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Abstract 

In this paper, by using t-conorms, we define the concept of anti fuzzy equivalence relation 

and anti fuzzy congruence relation on ring R and we investigate some of their basic 

properties. Also we define fuzzy ideals of ring R under t-conorms and compare this with 

fuzzy equivalence relation and fuzzy congruence relation on ring R such that we define 

new introduced ring. Next we investigate this concept under homomorphism of new 

introduced ring. 

1. Introduction  

A ring is a set equipped with two operations (usually referred to as addition and 

multiplication) that satisfy certain properties: there are additive and multiplicative 

identities and additive inverses, addition is commutative, and the operations are 

associative and distributive. The study of rings has its roots in algebraic number theory, 

via rings that are generalizations and extensions of the integers, as well as algebraic 

geometry, via rings of polynomials. These kinds of rings can be used to solve a variety of 

problems in number theory and algebra; one of the earliest such applications was the use 

of the Gaussian integers by Fermat, to prove his famous two-square theorem. There are 

many examples of rings in other areas of mathematics as well, including topology and 

mathematical analysis. In mathematics, an equivalence relation is a binary relation that is 
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at the same time a reflexive relation, a symmetric relation and a transitive relation. A 

congruence relation is an equivalence relation whose domain X is also the underlying set 

for an algebraic structure, and which respects the additional structure. In general, 

congruence relations play the role of kernels of homomorphisms, and the quotient of a 

structure by a congruence relation can be formed. In many important cases congruence 

relations have an alternative representation as substructures of the structure on which 

they are defined. E.g. the congruence relations on groups correspond to the normal 

subgroups. In mathematics, fuzzy sets (aka uncertain sets) are somewhat like sets whose 

elements have degrees of membership. Fuzzy sets were introduced independently by 

Zadeh [30] and Gottwald [4] in 1965 as an extension of the classical notion of set. In 

classical set theory, the membership of elements in a set is assessed in binary terms 

according to a bivalent condition an element either belongs or does not belong to the set. 

By contrast, fuzzy set theory permits the gradual assessment of the membership of 

elements in a set; this is described with the aid of a membership function valued in the 

real unit interval [0, 1]. Fuzzy sets generalize classical sets, since the indicator functions 

(aka characteristic functions) of classical sets are special cases of the membership 

functions of fuzzy sets, if the latter only take values 0 or 1. The concept of a fuzzy 

relation was first proposed by Zadeh [30]. Subsequently, Goguen [3] and Sanchez [29] 

studied fuzzy relations in various contexts. In [7] Nemitz discussed fuzzy equivalence 

relations, fuzzy functions as fuzzy relations, and fuzzy partitions. Murali [6] developed 

some properties of fuzzy equivalence relations and certain lattice theoretic properties of 

fuzzy equivalence relations. Samhan [28] characterized the fuzzy congruences generated 

by fuzzy relations on a semigroup and studied the lattice of fuzzy congruences on a 

semigroup. T-conorms are a generalization of the usual two-valued logical conjunction, 

studied by classical logic, for fuzzy logics. Indeed, the classical Boolean conjunction is 

both commutative and associative. The monotonicity property ensures that the degree of 

truth of conjunction does not decrease if the truth values of conjuncts increase. The 

requirement that 1 be an identity element corresponds to the interpretation of 1 as true 

(and consequently 0 as false). Continuity, which is often required from fuzzy conjunction 

as well, expresses the idea that, roughly speaking, very small changes in truth values of 

conjuncts should not macroscopically affect the truth value of their conjunction. 

T-conorms are also used to construct the intersection of fuzzy sets or as a basis for 

aggregation operators (see fuzzy set operations). In probabilistic metric spaces, 

t-conorms are used to generalize triangle inequality of ordinary metric spaces. Individual 
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t-conorms may of course frequently occur in further disciplines of mathematics, since the 

class contains many familiar functions. The author by using norms, investigated some 

properties of fuzzy algebraic structures [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 

21, 22, 23, 24, 25, 26, 27]. The purpose of this paper is to deal with the anti fuzzy 

congruence and equivalence relation on rings with respect to t-conorms, homomorphisms 

and isomorphisms of them. Section 2 contains some basic definitions and preliminary 

results which will be needed in the sequel. In Section 3, by using t-norms, we introduce 

the concept of anti fuzzy equivalence relation, anti fuzzy congruence relation and anti 

fuzzy ideal on rings and we obtain some results of them. Also we define addition and 

product of them and introduce new rings. In Section 4, we define the kernel of ring 

homomorphisms and we prove that it will be a congruence relation on rings. Also we 

show that anti characteristic function of it is an anti fuzzy congruence relation on rings. 

