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Abstract 

In this paper we study and define the concept of the fundamental group of rough 

topological spaces (RTSs), which deeply depends on the concepts of rough sets (RSs) and 

rough topology (RT). Working towards this stated objective, we define the concept of 

rough path (RPt) which gives room for the introduction of rough loop (RL). We also 

define the concepts of rough homotopy (RH) and later shows that it is indeed an 

equivalence relation. We introduce the fundamental group of rough topological spaces by 

showing that all the group axioms satisfied. Also, this paper establish the fact that most of 

the results in fundamental group of ordinary topological spaces are also hold for the 

fundamental group of rough topological spaces.  

1. Introduction 

Due to the applications of classical method in solving various types of inexact or 

uncertainties problems in economics, engineering and environment, several theories 

which include: the theory of probability, the theory of fuzzy sets, theory of rough sets and 

the interval mathematics are introduced as mathematical tools for dealing with these 

uncertainties [8].  

 Rough sets was proposed by Pawlak [21] as a useful tool to deal with uncertainty and 

incomplete information and it has been approved to be effective approach to intelligent 

systems characterized by insufficient and incomplete information [26]. Since then rough 

sets and its applications have attracted the interest of researchers in many fields [10]. This 

includes, the generalized multi-fuzzy rough sets and the induced topology [9], rough set 

theory for topological spaces [8], generalized rough sets based on neighborhood systems 
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and topological spaces [17], topological structure of generalized rough sets [22], 

topological properties of IF approximation spaces [16], topological structures of IVF 

approximation spaces [10], rough topological spaces [3], fuzzy rough sets and their 

topological structures [19], generalized intuitionistic fuzzy soft rough set and its 

application in decision making [12], I-rough topological spaces and some of its special 

properties [4, 5, 6]. 

 Considering the fact that in recent years many researchers have considered 

fundamental group introduced by Poincare [2] in the study of other mathematical 

approach, which includes the fundamental group as a topological group [9], the 

fundamental of intuitionistic fuzzy topological spaces and its algebraic properties [7, 15], 

the fundamental group of quotient spaces [13], the Fuzzy �∗-Fundamental Group of 

Fuzzy �∗-Structure Spaces [18], monoids in the fundamental groups of the complement 

of logarithmic free divisors in �� [14]. The applications of fundamental group to the 

study of an effective approach to intelligent systems, i.e., rough topological spaces will 

be our priority in this paper.  

2. Preliminaries 

Suppose we are given a nonempty set of objects U called the universe and an 

equivalence relation called indiscernibility relation R on U, then the pair (U, R) is known 

as the approximation space [23]. Let X be a subset of U, in order to characterize X with 

respect to R, two crisp sets will be associate to X, called its lower and upper 

approximations. 

Definition 2.1 [23]. The equivalence class of � containing an element � will be 

denoted by �(�) and is called granules of knowledge generated by �, which represents 

elementary portion of knowledge we are able to perceive due to �. 
 Definition 2.2 [23]. The lower approximation of 
 denoted by 
� is the union of all 

granules which are entirely included in the set. That is 
� =  ��|�(�) ⊂ 
�. Therefore 

lower approximation of a set consists of all elements that surely belong to the set. 

Definition 2.3 [23]. The upper approximation of 
 denoted by 
� is the union of all 

granules which have nonempty intersection with the set. That is 
� = ��|�(�) ∩ 
 ≠ ∅�. 

Therefore upper approximation of the set constitutes of all elements that possibly belong 

to the set. 

Definition 2.4 [23]. The boundary region of set is the difference between the upper 
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and the lower approximation. Intuitively, the boundary region of the set consists of all 

elements that cannot be classified uniquely to the set or its complement, by employing 

available knowledge. 

Definition 2.5 [23]. A set is said to be a rough set, if it has a non-empty boundary 

region. If the boundary region is empty, then the set is a crisp or exact set. 

In rough set, data model information is stored in a table. Each row (tuples) represents 

a fact or an object. 

Example 2.6. 

Object �� �� �� �� �� 

�� 1 2 0 1 1 

�� 1 2 0 1 1 

�� 2 0 0 1 0 

�� 0 0 1 2 1 

�� 2 1 0 2 1 

�� 0 0 1 2 2 

�� 2 0 0 1 0 

�� 0 1 2 2 1 

�  2 1 0 2 2 

��! 2 0 0 1 0 

Considering the table above, then 


� = ��"#, "%, "&, "'�, �"(, "), "*�� 
� = ��"#, "%, "�, "+, "#,,"&,"'�, �"�,"(, "), "+, "*, "#,�� 
 = ��"#, "%, "�, "&, "'�, �"(, "), "+, "*, "#,�� - =  �-#, -%, -�, -(, -&� 

where 
 and - are target set and subset respectively. 

