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Abstract

The main objective of this work is to introduce a new generalization of Hurwitz-Lerch
zeta function of two variables. Also, we investigate several interesting properties such as

integral representations, operational connections and summation formulas.

1. Introduction

The Exton hypergeometric function Hp: g/?/iDN of two variables [9, p.339 (13)] is

defined by

,C,D{( a): (g): (cc): (dp): y}
(e£) : ’

A:B
PEGIN (er) s (g () (v )

i [(@a)lyis j (8] Lcc) U@, &y

= (0<[x[<n0<|y[<1), (1D

,’J:O[ er ]2,+][(gG ],+J[ mM ] [”N ]J il
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where for the sake of convenience (in the contracted notation), (a4 ) denotes the array of
A parameters given by ay, a,, ..., a4 in the contracted notation of Slater [17, p.54]. The

+ +M -
symbol A(M ; a) represents an array of M parameters i, a4 1, ey atM-1 [21,
M M M

p-47, pp.213].

The special case A =FE =0 in (1.1) reduces to the Kampé de Feriet double
hypergeometric function [22, p.423 (26), see also[23, p.23 (1.2,1.3)]

B:C: 0:B:C i [(65)] i+ [(cc)l; [(dD)]J x y

C;D
Foorn( y)=H :
G M N 0:6:M [(26 )]s L0ma LG 0

i, j=0
(O<|x|<L0<|y|<1). (1.2)

Similarly, when B = G =0, then (1.1) reduce to the double hypergeometric function
due to Exton [10, p.137 (1.2)]

[(aA)]2i+j[(CC)]i[(dD)]j x_’y_f
i, j=0 [(eE)]2i+j[(mM )]i[(nN)]j il

A:C;D _
XE:M;N(X’ y) =

2

O<|x|<L0<]|y|<1) (1.3)

which, for A=D=E=N=0 and y =0 we shall obtain the generalized
hypergeometric function CFM defined by [20, p.19 (23)]

CFM{ ),} Z

where C and M are positive integers or zero; my, # 0, —1, — 2, ... . The Hurwitz-Lerch

x—' (1.4)

I—IN

zeta function ®(z, s, a) is defined by (see [8, 19])

®(z, 5, a :Z Y, (a0C\Zg; s OC when | z| < 1; R(s) > 1 when | z| = 1).
z=0

(1.5)

Recently many researchers investigated and studied various generalizations of the

Hurwitz-Lerch zeta function ®(z, s, a). The latest development and properties of such

http://www.earthlinepublishers.com



Hurwitz Zeta Function of Two Variables and Associated Properties 299

generalizations is found in the recent work of various researchers (see e.g., [2, 3, 4, 5, 6,
7, 14, 16, 18, 19, 24, 25]). Very recently, Pathan and Daman [16] introduced another

generalization in terms of double series representation:

i (0);(B):(N);W); 24/

i 520 (V);(v);(a+ pi +gj)° 1 i

O yon v 15 16

Where y,v,a2{0,-1,-2,..}, sOC, p,qg>0, R(s)>0 when |z|, 7| <1 and
R(y+v+s-a-B-A-p)>0 when |z||t]=1.
Motivated essentially by various extensions of the Hurwitz-Lerch zeta function, we

introduce a new extension of the generalized Hurwitz-Lerch zeta function of two
variables defined as follows:

P BVAHVPO(

mnrvwz’t’s’a)

; (1.7

i { ]21+1 ]z+j[(V1)],~[(7\m)]j i

720 [ i 1) 1000 ) it 1 (a + pi + 4j)°

where O, ..., Op, By coos Bis Yis v Yio Ay vees Ay OG5 Hyy ey Hyps Vis os Vs Py vens
Py, Opy s 0, a 0C\Zg; p,g>0;, sOC, R(s)>0 when |z||z]<1l; and
R+t Yy, FV+ Vv, +p++p, +O + O, Fs -0~ -y, —B -
=B Vi ==Y A e mA,)

(1.7) are given below.