Next we obtain ring homomorphism and ring isomorphisms of it. 

2. Preliminaries 

This section contains some basic definitions and preliminary results which will be 

needed in the sequel. 

Definition 2.1 (see [5]). A ring ⋅+,,R  consists of a nonempty set R and two binary 

operations + and ⋅ that satisfy the axioms: 

(1) ⋅+,,R  is an abelian group; 

(2) ( ) ( )bcacab =  (associative multiplication) for all ;,, Rcba ∈  

(3) ( ) ,acabcba +=+  ( ) cabaacb +=+  (distributive laws) for all .,, Rcba ∈  

Moreover, the ring R is a commutative ring if baab =  and ring with identity if R 

contains an element R1  such that aaa RR == 11  for all .Ra ∈  

Throughout this paper, R stands for the ring ( )⋅+,,R  with an identity element R1  

and zero element R0  such that is commutative. 

Example 2.2. (1) The ring Z  of integers is a commutative ring with identity. So are 

,,,, nZCRQ [ ],xR  etc. 

(2) Z5  is a commutative ring with no identity. 
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(3) The ring 33×
Z  of 33 ×  matrices with integer coefficients is a noncommutative 

ring with identity. 

(4) ( ) 33
5

×
Z  is a noncommutative ring with no identity. 

Theorem 2.3 (see [5]). If SRf →:  is a ring homomorphism, then f induces a ring 

isomorphism .Im
Ker

f
f

R ≅  

Definition 2.4 (see [2]). A t-conorm C is a function [ ] [ ] [ ]1,01,01,0: →×C  having 

the following four properties: 

(C1) ( ) ,0, xxC =  

(C2) ( ) ( )zxCyxC ,, ≤  if ,zy ≤  

(C3) ( ) ( ),,, xyCyxC =  

(C4) ( )( ) ( )( ),,,,, zyxCCzyCxC =  

for all [ ].1,0,, ∈zyx  

Corollary 2.5. Let C be a C-conorm. Then for all [ ]1,0∈x  

(1) ( ) .11, =xC  

(2) ( ) .00,0 =C  

Example 2.6. (1) Standard union t-conorm ( ) { }.,max, yxyxCm =  

(2) Bounded sum t-conorm ( ) { }.,1min, yxyxCb +=  

(3) Algebraic sum t-conorm ( ) ., xyyxyxC p −+=  

(4) Drastic T-conorm 

( )








=
=

=
,otherwise1

,0if

,0if

, yx

xy

yxCD  

dual to the drastic T-norm. 
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(5) Nilpotent maximum T-conorm, dual to the nilpotent minimum T-norm: 

( ) { }


 <+

=
.otherwise1

,1if,,max
,

yxyx
yxCnM  

(6) Einstein sum (compare the velocity-addition formula under special relativity) 

( )
xy

yx
yxCH +

+=
1

,
2

 is a dual to one of the Hamacher t-norms. Note that all t-conorms 

are bounded by the maximum and the drastic t-conorm: ( ) ( )yxCyxC ,,max ≤  

( )yxCD ,≤  for any t-conorm C and all [ ].1,0, ∈yx  

Recall that t-norm T (t-conorm C) is idempotent if for all [ ],1,0∈x  

( ) ( )( ).,, xxxCxxxT ==  

Lemma 2.7 (see [1]). Let C be a t-conorm. Then 

( ) ( )( ) ( ) ( )( ),,,,,,, zyCwxCCzwCyxCC =  

for all [ ].1,0,,, ∈zwyx  

3. t-conorms over Anti Fuzzy Equivalence Relation on Rings 

Definition 3.1. A fuzzy relation [ ]1,0: →×µ RR  on a ring R is an anti fuzzy 

equivalence relation on R with respect to t-conorm C if the following conditions are 

satisfied: 

