, we derive

Z: (/ab fi+1(x)Pda?> v = ZZ; ( ab fz‘(a?)pdw> 1/p'

(2

Therefore, we get

z"; (/ab fi(:c)de> " + Zn: (/ fip1(x pda:>1/p = 2; (/ab fl-(x)ﬁd;c> l/p. (3.2)

It follows from Equations (3.1) and (3.2) that

zn: </ r) + giv1(w ))pdﬂﬁ) b < Qizn; </: fi(ZE)pd:L“)

=1

1/p

This completes the proof. ]

In particular, choosing p = 2 in this theorem, the main inequality reduces to

n 1/2

S ([ o) + gt " 2; ([ #twrar)

=1

Notably, the case p = 1 holds with equality.

3.2 Second theorem

The second theorem is presented below.

Theorem 3.2. Let m,n € N\ {0,1}, a,b € R with b > a, and f1, fa,..., fn : [a,b] — (0,00) and
9159255 9n : [a,b] — (0,00) be two cyclic sequences of measurable functions. We suppose that, for any
1=1,2,...,n, fierl and gm'H are integrable, and

b b
/gi(x)m+1d1::/ fi($)m+1d$.

Z/ fi(x) H Girk(x)dr < Z/ fi(z)™ de.
=17 k=1 i=17¢

Then we have

Proof. By the arithmetic mean-geometric mean inequality, we have

) [ ] givwla) < mi—l (fi(x)mH + Zgi+k($)m+l> :
k=1 k=1

http: / /www. earthlinepublishers.com
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Integrating both sides and using the equality ff Girr ()" Hdr = ff fivr(z)™dz, we obtain

/bf(:v)ﬁg (2)d < — /bf(x)m“d“i /bg- (2)™da
. i 11 i+k = mF1 . ) — J, i+k

1 b m b
) (/ fi(x)™ e+ fi+k(1‘)m+1dﬂc> :

k=179

Summing cyclically, we get

En:/bf-(x)ﬁ o (@)dr < — f:/bf(x)m“dﬁfjf:/bf ()™ da (3.3)
=177 l k=1gz+k m+l i=17a l a ' -

k=1i=1"1%

Due to the cyclic symmetry, for any kK =1,2,...,n, we have

n b n b
fir (@)™ de = fi(z)™ da.

Therefore, we derive

; z”:/b f'(:U)m'de + zm:zn:/b fi (x)m+1dx
m+1 =172 Z k=1i=1"% o
1 n b n b
= fi(z)™ dx +m fi(x)mﬂdx)
(2 >
I
=% / fi@)™ da. (3-4)
i=1va

It follows from Equations (3.3) and (3.4) that

n b m n b
Z/ fi(z) H Givk(x)dr < Z/ fi(z)™ de.
i=1-9 k=1 i=17¢a

This ends the proof. O

In particular, choosing m = 2 in this theorem, the main inequality reduces to

n b n b
fi(@)giv1(x)giga(x)dr < fi(x)3d.
;/@ 9i+1(T)gi+2 ;/a

Remark 3.1. Theorem 3.2 provides a continuous framework for multi-variable cyclic inequalities. By
representing discrete index shifts through the product [[j, gisvk(x), this result extends the structural
symmetry of classical Nesbitt-type inequalities to continuous spaces of measurable functions, serving as

a functional foundation for multi-parameter cyclic bounds.

Earthline J. Math. Sci. Vol. 16 No. 6 (2026), 1147-1178
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3.3 Third theorem

The third theorem is established below.

Theorem 3.3. Letn € N\{0,1}, a,b € R withb > a, and f1, fa,..., fn : [a,b] = (0,00) and g1,92, ..., Gn :
[a,b] — (0,00) be two cyclic sequences of measurable functions. We suppose that, for any i =1,2,...,n,
fi and g? are integrable, and
b b
/ gi(x)dx = / fi(x)dx
Then we have ,
1 < /
x> fi(z)dz.
/ f f2+1 b—a ; a
Proof. We can write
)2
i(x)=d
/ Z J, 9i(w)da (3.5)
f fl+1 f fz+1
By the Cauchy-Schwarz inequality and the equality f gi(z)dx = f fi(z)dx, we get
b ) 1 b 1 b 2
. > . — .
/a gi(x)*dx > i (/a gz(x)dx> g </a fz(a:)da:)
Therefore, we have
b 2
Z J; o > o )3 U ) (3.6)
b : :
f fz+1 b-a i=1 fa fir1(x)dx
It follows from the Titu lemma that
b 2 n b 2
o (f) fl@)de) (S0 ) file)da)
Z b Z n b : (37)
o o fim(@)de 30 [, fin(2)de
Due to the cyclic symmetry, we derive
n_ b n_ b
Z/ fi+1(a:)da::Z/ fi(x)dx
i=1"% i=17¢@
Therefore, we get
n b 2 n b
(Zz’:l Ja fi(x)da:> ( i1 Ja fi(2) / fia (3.8)
n b = i dx. .
2imt Jo firr(z)da > i1 f filz
It follows from Equations (3.5), (3.6), (3.7), and (3.8) that
> [ vl
T > / fi(z)dz
f f2+1 b—a i=17a
This concludes the proof. ]

http: / /www. earthlinepublishers.com
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3.4 Fourth theorem

The fourth theorem is stated below. It can be viewed as a variant of Theorem 3.3.