. Some special cases of

In the case when h=k =n=r =0,/ =m =2 and v =w =1, then (1.7) reduces

to equation (11) of [16] which is given in (1.6). In the case when k = r = 0, then we get

2 (o) Lv)LIG)], i)
pquay}\”pcz,tsa: 21” < . (1.8)
lmnvw léo (ul’l ]2[+J[ ][(0 ]J l' (a+pl+q})s
where Oy, ..., Oz, Vs s Yis A o, Ay, OCs Yy, o Byl PLs oo Pys Ofs ey O @ U
C\Zgy; p,q>0, sOC, R(s)>0 when |z|,|t]| <1 and Ry +..+W, +p; +
weF P, +O .+ 0, s =0 = =0~ .= Y; —A; —..=A,) >0 when |z],

|| = 1. Similarly, if # = n = 0, we have
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pqq)B,v,A,v,p,c (1, s, a) Z [(Bx) ,+J[(Vl ] (A ] Z't! . (1.9

kilym, rv,w 52 (Vr l+j[pv],~[ W]jl!j!(a+pi+qf)s

where Bl’ veey Bk’ Vl’ veey Vl’ )\1, ceey )\m O C, Vl’ veey Vr, pl’ veey pV’ 01, ceey GW’ al
C\Zg; p,q>0; sOC, R(s)>0 when |z|,|7|<1; and R(v; +..+V, +p; +..+

P, +O;+..+0, +s—PB—.=Br Vi —.mY; ~ A —.mA,,) >0 when |z]|7]

=1, which, for / = m = v = w = 0, we obtain the following:

PAOBY(z 1,5, a)= Y E b ! , (1.10)

[J:O vr ]l+] l' (a+pi+q])s

where B, ... By OC; vy, ..,Vv,,al0C\Zy; p,q>0, sOC, R(s)>0 when
|z],|t] <1; and R®(v; +..+V, +5=PB; —...—B) >0 when | z|,|z| =1. Now, if in

(1.10), we let p = g =1, then after some simplification, we have

quag" 6 s, a) Z[(Bk Ny (z+0)" (1.11)

[(V N N!(a +N)
where By, ..., By OC; vy, ..., V,, a OC\Zg; sOC, R(s) >0 when t|<1; and
RV +..+Vv, +s-B; —...—Bx) >0 when |z|,|z|=1. By making suitable

adjustments in the number of numerator and denominator parameters of (1.11), it gives
the following relationships:

Mob(z 15, a) = gz +1. 5. a). (1.12)

Mloj(z 1,5, a) = Oz +1, 5, a), (1.13)

qu)%[l, L a) ={(s, a), (1.14)
272

where N an s, a) are the generalize urwitz-Lerch zeta function (see ,
here @5, ® and (s, a) are the generalized Hurwitz-Lerch function (see [11

p-100, (1.5)]), the Hurwitz-Lerch zeta function defined by (1.5) and the Hurwitz zeta
function (see [8, p.24, (1)]), respectively.
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2. Integral Representations

Theorem 2.1. The following integral representation holds true for

p,qch:B;y;)"u:V;p;o(Z, t, s, a):

‘k;lymoniryviw

P»CIQDZZB;V;)\,HIV;P;U(Z’ t, 5, a)

kilymoniriviw

L (% s-1 —axp hikilim (az) = (Br); (vr): (N\0); p———
Gl 7 O 0 oy e @

(min{R(s), R(a)} >0 when |z|<1(z#1), |t|<1(t#1); R(s)>1 when z =1,
t=1).
Proof. Using Eulerian integral formula (see, e.g., [8]):

1

r(s)

in (1.7) and then, changing the order of the integral and the summation, and using
definition (1.1), yields the proof of (2.1).