(1) ( ) ,0, =µ xx   

(2) ( ) ( ),,, xyyx µ=µ  

  (3) ( ) ( ) ( )( ),,,,, zyyxCzx µµ≤µ  

for all .,, Rzyx ∈  

Definition 3.2. A fuzzy relation [ ]1,0: →×µ RR  on a ring R is an anti fuzzy 

congruence relation on R with respect to t-conorm C if the following conditions are 

satisfied: 

(1) ( ) ,0, =µ xx  
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(2) ( ) ( ),,, xyyx µ=µ  

(3) ( ) ( ) ( )( ),,,,, zyyxCzx µµ≤µ  

(4) ( ) ( ) ( )( ),,,,, tzyxCtyzx µµ≤++µ  

(5) ( ) ( ) ( )( ),,,,, tzyxCytxz µµ≤µ  

for all .,,, Rtzyx ∈  

We denote the set of all anti fuzzy congruence relations on R by ( ).RAFC  

Example 3.3. Let ( )⋅+= ,,RR  be a ring of real numbers. Define RR ×µ :  

[ ]1,0→  by  

( )


 =

=µ
.otherwise55.0

,if0
,

yx
yx  

Let C be an algebraic sum t-conorm as ( ) xyyxyxC p −+=,  for all [ ],1,0, ∈yx  

then ( ).RAFC∈µ  

Proposition 3.4. Let C be idempotent and ( ).RAFC∈µ  Then for all ,,, Rzyx ∈  

the following assertions hold: 

(1) ( ) ( ) ( )( ).,,,, zyzxyzxzCyx µµ≤µ  

(2) ( ) ( ).,,
11

yxyx µ=µ −−  

(3) ( ) ( ) ( ) ( )( )( ).,,,,,, zyzxyzxzCzyzxCyx µµ++µ≤µ  

(4) ( ) ( ).,, yxyx µ=−−µ  

Proof. Let .,, Rzyx ∈  Then 

(1) 

( ) ( )11
,,

−−µ=µ yzzxzzyx  

( ( ) ( ))11
,,,

−−µµ≤ zzyzxzC  

( ( ) ) ( ).,0,, yzxzyzxzC µ=µ=   (a) 
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Also 

( ) ( )zyzzxzyx
11 ,, −−µ=µ  

( ( ) ( ))zyzxzzC ,,,
11 µµ≤ −−  

( ( ))zyzxC ,,0 µ=  

( )., zyzxµ=   (b) 

Then from (a) and (b) we get 

( ) ( ) ( )( ) ( ) ( )( ).,,,,,,, zyzxyzxzCyxyxCyx µµ≤µµ=µ  

(2) From (a) and (b) in (1) we have 

( ) ( )1111
,,

−−−− µ≤µ xyxxyx  

( ) ( )yxyyxy RR
11

,1,1
−− µ≤µ=  

( ) ( ) ( )yxxxyxxy
11

,,,
−−µ≤µ=µ=  

( ) ( )1111 ,1,1 −−−− µ≤µ= yyxyyx RR  

( ) ( ) ( ).,,1,
111111 −−−−−− µ=µ=µ= yxxyxy R  

Thus ( ) ( ).,,
11

yxyx µ=µ −−  

(3) 

( ) ( )zzyzzxyx −+−+µ=µ ,,  

( ) ( )( )zzzyzxC −−µ++µ≤ ,,,  

( )( ) ( ).,1,, zyzxzyzxC ++µ=++µ=   (c) 

Now by (1) and (c) we obtain that 

( ) ( ) ( )( )yxyxCyx ,,,, µµ=µ ( ) ( ) ( )( )( ).,,,,, zyzxyzxzCzyzxC µµ++µ≤  

(4) By (c) we have 

( ) ( ) ( ) ( )xyxxyxyyyxyx RR −−+−µ≤−µ=−−µ≤µ 0,0,,,  
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( ) ( ) ( ) ( )yxyxxxyxxy R −µ=−−µ≤−−µ=−−µ= ,0,,,  

( ) ( ) ( ).,,,0 yxxyyxyy R µ=µ=−++µ≤  

Therefore ( ) ( ).,, yxyx µ=−−µ  

Definition 3.5. Let ( )RAFC∈µ  and .Ra ∈  Define a fuzzy subset aµ  on R as 

( ) ( )xaxa ,µ=µ  for all .Rx ∈  We denote the set of fuzzy subset aµ  on R by .
µ
R

 

Proposition 3.6. Let ( )RAFC∈µ  and .Ra ∈  Then ( ) ( )axx
Ra −µ=µ 0  for all 

.Rx ∈  

Proof. 