Theorem 3.4. Letn € N\{0,1}, a,b € R withb > a, and f1, fa,..., fn : [a,b] = (0,00) and g1,92,- -, Gn :

[a,b] — (0,00) be two cyclic sequences of measurable functions. We suppose that, for any i =1,2,...,n,

/abgi(m)dx - /ab fil)da.

nrb ()2 nob
Z file) dx > Z/ fi(z)dx.
i=1v7

im1 Ja giv1(z)

ff/giﬂ, fi and g; are integrable, and

Then we have

Proof. Applying the (continuous) Titu lemma and using the equality ff git+1(z)dr = ff fir1(x)dz, we get

(2 firar)” (f2 fiteyar)’

b filx)? e > _ '
a 9i+1(7) J2 gisa (@)de P fir(a)da

Summing cyclically both sides, we obtain

b ()2 n (fabfi(x)dx>2

———d -~ 3.9
; o Yir1(7) "= ; ff fiv1(w)dz (39)
It follows from the (discrete) Titu lemma that
. - 2 norby 2
$- (f2 fitwyda) ™ (S [ filw)do) 510

= [P @de X [P fe(a)da

Due to the cyclic symmetry, we have

Therefore, we derive

(S 2 fwyan)” (S 2 i)
S ) feaa@)de S [ fila)da
It follows from Equations (3.9), (3.10), and (3.11) that

nrb ()2 no b
Z filz) dx > Z/ fi(z)dz.
=179

=1 va Ji+1 (.%')

no b
fi(x)dz. (3.11)
>)

This completes the proof. ]
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Remark 3.2. The reliance on the continuous Titu lemma in the proof of Theorem 3.4 naturally invites
a generalization via the continuous Radon inequality. Specifically, by considering the integrability of
fi(@)P/giv1(x)P~L for p > 1, one can extend this cyclic structure beyond cyclic quadratic forms to more
general LP norm spaces, providing robust lower bounds for a wider family of fractional cyclic integral

combinations.

3.5 Fifth theorem

The fifth theorem is presented below.

Theorem 3.5. Let n € N\ {0,1}, a,b € R with b > a, and f1, fo,..., fn : [a,0] = R and g1,92,...,9n :
[a,b] — R be two cyclic sequences of continuously differentiable functions. We suppose that, for any

i=1,2,...,n, fi(a) =0, |f!| and |g}| are integrable, and

/ @)l = / | o)

> [ i = 3 ([ i)

Then we have

Proof. Since f;(a) = 0, we can write

o) = [ "yt 4 fi(a) = / " f.

Therefore, we have

s@l=| [ mf{(t)dt‘ </ I < / Lo

Multiplying by |g;,(z)], integrating both sides and using the equality fj 9511 (z)]dx = ff | fis1(z)]dx, we

/a" i (2) g (2)|dz < /ab (/ab !f{(t)ldt) 19741 ()| da
_ </ab!fi/(t)|dt> (/ab |9§+1(:U)|d:u>
= ([ 1rwia) ([ 1#ntya).

obtain

Summing cyclically both sides, we derive

Z:;/ab |fi(2)gis1 (2)|dw < Z: (/b ]f{(x)\dx) (/b \fi’H(:c)]d:c) . (3.12)

http: / /www. earthlinepublishers.com
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By the arithmetic mean-geometric mean inequality, we get

<Lﬂﬂ@mﬁ><Aﬁﬁ““”“>§;((Lﬂﬁ@»m)2+(lﬂﬂﬂumm)j-

Summing cyclically both sides, we derive

Z (/ b sitaae) ( [ b Fa@lds)

<! (g ([ 1)+ > ([ Ifi’ﬂ(x)!dm)z) . 313)

Due to the cyclic symmetry, we have
n b 2 n b 2
([ 1fta@lar) =3 ([ 1nw@iar)
i=1 @ i=1 W@
Therefore, we obtain

! (g (/ b\f;<x>\dx)2 +§ (/ blf{+1(x)\dx)2> -3 (/ b\f{(a:)ldw>2- (3.1

i=1

It follows from Equations (3.12), (3.13), and (3.14) that

; / Vi@ ()l < ; ( / " fi’(:c)|d:n)2.

This ends the proof. O

3.6 Sixth theorem

The sixth theorem is established below. The inclusion of a convex non-decreasing function plays a central

role in this framework.

