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Abstract

Motivated by the definition of interpolative metric space [6], in which the triangle inequality has been
modified into an inequality consisting of linear and interpolative terms, we introduce in this paper the
notion of linear-interpolative contractions which is analogous to the triangle inequality in the definition
of interpolative metric space. These inequalities consist of linear and interpolative terms. Some results
related to the linear-interpolative contractions are obtained in the setting of metric spaces with an

illustrative example. Finally, we apply our result to the Fredholm integral equation.

1 Preliminaries

Definition 1.1. [!] Let B be a set and n be a metric on B. C': B — B forms an interpolative Kannan

type contraction, assuming there is a constant A € [0,1) and « € (0, 1) such that
n(Cg,Ch) < An(g,Cg)*n(h,Ch)'~®
in every case g,h € B, g,h ¢ Fix(C), where Fiz(C) ={g € B: Cg = g}.

Theorem 1.2. [/] Let B be a set and n be a metric on B. Assume C is an interpolative Kannan type

contraction. Then C admits one and only one fixed point in B.

Definition 1.3. [2] Let B be a set and n be a metric on B. C' : B +— B forms an interpolative Berinde
weak operator, if it holds that

n(Cg,Ch) < An(g,h)*n(g,Cg)' ™,

where A € [0,1), in all cases g, h € B\Fiz(C).

Alternatively we have
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Definition 1.4. [2] Let B be a set and n be a metric on B. C' : B +— B forms an interpolative Berinde
weak operator, if it holds that

[SIE
D=

n(Cg,Ch) < Ang, h)
where A € [0, 1), in all cases g, h € B\Fiz(C).

n(g,Cyg)2,

Theorem 1.5. [2] Let B be a set and n be a metric on B. Suppose C : B +— B is an interpolative

Berinde weak operator. The completeness of B ensures the existence of a fixed point for C.

Definition 1.6. [3] Let B be a set and n be a metric on B. C : B — B forms an interpolative
Ciric-Reich-Rus operator, should there be A € [0,1) and positive reals a,  with o + 3 < 1 such that

n(Cg,Ch) < Mn(g, h)*n(g,Cg)’n(h, Ch)' ="
in all cases g, h € B\Fiz(C).

Theorem 1.7. [3] Let C' : B — B be an interpolative Ciric-Reich-Rus operator on a complete Branciari
distance space (B,n). Then C has a fized point in B.

Definition 1.8. [!]| Let B be a set and n be a metric on B. C': B — B forms an alternate interpolative
Ciric-Reich-Rus operator, should there be A € [0,1) such that

n(Cg,Ch) < An(g. h)3n(g. Cg)sn(h,Ch)s
in all cases g,h € B\Fiz(C).

Theorem 1.9. [/] Let B be a set and n be a metric on B. Suppose C' : B — B is an alternate interpolative

Ciric-Reich-Rus operator. Completeness of (B,n) ensures the existence of a fized point.

Definition 1.10. [5] Let B be a set and gb, be a quasi partial b-metric on B. C : B — B forms an
interpolative Chatterjea type contraction, should there be p € [0, %), a € (0,1) such that

1 —a
apy(Cg, Ch) < plaps(g, Ch)I* [z aps(h, Cg)]'
for all g,h € B\Fiz(C).

Theorem 1.11. [5] Let (B,qpy) be a complete quasi partial b-metric space and C be an interpolative
Chatterjea type contraction. Then C has a fized point in B.

2 Main Result

Theorem 2.1. (Linear-Interpolative Berinde Weak Contraction Mapping Theorem) Let B be a set and
n be a metric on B. Assume C : B — B forms a linear-interpolative Berinde weak contraction operator,
that is, there is A € [0,3) and o € (0,1) such that

n(Cg,Ch) < An(g, h) + n(g,Cg) + n(g, h)*n(g, Cg)' ]

in all cases g, h € B\Fiz(C). If (B,n) is complete, then any linear-interpolative Berinde weak contraction

mapping C : B +— B has a fized point.
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Proof. Let gy € B be chosen arbitrarily. Define the sequence {gs}32 recursively by gs11 = Cqs for all s.

Letting g = ¢s—1 and h = ¢, in the contractive definition of the theorem, we have

n(gs, gs+1) < An(gs—1,qs) + n(gs—1,s) + n(gs—1, ¢s)*1(qs—1,qs)" ]

= SAn(q8—17 QS)
- 7”(%—17 qs)a

where v = 3\ < 1, since A < % By induction, we obtain

n(qsv QS+1) < ’st(QO, Ch)

Thus, making use of the above inequality and the triangle inequality, we obtain that for all s > 0 and
m > 1 that

n(qs, @s+m) < n(qs, @s+1) + 2(qs+1,Gs+2) + - + n(qstm—1, Gs+m)
S n<q07 ql)(’}/s + ’)/S+1 + .4+ ,ys-i-m—l)
1 —A~m

1—

S

L=y

= n(qo0,q1)7°

< n(qo,q1) — 0 as s,m — oo.