( ) ( ) ( ) ( ) ( )( )aaxaCaxaaaxax RR
−−µµ≤−−µ=−µ=−µ ,,,,,00  

( ) ( )( ) ( )( ) ( ) ( )aaxaxaxaCaaxaC R +−+µ=µ=µ=µµ= ,0,0,,,,,  

( ) ( )( ) ( )( ) ( )axaxCaaaxC RRR −µ=−µ=µ−µ≤ ,00,,0,,,0  

( ).0 ax
R

−µ=  

Thus ( ) ( ) ( ).,0 xxaax aR
µ=µ=−µ  

Definition 3.7. If µ is a fuzzy set of R, then µ is an anti fuzzy ideal of R with respect 

to t-conorm C if the following conditions are satisfied for all :, Ryx ∈  

(1) ( ) ( ) ( )( );, yxCyx µµ≤+µ  

(2) ( ) ( ) ( )( );, yxCxy µµ≤µ  

(3) ( ) ( );xx µ=−µ  

(4) ( ) ;00 =µ R  

(5) ( ) ( )xxy µ≤µ  and ( ) ( ).yxy µ≤µ  

We denote the set of all anti fuzzy ideals of R with respect to t-conorm C by 

( ).RAFIC  

Example 3.8. Let ( )⋅+= ,,RR  be a ring of real numbers. Define [ ]1,0: →µ R  by 
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( )


 =

=µ
.otherwise65.0

,0if0 Rx
x  

If C is bounded sum t-conorm as ( ) { }yxyxCb += ,1min,  for all [ ],1,0, ∈yx  then 

( ).RAFIC∈µ  

Proposition 3.9. Let ( )RAFC∈µ  and C be idempotent. Then ( ).0 RAFIC
R

∈µ  

Proof. Let ( )RAFC∈µ  and ., Ryx ∈  Then 

(1) ( ) ( ) ( )yxyxyx RRRR
++µ=+µ=+µ ,00,00   

( ) ( )( ) ( ( ) ( )).,,0,,0 00 yxCyxC
RRRR µµ=µµ≤  

(2) ( ) ( ) ( ) ( ) ( )( )yxCxyxyxy RRRRRR
,0,,0,00,00 µµ≤µ=µ=µ  

( ( ) ( ))., 00 yxC
RR

µµ=  

(3) ( ) ( ) ( ) ( ) ( )xxxxx
RR RRR 00 ,0,0,0 µ=µ=−−µ=−µ=−µ  (by Proposition 

3.4 (part 4)). 

(4) ( ) ( ) .00,000 =µ=µ RRRR
 

(5) ( ) ( ) ( ) ( ) ( )( )yyxCxyyxyxy RRRR
,,,0,0,00 µµ≤µ=µ=µ  

( )( ) ( ) ( ).,00,,0 0 xxxC
RRR µ=µ=µ=  

Similarly ( ) ( ).00 yxy
RR

µ≤µ  

Thus ( ).0 RAFIC
R

∈µ  

Definition 3.10. Define fuzzy relation ( )µC  on R by ( ) ( ) ( )yxyxC −µ=µ ,  for all 

., Ryx ∈  

We call that ( )µC  is the fuzzy relation induced by .µ  

Proposition 3.11. If ( ),RAFIC∈µ  then ( ) ( ).RAFCC ∈µ  

Proof. Let ( )RAFIC∈µ  and .,,, Rtzyx ∈  Then 

(1) ( ) ( ) ( ) ( ) .00, =µ=−µ=µ RxxxxC  
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(2) ( ) ( ) ( ) ( )( )yxyxyxC −−µ=−µ=µ , ( ) ( ) ( )., xyCxy µ=−µ=  