Definition 2.7 [23]. Let . = (.�, .�) and / = (/�, /�) be any two arbitrary rough 

sets. Then . is said to be a rough subset of / if and only if .� ⊂ /� and .� ⊂ /�. 



Laaro Abdullateef 

http://www.earthlinepublishers.com 

106

Definition 2.8 [23]. Let . = (.�, .�) and / = (/�, /�) be any two arbitrary rough 

subsets of 
. Then the union of rough sets . and / is defined as . ∪ / =  (.� ∪ /�, .� ∪ /�) and intersection of . and / is defined as . ∩ / =  (.� ∩ /� , .� ∩ /�). 
Definition 2.9 [23]. A set 
 is said to be exact if 
� = 
� and it said to be rough if 
� ≠ 
�. 

Definition 2.10 [3]. Let 
 = (
�, 
�) be a rough subset of the approximation 

space (1, �). Let 2� and 2� be any two topologies which contain only exact subsets of 
� 

and 
� respectively. Then the pair 2 = (2�,2�) is said to be a rough topology on the 

rough set 
 = (
�, 
�), the pair (
, 2) is known as a rough topological space (RTS). 

Also in a rough topology 2 = (2�,2�), 2� is known as the lower rough topology and 2� is 

known as the upper rough topology on 
. 

Definition 2.11 [3]. Let . = (.�, .�) be any rough subset of a RTS (
, 2), where 
 = (
�, 
�) and 2 = (2�,2�). Then . is said to be lower rough open (LRO) if the lower 

approximation of . is in the lower rough topology. That is .� ∈ 2�. Also . is said to be 

upper rough open (URO) if the upper approximation of . is in the upper rough topology. 

That is .� ∈ 2�. . is said to be rough open (RO) if and only if . is lower rough open 

(LRO) and upper rough open (URO). That is . = (.�, .�) rough open with respect to 

the RTS (
, 2) if and only if .� ∈ 2� and .� ∈ 2�. 

Theorem 2.12 [3]. Consider a RTS (
, 2), where 
 = (
�, 
�) and 2 = (2�,2�). Let 2 be the collection of all rough open subsets of (
, 2). Then 2 is a topology on 
. 

Definition 2.13 [3]. If . = (.� , .�) is any sub rough set of a rough set 
 =(
�, 
�), then .45 = 
� ∖ .� is called the lower complement of . and .47 = 
� ∖ .� is 

called the upper complement of .. 

Definition 2.14 [3]. A subset / = (/� , /�) of the RTS (
, 2), where 
 = (
�, 
�) 

and 2 = (2�,2�) is said to be lower rough closed (LRC) if /45 = 
� ∖ /� ∈ 2�. Also / is 

said to be upper rough closed (URC) if /47 = 
� ∖ /� ∈ 2�. / is said to be rough closed 

(RC) if it is lower rough closed (LRC) and upper rough closed (URC). That is a subset / = (/�, /�) of the RTS (
, 2) is rough closed subset iff its lower approximation is 

closed with respect to the lower topology and its upper approximation is closed with 

respect to the upper topology of (
, 2). 



Fundamental Group of Rough Topological Spaces 

Earthline J. Math. Sci. Vol. 5 No. 1 (2021), 103-119 

107

3. Main Results 

Definition 3.1. Let 
 = (
�, 
�) be a rough set (RS), if �� ∈ 
� and �� ∈ 
� are 

fixed element of the lower approximation 
� and upper approximation 
� respectively, 

then a set 

��� = �(�� , ��)|�� ∈ 
�, �� ∈ 
�� 

is called a rough point (RP) in 
. 
Remark. Given a rough set 
 = (
�, 
�), if there exists fixed elements �� ∈ 
� 

and �� ∈ 
�, then a rough point ��� exist in 
. 
For example, considering the Example 2.6, a rough point can be given as 

��� = -#. 
Definition 3.2. Let 8 ∶  
 →  ; be a function between two sets. We called 8 a rough 

function (RF) if and only if 
 = (
�, 
�) and ; = (;� , ;�), i.e., 8 is a function between 

two rough sets. 