This shows that {gs} is a Cauchy sequence in the complete metric space (B,n) ensuring its convergence
to a point j* € B. To confirm that j* is a fixed point, we substitute g = j* and h = ¢ in the contractive

definition of the theorem, then we have
n(Cj*, qsr1) < Aln(5*, gs) +n(5*, C5*) + n(5*, g5)*n(5*, C5*)' .

Letting s — oo in the above inequality, we have, n(Cj*,5*) < An(5*,C5*). Since 1 — XA # 0, we obtain
n(Cj*,5*) = 0, that is, Cj* = 5%, and so j* is a fixed point of C'. This completes the proof. O

Theorem 2.2. (Linear-Interpolative Kannan Contraction Mapping Theorem) Let B be a set and n be a
metric on B. Assume C' : B — B forms a linear-interpolative Kannan contraction operator, that is, there
is A € |0, %) and « € (0,1) such that

n(Cg,Ch) < Xn(g,Cg) + n(h,Ch) +n(g,Cq)®n(h, Ch)' =]

in all cases g,h € B\Fixz(C). If (B,n) is complete, then any linear-interpolative Kannan contraction

mapping C : B — B has a fixzed point.

Proof. Let gy € B be chosen arbitrarily. Define the sequence {g;}32 recursively by gs11 = Cgs for all s.

Letting g = ¢s—1 and h = ¢, in the contractive definition of the theorem, we have

n(QS7 qs+1) < )\[n(QS—h QS) + n(an qs+1) + n(QS—la qs)an(q& q‘s—&-l)lia}
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By Weighted AM-GM inequality the above inequality turns into

n(gs, gs+1) < A[n(qs—1,qs) + n(gs, gs+1) + an(gs—1,qs) + (1 — a)n(gs, gs+1)]

From the above inequality, we have

A+ A
A+ A1 -«

n(Qs:Qs—I—l) < 1_ ( ))n(QS—17q$) = 7”(%9—1,@9)7

where v = < 1, since A < 3. By induction, we have n(qs,qs+1) < v°n(qo,q1). Slmilar to
here ’\+>‘a)1')\:1,)B'dt' h 1) < ° Similar t

1-(A+A(1—a)
the proof of the previous theorem, we have that {gs} is a Cauchy sequence in the complete metric space

(B,n), ensuring its convergence to a point j* € B. To confirm that j* is a fixed point, we substitute

g = j* and h = ¢ in the contractive definition of the theorem, then we have

n(C]*7 QSJrl) < )\[n(]*a C]*) + n(q87 qs+1) + n(]*a Cj*)an(qsv q8+1)1_a]‘

Letting s — oo in the above inequality, we have n(Cj*,j*) < An(j*,Cj*). Since 1 — XA # 0, we have
n(C7*, j*) = 0, which implies that C'j* = j*, and so j* is a fixed point of C'. This completes the proof. [J

Theorem 2.3. (Linear-Interpolative Ciric-Reich-Rus Contraction Mapping Theorem) Let B be a set and
n be a metric on B. Assume C' : B +— B forms a linear-interpolative Ciric-Reich-Rus contraction operator,
that is, there is A € [0, 1), o, B € (0,1) with a + 8 < 1 such that

n(Cg, Ch) < A[n(g, h) +n(g, Cg) + n(h, Ch) + n(g, h)*n(g, Cg)’n(h, Ch)} =]
in all cases g,h € B\Fix(C). 1If (B,n) is complete, then any linear-interpolative Ciric-Reich-Rus

contraction mapping C': B — B has a fized point.

Proof. Let gy € B be chosen arbitrarily. Define the sequence {gs}32, recursively by gs+1 = Cgs for all s.

Letting g = ¢s—1 and h = g5 in the contractive definition of the theorem, we have

(dss gs1) < A20(ds—1, qs) + (s, gs+1) + 1(ds—1,65) *1(gs—1, s) 1(as, gs+1) ' 7).

By Weighted AM-GM inequality the above inequality turns into

n(q87 QS—H) < )\[(2 + o+ 6)”((15—1; QS) + (2 —a— 6)”(‘]37 q$+1)]-

The above inequality implies that

M2+ a+B)
1-X2—-a—-5

n(gs, gs+1) < )n(qs_h qs) = Yn(qs—1, s),

where v = % < 1, since A < %. By induction, we have n(gs,gs+1) < v*n(qo,q1). Similar to

the proof of Theorem 2.1, we have that {gs} is a Cauchy sequence in the complete metric space (B,n),
ensuring its convergence to a point j* € B. To confirm that j* is a fixed point, we substitute g = j* and

h = ¢, in the contractive definition of the theorem, then we have

n(C* ges1) < A" @) + 0" C3) + n(ger @) + 1, 20" CF*)Pnger 1))
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Letting s — oo in the above inequality, we have n(Cj*,j*) < An(j*,Cj*). Since 1 — XA # 0, we have
n(Cj*,5*) = 0, which implies that Cj* = j*, and hence j* is a fixed point of C'. This completes the
proof. O

Theorem 2.4. (Linear-Interpolative Chatterjea Contraction Mapping Theorem) Let B be a set and n be
a metric on B. Assume C' : B — B forms a linear-interpolative Chatterjea contraction operator, that is,
there is A € [0,3) and a € (0,1) such that

n(Cg,Ch) < Xn(g,Ch) + n(h,Cg) + n(g, Ch)*n(h,Cg)' =

in all cases g,h € B\Fix(C). If (B,n) is complete, then any linear interpolative Chatterjea contraction
mapping C' : B +— B has a fized point.