(3) ( ) ( ) ( ) ( ) ( ) ( )( )yzzxCyzzxyxyxC −µ−µ≤−+−µ=−µ=µ ,,  

( ) ( ) ( ) ( )( ).,,, yzCzxCC µµ=  

(4) ( ) ( ) ( )( ) ( )tzyxtyzxtyzxC −+−µ=+−+µ=++µ ,  

( ) ( )( ) ( ) ( ) ( ) ( )( ).,,,, tzCyxCCtzyxC µµ=−µ−µ≤  

(5) ( ) ( ) ( )( ) ( ) ( )( )tzyzyxytxzytxzC −+−µ=−µ=µ ,  

( )( ) ( )( )( ) ( ) ( )( )tzyxCtzyzyxC −µ−µ≤−µ−µ≤ ,,  

( ) ( ) ( ) ( )( ).,,, tzCyxCC µµ=  

Therefore ( ) ( ).RAFCC ∈µ  

Proposition 3.12. Let ( )RAFC∈µ  and ., Rba ∈  Then ba µ=µ  if and only if 

( ) .00 =−µ ba
R

 

Proof. Suppose that ba µ=µ  and .,, Rxba ∈  Then ( ) ( )xx ba µ=µ  and so 

( ) ( ).,, xbxa µ=µ  Now by Proposition 3.9 we get that ( ) ( )abba
R

,0 µ=−µ  

( ) .0, =µ= aa  Conversely, let ( ) 00 =−µ ba
R

 and we show that .ba µ=µ  Now 

( ) ( ) ( )aaxaxax Ra +−+µ=µ=µ ,0,  

( ) ( )( ) ( )( )0,,0,,,0 axCaaaxC RR −µ=µ−µ≤  

( ) ( ) ( )( )axababCax RR −−µ−µ≤−µ= ,,,0,0  

( )( )axabC −−µ= ,,0  

( ) ( ) ( ) ( )( )aabxCabaxaxab −−µµ≤−−µ=−−µ= ,,,,,  

( )( ) ( )bxbxC ,0,, µ=µ= ( )xbµ=  

and then .ba µ⊆µ  Also by symmetry, we obtain that .ba µ⊇µ  Therefore .ba µ=µ  

Corollary 3.13. Let ( )RAFC∈µ  and ., Rba ∈  Then ba µ=µ  if and only if 

( ) .0, =µ ba  
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Proof. From Proposition 3.12 we have ba µ=µ  if and only if ( ) 00 =−µ ba
R

 if 

and only if ( ) 0=µ ab  if and only if ( ) .0, =µ ba  

Definition 3.14. Let ( )RAFC∈µ  and ., Rba ∈  Define addition Rba :µ⊕µ  

[ ]1,0→  by  

( ) ( ) ( ) ( )( )


 +=µµ

=µ⊕µ +=
otherwise0

,if,inf zyxzyC
x

bazyx
ba  

and product [ ]1,0: →µµ Rba ε  by 

( ) ( ) ( ) ( )( )


 =µµ

=µµ =
otherwise.0

,if,inf yzxzyC
x

bayzx
ba ε  

Proposition 3.15. If ( ),RAFC∈µ  then .baba +µ=µ⊕µ  

Proof. First, we prove the binary operation ⊕  is well-defined. Let =µ⊕µ ba  

.dc µ⊕µ  Then ca µ=µ  and .db µ=µ  Now by Corollary 3.13 we get that ( ) 0, =µ ca  

and ( ) .0, =µ db  Then ( ) ( ) ( )( ) ( ) 00,0,,,, ==µµ≤++µ CdbcaCdcba  and so 

( ) .0, =++µ dcba  Therefore by Corollary 3.13 we obtain that .dcba ++ µ=µ  

Now we prove .baba +µ=µ⊕µ  Let Rx ∈  such that .zyx +=  Then 

( ) ( ) ( ) ( )( )zyCx ba
zyx

ba µµ=µ⊕µ
+=

,inf  

( ) ( )
( ) ( )( )zyC ba

zyzyx ba

µµ≤
µ≠µ+=

,inf
,

 