Theorem 3.6. Let n € N\ {0,1}, a,b € R with b > a, p,q > 0, f1,fo,..., fn : [a,b] = (0,00) and
91,92, -5 9n : [a,b] = (0,00) be two cyclic sequences of measurable functions, and ¢ : (0,00) — R be a

function that is both convexr and non-decreasing. We suppose that, for any i = 1,2,...,n, ¢ (ff’*q) and

o (gf+q) are integrable, and

b b
/ ¢ (gi(z)PT?) dx = / ¢ (fi(z)P*?) da.

Then we have

n b n b
> [ ot@ran@nde <y [ o(n@r) dn
i=1"9 i=1"9

Earthline J. Math. Sci. Vol. 16 No. 6 (2026), 1147-1178
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Proof. By the Young inequality, we get

: : P et
filx)Pgiz1(z)? < p—i—qfl(x)p a4 o

ptq.

git1(x)

Since ¢ is non-decreasing, we have

& (Fi(a) g (2)7) < 6 (fo N qugm(x)p*q) |

By the Jensen inequality, we obtain

P + ‘ + _P +ay 4 9 +
o (2 i@+ (@) < B (0P 4 L (i (0P).
Therefore, we have

6 (i@l g (0)7) < L6 (l)™) + 6 (g (2)H).

Integrating both sides and using the equality fa & (gir1(x)PT9) do = f; & (fir1(x)PT9) dx, we get
b p [ N g [ N
i(x)Pg; qu:ng/ ()P doe + —— it1(2)PTY) dx
| et@raa@nde < Lo oy a0 (guatr)
b b

__P ()P _1 . +
=ova ) ¢ (fi(z)P q)da:+p+q ; ¢ (fi1(z)P9) da.

Summing cyclically both sides, we derive

n b
Z/ ¢ (fi(x)Pgip1(x)?) dx
p+q2/ ) d“HZ/ (Fia(2)P1) da (3.15)

Due to the cyclic symmetry, we have

Therefore, we obtain

n b
p+q§:/‘¢f} Mde+§j/ b (fia ()7H0) da

n

= a2 [ sz/ (™)

=1

<P+q+p+q)z/ z)"™) d‘”—Z/ x)PT) dz. (3.16)

It follows from Equations (3.15) and (3.16) that

Z/«m e da:<2/ 2P0) d.

This concludes the proof. ]

http: / /www. earthlinepublishers.com
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In particular, choosing ¢(z) = exp(z) in this theorem, the main inequality reduces to

Z/ exp (fi(z)Pgiy1(x)?) dw < Z/ exp (fi(x)P?) da.

Beyond the exponential function, other standard convex non-decreasing functions on (0, c0) include f(z) =
2" with r > 1, f(z) = In(1 + e**) with s > 0, f(x) = zIn(1 + z), and f(x) = xarctan(z), along with any

positive linear combinations and convex non-decreasing compositions of these functions.

3.7 Seventh theorem

The seventh theorem is stated below. This result is closely related to Theorem 3.6 and likewise relies on

a convex non-decreasing function.

Theorem 3.7. Let n € N\ {0,1}, a,b € R with b > a, p,q > 0, f1,fo,..., fn : [a,b] = (0,00) and
91,92, -5 9n : [a,b] = (0,00) be two cyclic sequences of measurable functions, and ¢ : (0,00) — R be a
function that is both convexr and non-decreasing. We suppose that, for any i = 1,2,...,n, ¢ (fip+q) and

10} (gf+q> are integrable, and

/ab¢(gi(x)p+q) dm:/ab¢(fz( )p+q) -

Then we have

;¢ <b—a/a fi($)p9i+1($)qd$> 2/ )P+ da.
Proof. By the Jensen inequality, we have

¢ <b—1a /ab fi(x)pgi+1(x)qu> <3 i . /abéb(fi(x)pgiﬂ(ﬂﬂ)q)dx-

Summing cyclically both sides, we obtain

o (5 [ Aranrar) < §:j [ oGraawn

It follows from Theorem 3.6 that

Z/M e dx<2/ 2P0) d.

Therefore, we derive

n

Zzngéb <b_1a /ab fi($)pgi+1(x)qd$> <3 i . Z/abéf) (fi(z)P*9) da.

=1

This completes the proof. ]
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In particular, choosing ¢(z) = exp(z) in this theorem, the main inequality reduces to

ZeXp <b — / fi(x)Pgit1(x qu> < — Z/ eXp p+q) dx.

3.8 Eighth theorem

The eighth theorem is presented below.
Theorem 3.8. Letn € N\{0,1}, a,b € R withb > a, and f1, fa,..., fn : [a,b] = (0,00) and g1,92,...,9n :

[a,b] — (0,00) be two cyclic sequences of measurable functions. We suppose that, for any i =1,2,...,n

/ab gi(x)dx = /ab fi(z)dx

/ / fira( ; dudy > n(b— a)?.