Definition 3.3. Let 
 and ; be two rough sets (RS) such that 
 = (
�, 
�), ; =(;� , ;�) and 8 ∶  
 →  ;. 

(i) If ��� is a RP in 
, then the image 8(���) of 8 defined by 

8(���) = 8(�� , ��) = (8(��), 8(��)) 
is a RP in ;. 

(ii) If <�� is a RP in ;, then the pre-image 8 =#(<��) of 8 defined by 

8 =#(<��) = 8 =#(<� , <�) = (8 =#(<�), 8 =#(<�)) 
is a RP in 
. 

Lemma 3.4. Suppose 8 ∶  
 →  ; is a rough function. If ��� is a RP in X, then 8(���) is a RP in ;. 

Proof. The proof follows directly from Definition 3.3. 

Definition 3.5. Let (
, 2) and (;, >) be two rough topological spaces (RTSs) such 

that 
 = (
�, 
�), ; = (;� , ;�), 2 = (2�,2�) and > = (>�,>�). A function 8 ∶  (
, 2) →  (;, >) is said to be rough continuous function (R�?F) if the pre-image of each every 

rough open set (ROS) in > is a rough open set (ROS) in 2. 
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Theorem 3.6. Let (
, 2) and (;, >) be two rough topological spaces (RTSs) such that 
 = (
�, 
�), ; = (;� , ;�), 2 = (2�,2�) and > = (>�,>�). A function 8 ∶  (
, 2) →  (;, >) is called a rough continuous function (R�?F) if and only if the pre-image of 

each rough closed set (RCS) in > is a rough closed set (RCS) in 2. 

Proof. Let A be rough closed set in (;, σ), since the complement of the pre-image of . is the pre-image of the complement of .. Then 
 ∖ 8=#(.) = 8=#(; ∖ .). 
Therefore the result follows. 

 Definition 3.7. Let (
, @) be an ordinary topological space. The collection 

2̃ = B2C��D2C�� is rough subset of 
 and 2S�� ∈ @T 

is rough topology (RT) on 
 induced by @. The pair (
, 2̃) is called the rough topological 

space induced by (
, @). 

Note. If U is the unit interval and VW is an Euclidean subspace topology on U, then (U,  VXW) denotes the RTS induced by the Euclidean space (U, VW). 

Definition 3.8. Let 
 = (
� , 
�) and ; = (;�, ;�) be two rough sets such that 
 is a 

rough subset of ;. A function 8 ∶ (
, 2) → (;, >) is said to be rough continuous function 

(R�?F) if the pre-image of each every rough open set (ROS) in σ is a rough open set 

(ROS) in τ. 

Lemma 3.9. Let (
, 2) be a RTS and . = (.�, .�), / = (/�, /�) be closed subsets 

of 
 such that 
 = . ∪ /. Let (;, >) be a RTS and 8 ∶ (.�, .�) → (;, >) and [ ∶ (/�, /�) → (;, >) be continuous maps. If 8(\��) =  [(\��) for all \��  ∈ (. ∩ /), then 

the function ℎ ∶ (
, 2) →  (;, >) defined by  

ℎ(\��) = ^ 8(\��), \��  ∈ . [(\��), \��  ∈ /_ 
is continuous. 

Proof. Clearly, ℎ is unique well-defined function. We only need to show that ℎ is 

rough continuous. 

 Let \�� be a RCS in (;, σ). 

ℎ=#(\��) = 
 ∩ ℎ=#(\��) 

= (. ∪ /) ∩ ℎ=#(\��) 
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= `. ∩ ℎ=#(\��)a ∪ `/ ∩ ℎ=#(\��)a 

= 8=#(\��) ∪  [=#(\��) 

Since each 8 and [ is RCtF, 8=#(\��) and [=#(\��) are both RC in 
. Hence ℎ=#(\��) 

is rough closed (RC) in 
. Consequently, ℎ is RCtF. 

Definition 3.10. Let (b, @) be a topological space and ; = (;�, ;�) be an RS. Let 
 ⊆ ; and dC57 be rough characteristic function of 
. Then the RT induced by @ is 2̃ = BdC57 D
 ∈ @T and the pair (b, @) is called the rough topological space (RTS) 

induced by the ordinary topological space (b, @). 