( ) ( )
( ( ) ( ))bzayC

RR
ba zyzyx

−µ−µ=
µ≠µ+=

00
,

,inf  

( ) ( )( )bazy
R

+−+µ≤ 0 ( ) ( )( )bax
R

+−µ= 0  

( ) ( ),, xxba ba+µ=+µ=  

then .baba +µ⊆µ⊕µ  Conversely, for each Rzy ∈,  satisfies zyx +=  we get that 

( ) ( ) ( )( ) ( )( )bazybaxxbax
RRba +−+µ=+−µ=+µ=µ + 00,  

( ) ( )( )bzay
R

−+−µ= 0 ( ( ) ( ))bzayC
RR

−µ−µ≤ 00 ,  
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( ( ) ( ))., zyC ba µµ=  

Thus ( ) ( ) ( )( )zyCx bazyxba µµ≤µ +=+ ,inf  and so .baba µ⊕µ⊆µ +  Then ba µ⊕µ  

.ba+µ=  

Proposition 3.16. If ( ),RAFC∈µ  then .abba µ=µµ ε  

Proof. Let Rx ∈  such that .yzx =  Then 

( ) ( ) ( ) ( ( ) ( )) ( ( ) ( ))zyCzbyaCyzabxabx baab µµ=µµ≤µ=µ=µ ,,,,,,  

( ) ( )
( ) ( )( ) ( ) ( )xzyC baba

zyyzx ba

µµ=µµ=
µ≠µ=

ε,inf
,

 

( ) ( )( )zyC ba
yzx

µµ=
=

,inf
( ) ( )

( ) ( )( )zyC ba
zyyzx ba

µµ≤
µ≠µ=

,inf
,

 

( ) ( )
( ( ) ( ))bzayC

RR
ba zyyzx

−µ−µ=
µ≠µ=

00
,

,inf  

( ) ( ) ( ) ( ).,00 xxababxabyz abRR
µ=µ=−µ=−µ=  

Thus .abba µ=µµ ε  

Proposition 3.17. If ( ),RAFC∈µ  then 






 ⊕
µ

ε,,
R

 is a ring. 

Proof. Let .,, Rcba ∈  As Propositions 3.15 and 3.16 we get that 
µ

∈µ⊕µ R
ba  

and .
µ

∈µµ R
ba ε  It is easy to prove that 







 ⊕
µ

,
R

 is an abelian group. Now 

(1) ( ) ( ) ( )cabbcabcacba µ=µ=µµ=µµµ εεε ( ) cba µµµ= εε  (associative 

multiplication). 

(2) ( ) ( ) ( )baacabacabcbacbacba µµ=µ⊕µ=µ=µ=µµ=µ⊕µµ +++ εεε  

( )ca µµ⊕ ε  (distributive laws). 

(3) ( ) ( ) cabacabaacbacbacb µ⊕µ=µ=µ=µµ=µµ⊕µ +++ εε ( )ab µµ= ε  

( )ac µµ⊕ ε  (distributive laws). Then 






 ⊕
µ

ε,,
R

 will be a ring. 
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If R be a commutative ring, then abbaabba µµ=µ=µ=µµ εε  and so 








 ⊕
µ

ε,,
R

 will be a commutative ring. 

If R be a ring with identity ,1R  then aaa RR
µ=µ=µµ 11ε  and thus 







 ⊕
µ

ε,,
R

 

will be a ring with identity .1R
µ  

Proposition 3.18. Let ( )RAFC∈µ  and define ( ) ( ) ( ){ }0,,0
1 =µ|=µ−

yxyx  for all 

., Ryx ∈  Then 

(1) ( )0
1−µ  will be an anti fuzzy equivalence relation on R under t-conorm C: 

(2) ( )01−µ  is a congruence relation on R. 