Proof. By the Fubini-Tonelli theorem and the equality f gi(z)dx = f fi(z)dx, we can write

Z/ / fisa( z/ dudy = Zzn; (/abgi(x)dx> </ab fz‘;(y)dy)
n b b
S ([ e

The arithmetic mean-geometric mean yields
b 1/n
)dx / >
/ fl > < f 1+1 )

3 (f 1) ([ gigen) = (11
bfi(:c)dq:>> (f[l (/b @dy))) " (3.18)
Due to the cyclic symmetry, we have
(/) =1L )

([ see) ) (1] 7))
(I weae) ) (1L 7))
:ﬁ(/abf,-(x)dx) (/a fi(lx)dx). (3.19)

http: / /www. earthlinepublishers.com
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Then we have

Therefore, we derive
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The Cauchy-Schwarz inequality gives

(/abfi(x)da:> (/b figx)da:) . (/bmﬁdw)z

2

b
= </ dx> =(b—a)
Taking the cyclic product both sides, we get

f[l ( /ab f@-(:r)dx> ( / ’ fix)dg”) > (b—a)™™. (3.20)

It follows from Equations (3.17), (3.18), (3.19), and (3.20) that

n b rb gz(m) » i
;/a /a fz'+1(y)d$dy2n(b ).

This ends the proof. O

3.9 Ninth theorem

The ninth theorem is established below. The inclusion of a submultiplicative non-decreasing function plays

a central role in this framework.

Theorem 3.9. Let n € N\ {0,1}, a,b € R with b > a, p,q > 0, f1,f2,..., fn : [a,b] = (0,00) and

91,9255 9n : [a,b] — (0,00) be two cyclic sequences of measurable functions, and ¢ : (0,00) — (0, 00)
be a function that is both submultiplicative and non-decreasing. We suppose that, for any i = 1,2,...,n,
fip+q and gf+q are integrable, and

/b gi(x)PTidx = /b fi(x)PTdz.

1¢ <Lbfi($)pgi+1($)qd$)

n b p/(p+q) b a/(p+q)
1}5(( / ﬂ(w)p*qu) >¢<( / ﬁ(ar)pﬂdx) )

Proof. By the Holder inequality and the equality f; giv1(z)Pridr = fab fit1(z)PTedx, we have

b b p/(0+a) , b a/(p+q)
/ fi(@)Pgisa1(x)tde < (/ fi(f’?)p+qd$> </ 9i+1($)p+qd:ﬂ>

b p/(p+q) b a/(p+q)
= (/ fi(iﬁ)p+qdw> </ fi+1(x)p+qdl‘> .

Earthline J. Math. Sci. Vol. 16 No. 6 (2026), 1147-1178
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Since ¢ is non-decreasing, we get

" ( / b ﬂ(m)pgz-“(x)qu) <o (( / bﬂ(a:)p*qu) o ( / e p*%) /(M)).

Moreover, since ¢ is submultiplicative, we obtain

b p/(p+q) b q/(p+q)
o(([ s ([ o))
b p/(p+q) b q/(p+q)
<¢ ((/ fi(w)p+qdfv> ) ¢ (</ fz+1(93)p+qd:v> ) :
Therefore, we derive

o( bfi<x>pgi+1<x>qu> <o (( / b fi(:r)”qdw)p/(pﬂ)> " (( / b fova (o) 9ds q/wq)) .

Taking the cyclic product both sides, we find

£I1¢ </b fi(ﬂﬂ)pgz‘ﬂ(x)qu)
Zﬂf (</ fite “qdw o ) (/ e s ) q/(”q))

¢
(
N IR e [ (T

Due to the cyclic symmetry, we get

iljd) ((/ab fi+1(x)p+qu> q/(p+q)> _ ﬁ ) ((/ab fi(m)pﬂdx) q/(p+q)> |

Therefore, we have

(e ((f o)) ) (1

_ <le1¢ ((/ab fi(x)pﬂdx)p/(pw))) (zlj ((/ab fi(x)“ng;) q/(p+q)>>
= ﬁﬁb ((/ab fi(:c)p+qu>p/(p+q)> ) ((/ab fi(az)p+qu> q/(P+f1)> : (3.22)

It follows from Equations (3.21) and (3.22) that

Zf[léf) (/ab fi(x)pgi+l($)qu>
n b p/(p+q) b a/(p+q)
<11 (( / fz-(fc)’”qdw) ) 6 (( / fz-<:c>p+de> ) -

This concludes the proof. ]

IN

http: / /www. earthlinepublishers.com
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In particular, choosing ¢(z) = x® with s > 0, we have

n

H </ fi(@)Pgiv1(x qdéU)S < ﬁ (/ab fi(:v)”qu)s.

=1 =1
3.10 Tenth theorem

The tenth theorem is stated below.