(@+i+j)° = j 0°° ST @D g (min{R(s), R(a)} > 0; 7, jON) (2.2)

Similarly, by means of the relation (2.2), we can give the following corollary.

p Pd O YV:A PO

Corollary 2.1. The following integral representations fo Dol moveow (z,1,5,a),

PaBYAVRO (g and PAORY (2,1, s, a) in (1.8), (19) and (1.10) holds

k;lym,r;viw

frue:

p,qq,z:v;hu:p;cr(z’ 5, a)

myniv;w
1 @ =1 —axy h:lim (ah) : (yl); ()\m)’ - px —gx
= —— X , dx, 2.3
o e "-V’W{(un):(pv); I
. .)\ ey
PR e 1 s, a)
© - I sk A ) - -
:LI x* e axF,]f’Vl.’x’ (Be): (vr): Q) ze PX te™ " | dx (2.4)
r(s)Jo LV (R (04);
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and

1 [ -1 - (Br);s - -
p’quB’V(Z, t, s, a)= J- x* Tl kF{ ze P+ re” ¥ | dx (2.5)
k. r r(s)Jdo "L(v,);

(min{R(s), R(a)} >0 when |z|<1(z#1), |t|<1(#1); R(s)>1 when z =1,
t=1).

Theorem 2.2. Each of the following integrals for p’quZ::E;X;n)::S;Z;E;VS(Z, t, s, a)
holds true when h = n, k = r and | = v, respectively

p,qcD(x:B;y;)\,p:v;p;o

n:k;l;m,n:r;v;w(z’ LS, a)

_ M) T(,)

1 1
S B e LY (It e |
r(al)--~r(an)r(u1—a1)~--r(un—an)fo Jor =)

=0, — 3YsA, V0
X .oo(1 = x;Mn~%n 1p’qug;xm,r;f;w(xlz"'xl%Z’ X\ Xty S, a)dxy - dx,,

(R(a,) >0, R, —a,)>0,u=1,2,..,n)), (2.6)

= ZkF(Vl)---F(\)k) E--- 3 sin? x Bl_l cos? x Vl_Bl_l
T BT B oy gl M e R

1 1
x -« (sin? x;, )P 75 (cos? x; )k Pk ”%Z;X;ﬁ: 55 o

(sin? x; ---sin? x; 2,
sin? x; ---sin® x;1, 5, a)dx; - dx,

(R(B,) >0, R(v, -B,) >0, ( =1, 2, ..., k)), @.7)

P-4 @B ;A Vi p;0
q)h:k;l;m,n:r;l;w (Z’ £, S, a)

- o) Tloy) [ U
PO T (er =)+ Tor = i) 0 O (1+x)P  (1+x)"
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pagupauvio(_x__x
X qjh:k;m,n:r;w((l + xl) (1 +x1) Z,t, 8, a dxl dxl,

(R(V) > 0, Ry = Vi) >0, (w =12, ..., 1)). (2.8)

Proof. To prove each of the integral representations from (2.6) to (2.8), it is enough
to substitute the expression of the generalized Hurwitz-Lerch zeta function in each
integrand and then to change the order of the integral and the summation, and finally
taking into account the following Eulerian integrals (see, e.g., [8, p. 9-11], [19, Section
1.1]:

1

B(a, b) = I . N1 = ), (2.9)
n
B(a, b) =2 J’ 2 (sin )27 (cos x)22 71 g, (2.10)
00 xa—l
Blab)=[ —* 2.11
(@)= T @.11)

(R(a) > 0, R(p) > 0).
Theorem 2.3. The following integral representations holds true:

P-4 pA:BY: A 1:vip;0
q)n:k;l;m,n:r;v;w(z’ L, s, a)

_ M) T (y) I‘” Ime—<a1x1+~-+anxn+ay)
May)-F(a,)M(wy — o) T, —a,)r(s)do Jo

x (1 - e M) Mi=ap=1 ... (] — ¢~ )M ~Gn~1 571

x Frkvlv’:{(Bk )} (v o) oAk 2t py), te_(x1+'”+x"+qy)}dx1 -+ dx,dy,
P ACHACME

(min{R(s), R(@)} > 0; R(a,) >0, R(W, —a,) >0, (4 =1,2, .. n), (2.12)