Proof. Let gy € B be chosen arbitrarily. Define the sequence {gs}32 recursively by gs11 = Cgs for all s.

Letting g = ¢s—1 and h = ¢, in the contractive definition of the theorem, we have

n(‘]sa QSJrl) = n(cqsflv Cqs)

< A[”(Qs—ly q$+1) + n(QS7 QS) + n(Qs—b QS—H)an(QS, q$)1_a]

= )\n(QS—la QS+1)
< An(gs—1,qs) + n(gs, gs+1)]

The above inequality implies that n(gs, ¢s+1) < yn(gs—1,¢qs), where v = ﬁ < 1, since \ < % By
induction, we have n(gs,gs+1) < v°n(qo,q1). Similar to the proof of Theorem 2.1, we find that {gs} is
a Cauchy sequence in the complete metric space (B, n), ensuring its convergence to a point j* € B. To
confirm that j* is fixed point, we substitute g = j* and h = g5 in the contractive definition of the theorem,

then, we have

(Cy*,Cqs)

n(Cj*qu-‘rl) =N
< (5%, gs41) + n(as, C5) + n(5*, gs1)*n(gs, C5*) ).

Letting s — oo in the above inequality, we have n(Cj*,j*) < An(j*,Cj*). This inequality implies that
(1 = X)n(Cj*,7*) < 0. Since 1 — X # 0, we have n(Cj*,j*) = 0 or Cj* = j*. So the fixed point exists.
This completes the proof. ]

Example 2.5. We consider (B,n) a metric space with B = [0,1] and the standard Euclidean metric
n(g,h) = |g — h|. Define C': B — B by Cg = 4. We admit C' is a linear-interpolative Berinde weak
contraction with A = %, and o = % To verify the contractive condition, we must establish that for some
A €0, %) and « € (0, 1) the inequality below holds for all g, h € B\ Fiz(C):

n(Cg,Ch) < Aln(g, h) + n(g, Cg) + n(g, h)*n(g,Cg)' .

Figure 1 shows that the “BlueGreenYellow” surface (RHS of the contraction inequality) dominates the
“LakeColors” surface (LHS of the contraction inequality). This demonstrates that the inequality is satisfied

for all g, h € (0,1] with A = § and o = 1.
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Figure 1: Comparison of both sides of the linear-interpolative Berinde weak contraction inequality in the

above example over (0, 1].

3 Application

We apply our result to establish an existence theorem for non-linear Fredholm integral equation. Let
Y = C[0,1] be a set of all real continuous functions on [0, 1] equipped with the metric p(b,c) = |b —¢| =
maxe(o1] |0(t) — c(t)], for all b,c € C[0,1]. Then (Y,p) is a complete metric space. Now we consider the

non-linear Fredholm integral equation
1
b(t) = c(t) -I—/ K(t,s,b(s))ds, (3.1)
0
where s, ¢ € [0,1]. Assume that K :[0,1] x [0,1] x Y + R and ¢ : [0, 1] — R are continuous, where c(t) is
a given function in Y.
Theorem 3.1. Suppose (Y, p) is a metric space equipped with the metric p(b, ¢) = [b—c| = maxye(o 1) |b(t) —
c(t)| for allby,c €Y, and F: Y 'Y be an operator on'Y defined by
1
Fb(t) = e(t) + / K(t, 5, b(s))ds. (3.2)
0

If there exists \ € [0, %), and a € (0,1), such that for all b,c € Y\Fix(F), s,t € [0,1], satisfying the
following
|K(t7 S, b(S)) - K(t7 S, C(S))‘ < )‘M(b(s)a C(S)),

http: / /www. earthlinepublishers.com
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where
M(b(s), ¢(s)) = |b(s) = c(s)| + [b(s) — Fb(s)| + [b(s) — ¢(s)|*[b(s) — Fb(s)['~,

then the integral equation (3.2) has a solution in'Y.

Proof. From (3.1) and (3.2), we obtain

/Ktsb ds—/Ktsc ))ds

S/o |K(t,s,b(s)) — K(t,s,c(s))|ds

[F(t) —

1
< /0 AIb(s) = c(s)| + [b(s) = Fb(s)| + [b(s) — e(5)[*[b(s) — Fb(s)|'~)ds.
Taking maximum on both sides for all ¢ € [0, 1], we conclude that
p(Fb, Fe) < X(p(b, ¢) + p(b, Fb) + p(b, ¢)*p(b, Fb)' =)

which shows that F' satisfies the condition of a linear-interpolative Berinde weak contraction. Since
Y = C]0,1] is a complete metric space, we find that all the conditions of Theorem 2.1 are satisfied, and

hence the integral equation (3.2) has a solution in Y. O
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