Note. If U = (U� , U�) = [0,1] is a unit interval and VW is an Euclidean subspace 

topology on U, then (U,  VXW) denotes the RTS induced by the (usual) topological space (U, VW). 

Definition 3.11. Let 
 = (
�, 
�) and ; = (;� , ;�) be two rough sets such that 
 is 

a rough subset of ;. If dC57   is a rough characteristic function of 
, then the collection 2C�� = B>C�� ∩ dC57D>C�� ∈ 2T is rough topology (RT) on 
, called a rough subspace 

topology and the pair (
, 2C��) is called a rough topological subspace (RTij) of (;, 2). 

Definition 3.12. Let (
, τ) and (;, σ) be two rough topological spaces (RTSs) and (U,  VXW) be a RTS induced by the Euclidean space (U, VW). Let 8, [ ∶  (
, 2)  →  (;, >) be 

any two RCFs, if there exists a rough continuous function k ∶  (
, 2) × (U, VW)  →  (;, >) 

such that k(���, 0) = 8(���) and k(���, 1) = [(���) for all RP ��� ∈ 
, then 8 is 

rough homotopy to [. Moreover, the function k is the rough homotopy between 8 and [, 

denoted by 8 ≃ [. 

Definition 3.13. Let (U,  VXW) be a RTS induced by the Euclidean space (U, VW), and (
, τ) be RTS. Let ��� and <�� be any two rough points in 
. A rough path (RPt) ℎ in (
, τ) from ��� to <�� is a rough continuous function ℎ ∶  (U,  VXW) →  (X, τ) such that ℎ(0) = ��� and ℎ(0) = <��. Then the RPs ℎ(0) and ℎ(1) are called the initial and 

terminal point of ℎ. 

Remark. If the initial and terminal points are equal, then we called the RPt ℎ, a 

rough loop (RL). We denote the collection of all RLs in (
, τ) by o((
, τ), ���). The RP ��� is called a rough base point of (
, τ) and ((
, τ), ���) is called pointed RTS. A 

continuity of a map between these pointed topological spaces is guaranteed by Definition 

3.3. 
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Definition 3.14. Let (
, τ) be RTS and ���, <�� be any two rough points in 
. A 

RTS (
, τ) is called rough path-connected if there exists an RPt ℎ ∈ (
, τ) with initial 

and terminal points ��� and <�� respectively. 

Definition 3.15. Let ℎ be a rough path (RPt) in (
, 2) having the initial and finial 

points as ��� and <��, respectively. The inverse of ℎ is the rough path ℎ=# defined by ℎ=#(\��) = ℎ(1 − \��) for all \�� ∈ (U,  VXW), where <�� and ���  are the initial and finial 

points, respectively. 

Definition 3.16. Let ��� be a RP in (
, τ). Then a constant RPt in (
, 2) is defined as q based at ��� such that q(���) = ���. 

Definition 3.17. Let (U,  VXW) and (U,  rXW) be any RTSs introduced by the Euclidean 

spaces (U, VW) and (U, rW) respectively. Let (
, 2) be a RTS, two RPts ℎ and s in (
, 2) 

(having the initial and terminal points as ��� and <�� respectively) are said to be rough 

path homotopy (RPH) (i.e., ℎ ≃t s) if there exists a rough continuous function (R�?F) k ∶ (U,  VXW) × (U,  rXW) → (;, >) such that k(u�� , 0) = ℎ(u��) and k(u�� , 1) =s(u��) for all u�� ∈ (U,  VXW) 

k(0, \��) = ���  and  k(1, \��) = <��  for all  \�� ∈ (U,  rXW). 

Then the function k is called a rough homotopy (RH) between ℎ and s. 

Theorem 3.18. The relation ≃t  on the set o((
, 2), ���) is an equivalent relation. 

Proof. To show this, it is suffices to show that the following are satisfied: 

(i) Reflexive Suppose ℎ ∈ o((
, τ), ���). A function k ∶  (U,  VXW) × (U,  rXW)  →  (;, σ) 

defined by k(u�� , \��) =  ��� for all u��, \�� ∈ U is RH between ℎ and ℎ i.e., ��� is a 

constant function which is continuous, 

k(u�� , 0) = k(u�� , 1) = ��� for all u�� ∈ (U,  VXW) 

k(0, \��) = k(1, \��) = <�� for all \�� ∈ (U,  rXW) and ��� is a constant function. 

Thus the result follows. 