P»QQDZZB;V;)\,HIV;P;U(Z’ t, 5, a)

kilmonikiv,w
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- M(vy)- (Vk) J’ .[ A
F@B) TR (v —By) O (14 x )1 (1+ x; )k
x x il m|:( w) (V) () xp - xpe P . Xy xpe P .
T ) 1 (R ) (000)s (14 X )Vt (U x )V (1 x )V (14 xy )k

X dxy -+ dx; dy,
(min{R(s), R(a)} > 0; R(B,) >0, R(v, -B,) >0, (u=1,2,..,k)). (2.13)

Proof. Using (2.2) and the Eulerian Beta function formula [8, p.11 (24)]
Bla.b) = [ () (- ax (3(a) > 0. %) > 0),

which implies that

P4 gY: BVAHVPG(Z’t’S’a)

n:kylymn:r;v,w

= C) Ty Jm...jm(l —e_x1)ll1—0(1—1
X oo (1 — e_xn )un _Gn_le_al)q .“e—anxn ys—le—ay

2, [(Be) ,+J[(Vl ] [\ ]- (Ze‘(2X1+"'+2xn+PY))i(,e—(X1+~'+xn+qy))j

x
l;o (Vr l+j[ pv ][[ W]_] l‘J‘
X dxy -+ dx,dy.

in view of definition (1.2), immediately yields the first equality (2.12). By employing
formulas (2.2) and (2.11), and exploiting the same procedure leading to (2.12) one can

derive the second equality (2.13).
Now, by using the contour integral [8, p.14 (4)]

— -1 (0+) _ o\l —x _
r(s)—mjm (=x)° e Fdx, |arg(-x)| s T (2.14)

we can give the following theorem without proof.
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Theorem 2.4. Let R(a) > 0 and |arg(- x)| < 1T Then

P:d B YA UiV p;0
@ klmnrvw(z’t S’a)

21U

_ - ra- S)J‘(O"') (- x)s_le_axH,}ll::,l,{.;\f.;$|:(ah) F(Be): (vi) () e Px, te_qx:|dx.
© o : ; w)'
(2.15)
Theorem 2.5. The following Mellin-Barnes contour integral representation of (1.7)
holds true:

P qua'B’y’)\’“'v’p’o(Z,t S, a)

h:k;lmn:r;v,w

t

l m

h k
FETE ] Mo + 20+ )] TBy +x+9)[] T + AT O + )
u=1

u=1 u=1

[+ 20 s e 0[] o+ O ] o)
u=l1 u=l1 u=l1 u=1

Al px+ @) (- 2)* (- 1) dxdy. (2.16)
[F(a + px +qy +1)]°

(larg(=2)| < m [arg(~1)| < ).

Proof. If we evaluate the integral as a sum of the residues by calculus of residues at
the simple poles of (- x) at the points x = =i (i ON;) and (- y) at the points

y =—j (j ONp), we immediately find the following series expansion:

r(vy)

—1=
—
—_
=
~
—1-
—1-
—
—
2
~
—=
—
—
=Q
~

<
1l
—
<
1
—
<
1
—
<
1
—

Fv. )] T O)

r(B.)

:ﬁ|w
5.
:|N
js

<
1
—
<
1
—
<
1
—
<
1l
—
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l

k

My, +21+J|_| By +i+ AT + D[] T + 1)
u=l u u
;

:w
N E

=1

1
—

<

X
1DMe
:|=i

Mo, +J)

.

M(u, +2i+j |_|I'(v +i+j |_|I'(pu+i)

=1 u

<
1

—
1l

—

irJ
% 7't

>

il jl(a + pi + gj)°

which is just the 7 qdba ,E’lyn);y;’vpvg(z, t, s, a). This completes the proof.

By exploiting the following well-known integral formula [12]:

ami(1 =) 1(s) = [ s+ (- ) (- )

c—io
(n, s OC, R(s) > 0; |arg(n) | < 1), (2.17)
we can derive the following integral representation.