Theorem 3.10. Letn € N\{0, 1}, and fi, fo,..., fn: (0,00) — (0,00) and g1, 92, ..., 9n : (0,00) — (0, 00)

be two cyclic sequences of measurable functions. We suppose that, for any i = 1,2,...,n, fz2 and gf are

/0 N gi(z)*dx = /O b fi(z)?da.
Zzn;/ooo <i /0 fi(t)dt) gi+1(z)dr < 2;?/? filz)dx

Proof. Applying the Cauchy-Schwarz inequality and using the equality [;° git1(2)?dz = [;° fiz1(2)?de,

/ T H () @) (@) < < / N H(fi)(w)zdw> v ( / " gz-H(:c)?dx) v
_ (/OOO H(fi)(x)de>1/2 (/OOO fm(x)?dx)m.

The Hardy inequality applied with the exponent 2 yields

/ H(f)(z)%dx < 4/ fi(z)2da.
0 0
Therefore, we have

([ raera) " ([ natera)” <2 [“rera)” ([ rawra)”

By the arithmetic mean-geometric mean inequality, we obtain

2 </OOO fi(az)Qd:c) v </OOO fi+1(ac)2dsc) v < /OOO fi(x)*dx + /OOO fir1(z)?dz.

Therefore, we derive
| H @ @dn < [T p@lde s [ i

Summing cyclically both sides, we get

;/0 H(fi)(x)giv1(z)de < ;/0 fi(x)zd;(;—i—;/o Fior(2)2da. (3.23)

integrable, and

Then we have

we obtain

Earthline J. Math. Sci. Vol. 16 No. 6 (2026), 1147-1178
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Due to the cyclic symmetry, we have

;/OOO fi(z)*dx = ;/OOO fiir(z)2dz.

Therefore, we derive

Z/ filz dw+2/ fir1(z x—22/ filz)?d. (3.24)

It follows from Equations (3.23) and (3.24) that

> /0 HU) @) (s <23 /0 fi(w)de

This completes the proof. ]

3.11 Eleventh theorem

The eleventh theorem is presented below.

Theorem 3.11. Let n € N\ {0,1}, and fi,f2,...,fn : R — R and g1,92,...,9,» : R — R be
two cyclic sequences of continuously differentiable functions. We suppose that, for any i = 1,2,...,n,

limg—s— oo fi(z) =0, limy—, oo gi(x) = 0, and f2, g2, (f))? and (g!)? are integrable, and

()

/ Z ai(eat = [ Z fi(t)2dt

/Oo (gi(6))* dt = /OO (f1(6))? dt.

— 00 — 00

and

Then we have

> suplfi@gen (@) <3 [ T (i) + F(@)?) de
i—1 z€R i—1 Y —0

Proof. Using lim,_,_~ fi(z) = 0 (or limz—,_~ gi+1(z) = 0), and standard differentiation rules, we obtain

fi@gin(@) = [ GO @) dt+ lim_((0)()

:/ (fl)giv1(t) + f:(1)gly1 (1)) dt.

—00

Therefore, we have

@) = | [ (im0 + F@)da0) d
S/ ‘f gz-‘rl )+fz( gz+1 |dt

g/ | () giv1 () + fi(t)gip 1 (8)| dt,
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so that
sup i a)gia (o)) < / | F(B)gi1(8) + fi(8)gl (8)] .

Summing cyclically both sides, we get

Zsup!fz )i (x \<Z/ £)gir1 (1) + fi(t) gy (£)] dt. (3.25)

le

It follows from the triangle inequality and the arithmetic mean-geometric mean inequality that

IN

‘f( giv1(t “f"fz gz—i—l( )‘
5 ((10) 4 0i0107) + 5 (50 + (6 0))?)

|1 () giv1(t) + fi(t)gina ()]

IN

Integrating, bummlng cyclically both sides and using the equalities f giv1(t f fir1(t)2dt and
S (g @) dt = [ (f11(1)° dt, we get

+3 (Z | nwras Y [ (a0 dt) | (3.26)

Due to the cyclic symmetry, we have

Y Oofz- (t)%dt = Y Oofi(t)th

and

n

> o a=3 [

i=1
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Therefore, we derive

<: dt+Z/ fir1(t) dt)
2(/ h d”z/ Uinal®) )

= fi(t)th-i- f’(t) 2
= Z/oo (fi(2)* + fi(2)?) dx. (3.27)
i=1Y >

It follows from Equations (3.25), (3.26), and (3.27) that

S swlh@ga@l <Y [ (P + fi@?) ds
i=1 TER =170

This ends the proof. O

3.12 Twelfth theorem

The twelfth theorem is proposed below. It implicitly relies on foundational notions from probability theory,

including probability density functions and variance.