(ii) Symmetry Suppose ℎ, s ∈ o`(
, τ), ���a such that ℎ ≃t  s then s ≃t  ℎ. Let k ∶ (U,  VXW) × (U,  rXW)  →  (;, σ) be RH between ℎ and s i.e., k ∶  ℎ ≃t  s then we have ℎ ≃t k=#: s. 
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Suppose w ∶  (U,  VXW) × (U,  rXW)  →  (;, σ) is a RH between s and ℎ i.e., w ∶  s ≃t ℎ. 

Which implies w(u�� , \��) = k=#(u��, \��) =  k(u��, 1 − \��). Thus the result 

follows. 

(iii) Transitive Suppose ℎ, s, x ∈ o`(
, τ), ���a such that ℎ ≃t  s and s ≃t  x. Suppose 

the RH between (ℎ and s) and (s and x) are k ∶  (U,  VXW) × (U,  rXW)  →  (;, σ) and w ∶ (U,  VXW) × (U,  rXW)  →  (Y, σ) respectively. Then a function z ∶  (U,  VXW) × (U,  rXW)  →  (;, σ) 

defined by 

z(u�� , \��) = { k(u�� , 2\��), 0 ≤ \�� ≤ #%w(u�� , 2\�� − 1), #% ≤ \�� ≤ 1_ 
is the homotopy between ℎ and x i.e. z is continuous by Lemma 3.9, z(u�� , 0) = k(u�� , 0) = ℎ(u��), z(u��, 1) =  k(u�� , 1) = x(u��) and z(0, \��) =  k(0, \��) = w(1, 2\�� − 1). Thus ℎ ≃t  x. Since ≃t  on the set o`(
, τ), ���a is an equivalent relation 

as described above, we denote the equivalence classes determined by RL ℎ by [ℎ] and we 

call it the rough homotopy class of ℎ (RHC). The collection of such rough homotopy 

classes will be denoted by ~#`(
, τ), ���a. 

Now we are going to define an operation between the elements of o`(
, τ), ���a which are RLs. 

This will be follow by proving that the collection ~#`(
, τ), ���a form a group under 

the operation called fundamental group (or first homotopy group) of RTS (X, τ). 

Definition 3.19. Let ℎ, s ∈ o`(
, τ), ���a. The operation ∗ for all ℎ, s ∈ o`(
, τ), ���a is defined as a loop x = ℎ ∗ s ∈ o`(
, τ), ���a such that 

x(\��) = { ℎ(2\��), 0 ≤ \�� ≤ #%s(2\�� − 1), #% ≤ \�� ≤ 1_  
where ℎ(1)  =  s(0) for all \�� ∈ (U,  VXW). 

Definition 3.20. Let [ℎ], [s] ∈ ~#`(
, τ), ���a, the product and the inverse of [ℎ] and [s] is defined by [ℎ] ∙ [s] = [ℎ ∗ s] and [ℎ]=# = [ℎ=#] respectively. 

Lemma 3.21. The operation ∙ on ~#`(
, τ), ���a is closed. 
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Proof. Let [ℎ], [s] ∈ ~#`(X, τ), ���a. 

Goal: The goal is to show that there is [x] ∈ ~#`(
, τ), ���a such that [ℎ] ∙ [s] = [x]. 
To show this it suffices to show that x ≃t  ℎ ∗ s. 

Consider the function x define as 

x(u��) = ^ℎ(0), u�� = 0s(0), 0 < u�� ≤ 1_ 
and the concatenation of ℎ and s define as 

ℎ ∗ s(u��) = { ℎ(2u��), 0 ≤ u�� ≤ #%s(2u�� − 1), #% ≤ u�� ≤ 1_  
where ℎ(1) = s(0). Then the function k ∶ (U,  VXW) × (U,  rXW)  →  (;, >) defined by 

k(u��, \��) = { ℎ((2u��)(1 − \��), 0 ≤ u�� ≤ #=�57%s((2u�� − 1)(1 − \��)), #=�57% ≤ u�� ≤ 1_  
is homotopy between x and (ℎ ∗ s) i.e., k is continuous by Lemma 3.9, 

k(u��, 0) = { ℎ(2u��), 0 ≤ u�� ≤ #%s(2u�� − 1), #% ≤ u�� ≤ 1_  
k(u�� , 1) = x(2u��) and k(0, \��) = s(0), k(1 − \��) = ℎ(1). 