Theorem 2.6. For R(b) >0, R(a —b) >0 and R(s) >0, the following integral
holds true:

pq¢0 BW\HVPO(Z,I 5, a)

m,n:r;v,w

210 =i r(s) LA

1 petior(s + )M (= x) (p) ) I B YMUNRO (L xq = b)dx. (2.18)

Proof. Let us denote, for convenience, the left-hand side of assertion (2.18) by A.
Then considering the definition (1.7), it is easily seen that:

pe 5 Ll B0 (DL ),
()L [0 L (0000,

i, j=0

y (b)_S{LICHOOr(S +x) (- x) (a -b+pi+ qj)xdx:|,

271 J c—ioo r(s) b

which, upon using (2.17), leads to the desired formula in (2.18).
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3. Operational Connections

Here we begin by recalling the following formula is known consequences of the

derivative operator D, [15]:

x!=————=x'", n-uz0. (3.1

= [(ah)]Zu[(Bk)]u[(yl)]u P’qq>°‘+2":BW;V+”;)\,H+2u:v+u;p+u;0
[(l"ln)]zu[(vr)]u [(pV)]u hikilmn:rv,w

D! p,qq)Z:B;v;?\,utv;p;O(Z’ )

kilymonir;v,w

(z.1,s,a+ pu), (32)

- (o)1, B[], P 0B VoAb, Wb Ve O+
[(I‘J'")]u[(vr)]u[ Ov)]u h:kslym,n:ryviw

up' p,ggpd:BY;A Hiv;p;o
DDy P, e (@ 15, a)

(z, 1, 5, a + qu), (3.3)

LT P (<79 et ((7 | (0D
[(o

[(l"ln )]2u+u'[(vr)]u+u’[(pv)]u v)]u'
D> Gy O 2utu’ :Brutu’s yrus N+u', p+2u+u' v+utu's ptus o+u’ '
X q)h:k;l;m,n:r;v;w (Z’ 8 s,a+pu+qu),
3.4
Brys A pivip;
DX p’quZ:,E;Zm’E:xEVS(Z, t, s, a)
= (=1)"(s), IO E IR0 (1 s +u,a), (uON). 3.5)

Proof. L.H.S of (3.2) after using (3.1) gives

DZ P,qq;ZiB;v;Nu:V;p;G(Z’ t, s, a)

kyl,moniryviw
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i { ]2,.,.] ],+j[(Vl)]i[(7\m)]j Zi_ul‘j (3.6)

i, j=0 ]21+][(Vr)],+J[( )] [(Ow)] (l - I/t a + pl + Q]) .

If we put i — i +u in (3.6), after little simplification and using definition (1.7), yields

the result (3.2). In the same manner, one can prove the relations (3.3)-(3.5).

Dsq OB YA VPO .
Now, we give the derivative of the function CD Bik:lom e rvew (z, t, s, a) with
respect to the argument p and ¢, respectively.

Theorem 3.2. Let b I R. Then

0
9 papa:ByAp:vipo _
ap q)hklmner(Z,t,S 1,a+pb)

(z, 2,5, a+ p(b+1))

I A CRICT PRI SREGREHS
- )[[(u,, LR Chikitimnirivi

+pP AL PNV 1 s a+ pb) |, 3.7)
0 .
aqpq(DZ,E’ly ’Vp;’vg(z, t,s =1, a+qb)

= (1 H(S: ]][[(\E))k ]][[()\ } P q¢2+k1 1[34”-11’2/ i\:lvtul v+1;p; GH(Z, fs.a+ q(b + 1))

+ P AQUENNMNL Ok gb) |, (3.8)

h:k;lym,n:ryv,w

Proof. We have

0 a:B VA,
9 p.q V:A Vi p: O _
ap q)hklmnrvw(z’t’s 1,a+pb)

N (Y P (9 R (IR () Zigd
1 S Zz ]21+J[(V ]l+j[(pv ] [(0 ] ( 1) (a+p(b+l)+q])

i=1 ]:0
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(3.9)

Z -~ [(ah)]2i+j[([3k )]i+j[(yl )],[()\m)]j zitj
bz Z [(p.n)]2i+j[(v,,)]l-+j[(p‘,)]i[(dw)]j i!j! (a + p(b + i) + qj)s

By setting i — i +1 in the first summation of the equality (3.9), and simplifying, we
obtain the result (3.7). Similarly, one can prove the equality (3.8). In similar way, we can
prove the following theorem.