Theorem 3.12. Let n € N\ {0,1}, a,b € R with b > a, and fi1, fo,..., fn : [ a,b] — (0,00) be a cyclic
sequence of measurable functions. We suppose that, for any i = 1,2,...,n, f fi(x)dx = 1. We set, for
anyt=1,2,...,n,
b
M; :/ xfi(x)dz
a
and

b
Var(f;) = / 22 f;(x)dx — M?.
Then we have

n b rb n
2/ / (x — ) fi(2) fira (y)dady > 22 Var(f;).

i=1 =1
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Proof. Expanding, applying the Fubini-Tonelli theorem, and using the equalities f; fi(x)d

fab fir1(z)dz = 1, we obtain

// % — 92 fi(z) iy d:cdy—// 22 — 2y + y?) fi(2) fisa () dody

= ([ o) ([ i) (i) [

</ fi(z dx) </a Z/zfi+1(y)dy>
:/a x2fi(x)d:r:—2MZ-M7;+1+/aby2fz'+1(y)dy-

Summing cyclically both sides, we get

n b rb

;/ / (x — ) fi(@) fia (y)dady
n b n n b

= Z/ 2’ fi(x)dw — 2 MM +Z/ Y’ fiv1(y)dy
i=1"9 i=1 =19

Due to the cyclic symmetry, we have

n b n b
Y2 fiv1 (y)dy = y? fi(y)dy

Therefore, we derive
n b ) n n b )
Z/ z” fi(x)dz — QZMiMi+1 + Z/ y- fir1(y)dy
i=179 i=1 =19
n b n
=2 Z/ .Z'sz(.%')dl' — Z MiMi+l .
=17 i=1

Let us now bound the last term. The arithmetic mean-geometric mean inequality gives
M;M;p1 < = (M2 + M.

Summing cyclically both sides, we get

Z MM 1 < = (Z M? + Z MZ?H)

=1

Due to the cyclic symmetry, we have

n n
Z Mi2+1 = Z M7
i=1 i=1

z = 1 and

(3.28)

(3.29)

(3.30)
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so that

(Z M2+ ZM3+1> Zn:MZ. (3.31)

=1

It follows from Equations (3.28), (3.29), (3.30), and (3.31) that
// £ = ) [i(@) fior () dady > 2 Z/ 2 f,(2) ZW)
2ZVar fi)-

=1

This concludes the proof. ]

One may mention that, for any i = 1,2,...,n, Var(f;) >0

Remark 3.3. The normalization condition f: fi(x)dx = 1, combined with the non-negativity of f;,
allows Theorem 3.12 to be interpreted within the context of probability distribution theory. If the cyclic
sequence f1, fo, ..., fn Tepresents the probability density functions of continuous unit distributions defined
on [0,1] (such as the beta, Kumaraswamy, or trigonometric unit distributions), this inequality provides a
global lower bound on the expected squared differences between independent variables drawn from adjacent

distributions in the cycle, governed solely by the sum of their individual variances.

3.13 Thirteenth theorem

The thirteenth theorem is stated below. It implicitly relies on foundational notions from operator theory.

Theorem 3.13. Let n € N\ {0,1}, a,b € R with b > a, f1,f2,---, fn : [a,b] = (0,00) be a cyclic
sequence of measurable functions, and K : [a,b]?> — (0,00) be a symmetric kernel, i.e., such that, for any

z,y € [a,b], K(z,y) = K(y,z). We suppose that, for anyi = 1,2,...,n, K(x,y)f;(x)? is integrable. Then

we have
n b b n b b
K(z,y) fi(z) fiv1(y)drdy < K (z,y) fi(z)*dzdy.
>/ Ay <3 [ f

Proof. The arithmetic mean-geometric mean inequality gives

5@ ia(y) < 5 (F0) + Fia ().

Multiplying by the non-negative kernel and integrating, we get

b b
/ / K (2, 9) f3(x) fign (y)deedy

([ [ weoneraa [ [ 5enmamry).
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Summing cyclically both sides, we obtain

noorbopb
K(z,y) fi(z) fiy1(y)dzd
;/a /a Yy +1(y)azay

1< [0 P noopb b
<3 (;/@ /a K(ﬂf,y)fi(x)zdwder;/a /a K(m,y)fm(y)zdscdy) : (3.32)

Using the fact that K is symmetric and the Fubini-Tonelli theorem, we derive

b b b b
/ / K (2,y) fir (y)2dady = / / Ky 2) s (y)*dedy

a a ab ab
:/ / K(z,9) fir1(z)dzdy.

Due to the cyclic symmetry, we have

g;/czb/jK(x7y)fi+1(w)2dwdy = g/ab /abK(m,y)fi(x)dedy.