Therefore x ≃t  (ℎ ∗ s) for all ℎ, s, x ∈  o`(
, τ), ���a. Thus, the result follows. 

Lemma 3.22. The operation ∙ on ~#`(
, τ), ���a is associative. 

Proof. Let [ℎ], [s], [x] ∈ ~#`(
, τ), ���a. 

Goal: The goal is to show that ([ℎ] ∙ [s]) ∙ [x] = [ℎ] ∙ ([s] ∙ [x]). 
To show this, it is suffices to show that (ℎ ∗ s) ∗  x ≃t ℎ ∗ (s ∗  x) for all ℎ, s, x ∈ o`(
, τ), ���a. 

Since [(ℎ ∗ s) ∗  x] = ([ℎ] ∙ [s] ) ∙ [x] and [ℎ ∗ (s ∗  x)] = [ℎ] ∙ ([s] ∙ [x]), consider 
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   (ℎ ∗ s) ∗  x(\��) =
⎩⎪⎨
⎪⎧ ℎ(4\��), 0 ≤ \�� ≤ #(s(4\�� − 1), #( ≤ \�� ≤ #%x(2\�� − 1), #% ≤ \�� ≤ 1

_ 
where ℎ(1) =  s(0) and s(1) =  x(0) for all \�� ∈ (U,  VXW) 

and  

ℎ ∗ (s ∗  x)(\��) =
⎩⎪⎨
⎪⎧ ℎ(2\��), 0 ≤ \�� ≤ #%s(4\�� − 2), #% ≤ \�� ≤ �(x(4\�� − 3), �( ≤ \�� ≤ 1

_  
where ℎ(1) =  s(0) and s(1) =  x(0) for all \�� ∈ (U,  VXW). 

Then we define the homotopy between (ℎ ∗ s) ∗  x and ℎ ∗ (s ∗  x) as 

k(\�� , u��) 

=
⎩⎪
⎨
⎪⎧  

ℎ`(4\��)u�� +  (2\��)(1 − u��)a,                             0 ≤ \�� ≤ (u��4 +  1 − u��2 )
s((4\�� − 1)u��  +  (4\�� − 2)(1 − u��)),             (u��4 +  1 − u��2 ) ≤ \�� ≤ (u��2 +  3(1 − u��)4 )
x((2\�� − 1)u�� +  (4\�� − 3)(1 − u��)) ,            (u��2 +  3(1 − u��)4 ) ≤ \�� ≤ 1

_ 

which implies that 

k(\��, 0) =
⎩⎪⎨
⎪⎧ ℎ(2\��), 0 ≤ \�� ≤ #%s(4\�� − 2), #% ≤ \�� ≤ �(x(4\�� − 3), �( ≤ \�� ≤ 1

_  

k(\��, 1) =
⎩⎪⎨
⎪⎧ ℎ(4\��), 0 ≤ \�� ≤ #(s(4\�� − 1), #( ≤ \�� ≤ #%x(2\�� − 1), #% ≤ \�� ≤ 1

_  
Clearly, k is continuous by Lemma 3.9, since k(\��, 0) = ℎ ∗ (s ∗  x)(\��), 

 k(\�� , 1) = (ℎ ∗ s) ∗  x(\��), k(0, u��) = ℎ(0) and k(1, u��) = x(1) 

then (ℎ ∗ s) ∗  x ≃t ℎ ∗ (s ∗  x). Thus, the result follows. 
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Lemma 3.23. Let q: (U,  VXW) → (U,  rXW) be a constant loop. Then [q] is the identity of ~#`(
, 2), ���a. 

Proof. Let q(\��) = ℎ(1) for all \��  ∈ (U,  VXW). 

Goal: We are to show that there exists an identity element [q] ∈ ~#`(
, 2), ���a such 

that [q] · [ℎ] = [ℎ] = [ℎ] · [q] for all [ℎ] ∈ ~#`(
, 2), ���a. 