Theorem 3.3. Let u O R. Then

a""IQJO(By)‘“Vpo(z,t,s—l,a+ub)

ou h:k;lym,n:ryv,w
=b(1 -s5)" qCDZ,Ely’;\s:fvg(z, t, s, a+ub). (3.10)

On other hand side, we now use the following equality in order to derive the
differentiation formula for our generalized Hurwitz-Lerch zeta function of two variables:

(a+pi+tg) =€ log(a+pi+qj) (3.11)
Theorem 3.4.

D! P agY B v: A p:vip;0

hklmnrvw(z’t’s’a)

, u>0. (3.12)

i [ ]2,+j ]l+j[(yl)]i[()\m)]j zitj[— log(a + pi + cy)]u
e (R YR (\79) POt (19 L (C9) PR B GRS PR ¥

Proof. By using the formula (3.11) in (1.7) and differentiating with respect to s, we
can easily obtain the desired result.

Further, if we use the diagamma function, defined by [1, p.74 (2.51)]

d ()
=L r L oy #0.-1,-2, .. 3.13
W(y) % (y) = O (3.13)

other differentiation formula would occur as follows:

Theorem 3.5. For the generalized Hurwitz-Lerch zeta function (1.7), we have

h
d a:By; A v
I_l(aa qu(D Bm5r£ (z,t, 5, a)

u=l1
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i (CTR) (% (1 (90 PR
[ ]21+][(Vr)]l+j[(pv)]i[(0w)]j i!j!(a + pi + CZ])S

i, j=0

h
I_l [lIJ(GM +2i+ J) - LlJ(Gu)],
u=l

(a, OC\Zg, u =1,2, ..., h). (3.14)

Proof. Equation (3.14) can be easily obtained by using (3.13). Finally, we derive the
following connections.

Theorem 3.6. If R(y;) > 0 and R(A,,) > 0, then following results hold true:

_ 1 A,
DEW Pv)[zw P-4 B Y 2 rt: v fvcl Nzt s, a)]

(p,) nikel z,t, 5, a), (3.15)
v
Py ( m~Ow 1)\ -1 Bry;A UiV p;0
Dgw P )Df [ - P qq)h.k;l—l;m—l,n:r v=1 w—l(Z’ L, s, a)]
_ Ty)r(A,) py=1,0,, -1 aBy)\pvpo
‘Wr(om)Z AL o mireviw (& 1> 5, @). (3.16)
\% w

Proof. Consider the left hand side of (3.15), then in view of (1.7), we have

D(w -py) [V P qq;“ BV{‘;‘ f Ll ts, a)l

_ D(yl _pv) - [(ah)]2i+j[(Bk )]i+j[(yl—1)]i[()\m)]j zyl +i_1tj

i, j=0 [(Un )]2i+j[(Vr)]i+j[(pv—l)]i[(0w)]j il j! (a + pi+ ‘l])v

(3.17)

Upon using the relation (3.1) readily leads to the right hand side of (3.15). Applying the
similar procedure used in (3.15), we get the formula (3.16).

4. Summation Formulas

In this section, we obtain some sums for the generalized Hurwitz-Lerch zeta function

a: A U:V; P, 0 .
Pao, . ,Elymsrva(z, t, s, a) as follows:
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Theorem 4.1. The following summation formula hold true:

pqq)a.B,y,)\,u.v,p,c(Z,t s, a—x Z( u pq(DZElV Vp (Z,l s +u, a)x

h:k;lymn:r;v,w

(x|<|al;s#1). 4.1)
Proof. Using (1.7), we get

P-4 @B VA pivipio

hklmnrvw(z’t’S,a—x)

i [(Gh ]2,+J )],+J[(yl)] [()\m)]J Zilj
i j=0 [(lJ'n ]2,+J[ Vy ]i+j[(pv ],[ cw)]j i!j!(pi +qgj+a- x)s