Therefore, we get

;LbLbK(x,y)fi+1(y)2dwdy= ngLbK(x,y)fi(x)dedy,

so that
1 n b b n b rb
= K(z,y) fi(x)*dxdy + K(z, )fi(a:)ded>
5 (; /a /a y y ; /a /a y y
nooebo b
:Z/ / K(z,y) fi(x)*dzdy. (3.33)
i—1v/a Ja

It follows from Equations (3.32) and (3.33) that

n b b n b rb
K 9) fi(2) fe 2 (v)dndy < K (2,9) (2 dzdy.
;/a /a y +1(y)dady ;/a /a y y

This completes the proof. ]

Remark 3.4. While Theorem 3.13 assumes a symmetric kernel, the underlying arithmetic mean-geometric
mean structure can be adapted to investigate non-homogeneous Hilbert integral inequalities. By decomposing
the kernel via independent parameter weightings, such as incorporating logarithmic-exponential elements
or general homogeneous functions, this cyclic inequality can be transformed to bound multi-variable integral

operators over (0,00)2.
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3.14 Fourteenth theorem

The fourteenth theorem is presented below.

Theorem 3.14. Let n € N\ {0,1}, a,b € R with b > a, and fi, fo,...,fn : [a,0] — (0,00) and

91,92, -+, 9n : |a,b] — (0,00) be two cyclic sequences of measurable functions. We suppose that, for
any it =1,2,...,n, f; and g; are integrable, and
b b
/ gi(x)dx :/ fi(x)dx
a a

We set, for anyt1=1,2,...,n,

= /:‘ fi(t)dt

Gilw) = / " (bt

and

Then we have

Z/ VFEi(2)gi1 () fi()Giga () d$< (/ filz dx).

Proof. The arithmetic mean-geometric mean inequality gives

(Fi()giv1(z) + fi(x)Git1(x)) .

DN |

VFi(@)giy1(2) fi(2)Gia (z) <

Let us notice that
Fy(2)giv1(x) + fi(2)Gig1(z) = (Fi(2)Gia ().

Therefore, we have

VE@ G @G < g (F)Ci (@)

Integrating and summing cyclically, we obtain

n b b
> [ VE@ga@ R @G < 5 Y [ (F@Gia ) d. (334
_1/a ; a
Since Fj(a) =0 (or Giy1(a) = 0), we have

b
/ (Fy(2)Gig1(2)) dx = Fi(b)Gip1(b) — Fi(a)Gig1(a) = Fi(b)Git1(b),

so that

n

b
Z/( ()G (@ dx—ZF Gip1(b (3.35)

i=1
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Applying the arithmetic mean-geometric mean inequality and the equality f; git1(z)dr = ff fir1(x)dz,
Le., Git1(b) = Fiy1(b), we get
Fi(b)Gira(b) <

(F3(0)® 4+ Giz1(b)?) = 5 (F3(b)? + Fi41(b)?) .

DO | =
N =

Summing cyclically both sides, we obtain

ZFi(b)Gi+l(b) < % (Z Ei(b)? + ZFz’H(b)Q) : (3.36)

Due to the cyclic symmetry, we have

Y Fn(0)? =) F(b)
=1 ;

=1
so that
1 n n n n b 2
5 (Z F;(b)? + ZE+1(b)2> =Y F(b)*=> < f,-(a;)dx) . (3.37)
i=1 i=1 i=1 i1 \Ja
It follows from Equations (3.34), (3.35), (3.36) and (3.37) that
n b 1 n b 2
> [ VE@m @R Gawe < ;3 ( [ fwds)
i=177 i=1 @
This ends the proof. O

3.15 Fifteenth theorem

The fifteenth theorem is established below.

Theorem 3.15. Let n € N\ {0,1}, a,b € R with b > a, and fi, fo,...,fn : [a,b] = (0,00) and
91,9255 9n : [a,b] — (0,00) be two cyclic sequences of measurable functions. We suppose that, for

any i =1,2,...,n, f; and g; are integrable, and

/ab gi(z)dx = /ab fi(z)dx.

n b
.H/ exp (fi() = gis1(x)) da = (b—a)™.

Then we have

Proof. By the Jensen inequality applied to the exponential function which is convex, we get

1 b
b—a J,

b
e (50~ gisa (o) do = oo (5 [ (30 - () )

Earthline J. Math. Sci. Vol. 16 No. 6 (2026), 1147-1178



1170 Christophe Chesneau

Taking the cyclic product both sides and using the equality f; git+1(z)dxr = f; fit1(x)dz, we obtain

ﬁ (b i . /ab exp(fi(z) — 9i+1(95))d90> (3.38)
z ﬁeXP <b i a /b (fi(z) = giy1(z)) dm)

Therefore, we derive

n b n b
ex fi(x)dx — fiz1(x)dz | | = exp(0) = 1. (3.39)
(55 (3 [ e [ ) oo

It follows from Equations (3.38) and (3.39) that

n

H (b—la /ab exp(fi(z) — gz‘+1(a:))da;> > 1,

i=1

which implies that
np
[ [ exp(hia) = s do = - o)
=172

This concludes the proof. ]

3.16 Sixteenth theorem

The sixteenth theorem is stated below.