To show this, it is suffices to show that: 

(i) ℎ ≃t (q ∗ ℎ)  (ii) ℎ ≃t (ℎ ∗ q) 

(i) Consider the concatenation of a constant loop q: (U,  VXW) → (U,  rXW) and a loop ℎ 

q ∗ ℎ(\��) = {q(2\��),           0 ≤ \�� ≤ #%ℎ(2\�� − 1), #% ≤ \�� ≤ 1._  
 Thus, the function k ∶ (U,  VXW) × (U,  rXW)  →  (;, σ)  defined by 

k(\�� , u��) = { q(\��),                                                             0 ≤ \�� ≤ #=�57%ℎ`(\��)(u��)+(2\�� − 1)(1 − u��)a, #=�57% ≤ \�� ≤ 1_  
is homotopy between ℎ and (q ∗ ℎ) i.e., k is continuous by Lemma 3.7, 

k(\�� , 0) = {q(2\��),           0 ≤ \�� ≤ #%ℎ(2\�� − 1), #% ≤ \�� ≤ 1_  
k(\��, 1) = ℎ(\��),  k(0, u��) = q(0)  and k(1, u��) = ℎ(1). Then ℎ ≃t (q ∗ ℎ). 

(ii) Consider the concatenation of a loop ℎ and a constant loop q: (U,  VXW) → (U,  rXW) 

ℎ ∗ q(\��) = {ℎ(2\��),           0 ≤ \�� ≤ #%q(\��),             #% ≤ \�� ≤ 1_  
 Thus, the function k ∶  (U,  VXW) × (U,  rXW)  →  (;, >) defined by 

w(\�� , u��) = {ℎ`(\��)(u��)+(2\��)(1 − u��)a,             0 ≤ \�� ≤ #��57%q(\��),                                                                #��57% ≤ \�� ≤ 1_  
is homotopy between ℎ and (ℎ ∗ q) i.e., k is continuous by Lemma 3.9, 
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w(\��, 0) = {ℎ(2\��),           0 ≤ \�� ≤ #%q(\��),             #% ≤ \�� ≤ 1_  
w(\�� , 1) = ℎ(\��), w(0, u��) = ℎ(0)  and w(1, u��) = q(1). Then ℎ ≃t (q ∗ ℎ). 

Hence, [q] · [ℎ] = [ℎ] = [ℎ] · [q] for all [ℎ] ∈ ~#`(
, τ), ���a. Thus, the result follows. 

Lemma 3.24. For each [ℎ] ∈ ~#`(
, 2), ���a there exists [ℎ=#] ∈ ~#`(
, 2), ���a 

such that [ℎ] · [ℎ=#] = [q] = [ℎ=#] · [ℎ]. 
Proof. Let [ℎ] ∈ ~#`(
, 2), ���a. 

Goal: We will show that there exists [ℎ=#] ∈ ~#`(
, τ), ���a such that 

[ℎ] · [ℎ=#] = [q] = [ℎ=#] · [ℎ]. 
To prove this, it is suffices to show there exists a constant loop q: (U,  VXW) → (U,  rXW) 

such that ℎ ∗ ℎ=# ≃t q ≃t ℎ=#  ∗ ℎ i.e. 

 (i) q ≃t (ℎ ∗ ℎ=#) 

(ii) q ≃t (ℎ=# ∗ ℎ) 

For (i): We define a concatenation 

ℎ ∗ ℎ=#(\��) = { ℎ(2\��),           0 ≤ \�� ≤ #%ℎ=#(2\�� − 1), #% ≤ \�� ≤ 1_  
such that ℎ(1) = ℎ=#(0), then the function k ∶  (U,  VXW) × (U,  rXW)  →  (;, >) defined by 

k(\��, u��) = { ℎ(2\��)(1 − u��)                        0 ≤ \�� ≤ #=�57% ℎ=#((2\�� − 1)(1 − u��))         #=�57% ≤ \�� ≤ 1_  
is homotopy between q and (ℎ ∗ ℎ=#), i.e., k is continuous by Lemma 3.9, 

k(\�� , 0) = {q(2\��),           0 ≤ \�� ≤ #%ℎ(2\�� − 1), #% ≤ \�� ≤ 1_  
k(\�� , 1) = q(\��),  k(0, u��) = ℎ(0) and k(1, u��) = ℎ=#(1 − u��). Then q ≃t (ℎ ∗ℎ=#). 
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(ii) Considering the concatenation 

ℎ=# ∗ ℎ(\��) = {ℎ=#(2\��),           0 ≤ \�� ≤ #%ℎ(2\�� − 1),      #% ≤ \�� ≤ 1_  
such that the function w ∶  (U,  VXW) × (U,  rXW)  →  (;, >)  defined by 

w(\��, u��) = {ℎ=#(2\��)(1 − u��)                        0 ≤ \�� ≤ #��57% ℎ((2\�� − 1)(1 − u��))                #��57% ≤ \�� ≤ 1_  
is homotopy between q and (ℎ=# ∗ ℎ) i.e., w is continuous by Lemma 3.9, 

w(\�� , 0) = {ℎ=#(2\��),           0 ≤ \�� ≤ #%ℎ(2\�� − 1),      #% ≤ \�� ≤ 1_  
w(\�� , 1) = q(\��),   w(0, u��) = ℎ=#(0) and  w(1, u��) = ℎ(1). Then q ≃t (ℎ=# ∗ ℎ). 