_ i [(ah)]25+j[([3k )]i+j[(yl )],[()\m)]J zitj (1 _ X J_s

[(un)]2i+j[(Vr)]i+j[(pv)]i[(ow)]j il j!'(a + pi + gj)’ at+ pi+gqj

i, j=0
i ]21+J ]i+j[ vi) ][ ] j 't/ ]xu,

! i, j=0 ( ]2,+j[(vr)],+1[(pv)] [(0 )]j il j! (a + pi + ‘l])s+u

which in view of definition (1.7), yields proof of (4.1).

Theorem 4.2. Let max{| z/b|, | t/b[} <1 and | b| < R(a). Then

Z (n), (") \n),\n')y pqq)(x By)‘uvpc(z,t,s+u+u',a—b)x"y”'

wu'! kilym,n:r;v;w
u,u'=0

i (ah ]2,+J )]i+j[(yl )],[(Am)]J zitj

i, j=0 (p-n ]2,+j[(Vr)]l+j[(pv)]i[(ow)]j i!j!(a + pi + qj)s

b X y
(a+ pi+qj) (a+pi+q) (a+pi+qj)

x Fg(s, s, s, 1,0, N5 s, s ] 4.2)

Proof. We have

(o]

(n), (n) A, , ,
z u!u'vupqmafymsr\?yg(z,taS"'M"‘u,a—b)x”y”
u,u'=0
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i i G AL, i
]21+][( r)]l+J[(pv)]l[( w)]j l!j!(a + pi + (Z])S

i _]:O
X i (S)u+u'+u" (r])u (r]’)u' |: b :|u |: X :|M|: y :|u
u,u',u"=0 (S)M"'M'u!u,!u”! (a tpit ‘U) (a +pit ‘U) (a +pit QJ)

Now, by using Lauricella’s series of three variables F; defined by (see [13, 20])

FG(E’ Ey E’ rl’ rl’y rl”; T9 v, Vv, x19 xz’ x3)

00 ' "

- Z (&) () (M) () '3 x5
uu',u" =0 (0, () wu'lu"!

we get the required result.

Theorem 4.3. The following relation holds true:

pqq,a thuvpo(z,rx,t,s’a)

h:k;lymn:r;v,w

_ = ()] B,
Z LIV,

u

% D q¢a+u BHu; y; N +u, Pt v+u; p; 0+M(Z, fs a+ qu)x—, (l xl < 1)‘ 4.3)
u!

h:k;lymn:r;v,w

Proof. The proof is a direct application of the formula (cf. [17, p.63, (2.8.8)]

© u

Flety) = r i

u!
u=0

Theorem 4.4. The following summation formula for the generalized Hurwitz-Lerch
zeta function (1.7) holds true for s # 0, 1, 2, ...:

(o]
pq a:B;v;A, u:v;ip;0 _
u! q)klmnrvw(z’t’s u’a)
u=0
S e R ()
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Proof. Replacing s by s —u in (1.7), multiply during by x"/u! and then sum up, we
obtain (4.4).

Theorem 4.5. The following result holds true:

i [(o, ]2,+J[(Bk ],+J[(V1 N[ ) ]J (pi + qj) 't/

i, j=0 (un ]2i+j[( r)]l+J[(pv)]l[( w)]j l!j!(a + pi + qj)s

= quDa By)‘“vpc(z,t,s—l, a)—apq(Da By)\uvpc(z, t,s,a). (4.5)

kilymn:ryv;w kilymn:ryv;w

Proof. Denote left hand side by A, so that

i ]2l+j[(Bk ]l+j[(yl ] [()\ ]j [(a + pi +qj) - (pi + qj)]zitj
]21+][( r)]l+J[(pv)]l[( w)]j i!j!(a + pi + QJ)S

l,_]—O

= Pa@OB VARV g ) - A,

h:k;lymn:r;v,w

yields the theorem.
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