Theorem 3.16. Let n € N\ {0,1}, a,b € R with b > a, p > 0, and fi, fo,..., fn : [a,b] — (0,00)
and gi,92,---,9n : [a,b] = (0,00) be cyclic sequences of measurable functions. We suppose that, for any
i=1,2,....n, fPIn(fi/gi+1), ¥ and ¥ are integrable, and

/a " i) = / (@),

Z/ﬁ pin () a0

http: / /www. earthlinepublishers.com
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Proof. By the elementary logarithmic inequality In(¢) > 1 — 1/t for any t > 0, taking t = f;(x)?/gi+1(x)P,

fi(z)P gi+1(x)? )
m<wﬂww>21 i

]n@ﬂ2022<19ﬂgy>

Multiplying both sides by f;(z)P, we get

we obtain

which simplifies to

ﬁ@?m(ﬁu))zl

giv1(x) P (fi(x)? = giv1(x)?) .

Integrating and summing cyclically both sides, and using the equality ff git+1(z)Pdr = ff fiv1(x)Pdx, we

3 [ serm (i) ar= (S [ torar= 5 [[woiorac)

=7
1
- ( / fi(x)Pdx — / fir1(z pdx) . (3.40)
p
Due to the cyclic symmetry, we have

n b n b
fir1(z)Pdz = fi(w)Pdz,
;;L ()P ;;A 2V dz

obtain

so that

n b n b
fi(x)Pdx — fit1(x)Pdx = 0. (3.41)
> > [ g

It follows from Equations (3.40) and (3.41) that

/ fi(2)? In (gl+§2)) dz > 0.

This completes the proof. ]

Remark 3.5. The integral structure in Theorem 3.16 has a natural connection to information theory.
Specifically, when p = 1 and the cyclic sequence consists of probability density functions, the integral
f fi(z) In(fi(z)/git1(x))dx represents the relative entropy between adjacent distributions. Consequently,
this theorem demonstrates that the sum of the cyclic relative entropies in this continuous framework is

bounded from below by zero, reinforcing its non-negativity property in a cyclic sequence.

Remark 3.6. Across the sixteen theorems, the necessary and sufficient conditions for equality are governed
by the equality cases of the foundational inequalities employed in their proofs (e.g., the Minkowski, Young,
Cauchy-Schwarz, Hardy, and Jensen inequalities). Combined with cyclic symmetry and integral mass
identities, strict equality typically requires all functions f1, fo,..., fn and g1, 92, ..., gn to equal a common

constant almost everywhere on their respective domains.
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4 Summary and Conclusion

4.1 Summary of the results

Table 1 summarizes the core inequalities established in the main theorems for ease

notation and exact assumptions are provided in their respective statements.

Table 1: Direct presentation of the theorems

of reference.

Theorem

Core inequality

Theorem 3.1

Theorem 3.2

Theorem 3.3

Theorem 3.4

Theorem 3.5

Theorem 3.6

Theorem 3.7

Theorem 3.8

Theorem 3.9

Theorem 3.10

Theorem 3.11

Theorem 3.12

Theorem 3.13

Theorem 3.14

Theorem 3.15

Theorem 3.16

“ i=1 \a
/ fi(z) H gitk(z)dz S /ab Fi(a)™ e

L 1

w—t

91(1) b
o JP f,+1(t)dtdz - E /a filw)da
b fi(2)?
———dx > i(x)dx
;/ gi+1(z) Z/ fi®

Z/ |£i(@)g gy ()] da < z (/ ‘f.(zndz)Q
e
>0 (52 / £ @) g1 z)qdo:) < Z/ (1P s
/ [ Sdzdy > (b = o)?

fit1(y)

(/a Fi(2) gi41 ()7 ) < ljl ’ <</ab f"'(“)ﬁqd”)p/wq)) ¢ ((/ab ity Heaz) Mpm)

i sup 13 (914121 < i [ e e

/ [ @ =02 h@ i dny > 2 Z Ver(fy)
Z/ [ K@@ i iz < 2/ [/ Kz
Z/ JFi @311 @) Fi(@)Gig1 (@)de ;%i ([ iwra)”

1‘[/ exp (f:(2) = gig1(2))dz > (b—a)"

Z/ fi(z)P In <M> dz >0

git+1(z)

3

4.2 Concluding remarks

Full

This paper introduced a continuous framework for cyclic inequalities by extending classical discrete

structures to cyclic sequences of measurable functions. By integrating cyclic symmetry with key analytical

tools, such as the Minkowski, Young, Cauchy-Schwarz, Hardy, and Jensen inequalities, we derived sixteen

general families of cyclic integral inequalities that provide global bounds on adjacent functional terms over

real intervals. Several promising perspectives for future research emerge, including extending these cyclic

integral bounds to multi-dimensional domains or general measure spaces, establishing sharp constants and

precise conditions for equality, and incorporating fractional integral operators or weight functions into the
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cyclic setup. Additionally, applying these functional bounds to probability theory, differential equations,

and operator theory represents an avenue for further investigation.
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