Hence  [ℎ] · [ℎ=#] = [q] = [ℎ=#] · [ℎ]. 
Thus, the result follows. 

Corollary 3.25. The set ~#`(
, 2), ���a together with the operation · as defined 

above is a group. 

Proof. The prove follows immediately from Lemmas 3.21, 3.22, 3.23 and 3.24. 

Proposition 3.26. Let �: `(
, 2), ���a  → `(;, 2), <��a, >: `(;, 2), <��a  → `(o, 2), \��a  

be two continuous maps of pointed rough topological spaces. Then, 

a) � induces a homomorphism ~#(�): ~#`(
, 2), ���a  →  ~#`(;, 2), <��a 

b) ~#`(
, 2), ���a  ≃t  ~#`(;, 2), <��a 

c) The homomorphism ~#(>) · ~#(�): ~#`(
, 2), ���a  →  ~#`(o, 2), \��a is equal to 

the homomorphism ~#(> ∗ �): ~#`(
, 2), ���a  →  ~#`(o, 2), \��a 

d) For � ∶ `(
, 2), ���a → `(
, 2), ���a the identity map, we have ~#(�): ~#`(
, 2), ���a →  ~#`(
, 2), ���a as an identity map of groups which is isomorphism. 

Proof. 

For (a): Define ~#(�): ~#`(
, 2), ���a  →  ~#`(;, 2), <��a by ~#(�)([ℎ]) = [� ∗ ℎ] 
for all [ℎ] ∈ ~#`(
, 2), ���a. Let [ℎ], [s] ∈ ~#`(
, 2), ���a. Then 
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~#(�)([ℎ]) ·  ~#(�)([s]) = [� ∗ ℎ] · [� ∗ s] 
= [(� ∗ ℎ) ∗ (� ∗ s)] 
= [� ∗ (ℎ ∗ s)]  
=  ~#(�)([ℎ ∗ s]) 

= ~#(�)([ℎ] · [s]). 
For (b): It is suffices to show that ~#(�): ~#`(
, 2), ���a  →  ~#`(;, 2), <��a is 

bijective. 

 Let s=# be rough path between point <�� and ���, define ~#(�): ~#`(;, τ), <��a  → ~#`(
, τ), ���a by ~#(�)([s]) = [�=# ∗ s], then 

~#(��)([s]) = ~#(�)~#(�)([s]) 

= ~#(�)([� ∗ s]) 

= [�=# ∗ � ∗ s]  
= [� ∗ s]  
= [s].  

 Also, ~#(��)([s]) = ~#(�)~#(�)([s]) 

= ~#(�)([� ∗ s]) 

= [� ∗ �=# ∗ s]  
= [� ∗ s]  
= [s].  

For (c): For all [ℎ] ∈ ~#`(
, τ), ���a, we have  

~#(>) · ~#(�)([ℎ]) = ~#(>)([� ∗ ℎ]) 

= [> ∗ (� ∗ ℎ)]  
= [(> ∗ �) ∗ ℎ]  
= ~#(> ∗ �)[ℎ]. 

For (d): It is suffices to note that ~#(�) sends any rough loop to itself, since � ∗ ℎ = ℎ 
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for all RL ℎ ∈ o`(
, τ), ���a. Therefore it induces the identity morphism on fundamental 

groups of RTS. 

Follow from (c) above � ∗ �=# =  � and �=# ∗ � =  � are rough identity functions. 

Therefore ~#(�) · ~#(�=#) =  ~#(�) and ~#(�=#) · ~#(�) =  ~#(�) are identity 

isomorphism, hence ~#(�) is an isomorphism. 

4. Conclusion 

We considered the theory of rough sets to the structure of fundamental group. We 

introduced the concept of fundamental group of rough topological spaces by defining the 

concept rough path, rough loop and rough homotopy using the definition of rough 

topological spaces in [3]. 
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