Proof. Let ( )RAFC∈µ  and .,,, Rtzyx ∈  Then 

(1) Since ( ) 0, =µ xx  so ( ) ( )0,
1−µ∈xx  and then  

( ) ( ) ( ) .0,,01 =µ=µ−
xxxx  

If ( ) ( ) ( ),0,,,
1−µ∈xyyx  then ( ) ( ) ( ) 0,,0

1 =µ=µ−
yxyx  and ( ) ( ) =µ−

xy,0
1  

( ) 0, =µ xy  so by ( ) ( )xyyx ,, µ=µ  we have 

( ) ( ) ( ) ( ).,0,0
11

xyyx
−− µ=µ  

Also if ( ) ( ) ( ) ( ),0,,,,, 1−µ∈yzzxyx  then 

( ) ( ) ( ) ( )0,000,,0
1

Cyxyx =≤=µ=µ−  

 ( ) ( )( ) ( ( ) ( ) ( ) ( )).,0,,0,,,
11

yzyxCyzzxC
−− µµ=µµ=  

Thus ( )0
1−µ  will be an anti fuzzy equivalence relation on R under t-conorm C: 

(2) (a) Since ( ) 0, =µ xx  so ( ) ( ).0, 1−µ∈xx  

(b) Let ( ) ( ),0,
1−µ=yx  then ( ) ( ) 0,, =µ=µ yxxy  and so ( ) ( ).0,

1−µ∈xy  
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(c) Let ( ) ( ) ( ).0,,,
1−µ∈zyyx  Then ( ) ( )zyyx ,0, µ==µ  and from 

( ) ( ) ( )( ) ( ) 00,0,,,, ==µµ≤µ CzyyxCzx  

we get that ( ) 0, =µ zx  which implies ( ) ( ).0,
1−µ∈zx  

(d) Let ( ) ( ) ( )0,,, 1−µ∈tzyx  so ( ) ( ).,0, tzyx µ==µ  Now 

( ) ( ) ( )( ) ( ) 00,0,,,, ==µµ≤++µ CtzyxCtyzx  

and 

( ) ( ) ( )( ) ( ) 00,0,,,, ==µµ≤µ CtzyxCytxz  

which gives us ( ) ( ) ( ).0,,,
1−µ∈++ ytxztyzx  

Therefore from (a)-(d) we obtain that ( )0
1−µ  is a congruence relation on R. 

4. Ring Homomorphisms over AFC(R) 

Definition 4.1. Let R and S be two rings and SRf →:  be a ring homomorphism. 

Define ( ) ( ) ( ) ( ){ }yfxfyxf =|= ,Ker  for all ., Ryx ∈  

Lemma 4.2. Let SRf →:  be a ring homomorphism. Then ( )fKer  will be a 

congruence relation on R. 

Proof. Let .,,, Rtzyx ∈  Then 

(a) As ( ) ( )xfxf =  so ( ) ( ).Ker, fxx ∈  

(b) Let ( ) ( ),Ker, fyx ∈  then ( ) ( )yfxf =  and then ( ) ( )xfyf =  and so 

( ) ( ).Ker, fxy ∈  

(c) If ( ) ( ) ( ),Ker,,, fzyyx ∈  then ( ) ( ) ( )zfyfxf ==  which implies ( ) =xf  

( )zf  and then ( ) ( ).Ker, fzx ∈  

(d) Let ( ) ( ) ( ),Ker,,, ftzyx ∈  then ( ) ( )yfxf =  and ( ) ( ).tfzf =  Now 

( ) ( ) ( ) =+=+ zfxfzxf ( ) ( ) ( )tyftfyf +=+  and ( ) ( ) ( ) ( ) ( )tfyfzfxfxzf ==  

( )ytf=  and then ( ) ( ) ( ).Ker,,, fytxztyzx ∈++  

Thus (a)-(d) give us that ( )fKer  is a congruence relation on R. 
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Proposition 4.3. Let ( ) { }1,0:Ker →×χ RRf  be an anti characteristic function of 

( )fKer  such that defined by 

( )( ) ( ) ( ) ( ) ( )






 =

=
∈

=χ
otherwise.

yfxfif

otherwise

fyxif
yxf

1

0

1

Ker,0
,Ker  

Then ( ) ( ).Ker RAFCf ∈χ  

Proof. Let .,,, Rtzyx ∈  Then by using Lemma 4.2 we have: 

(a) ( ) ( )fxx Ker, ∈  so ( )( ) .0,Ker =χ xxf  

(b) If ( ) ( ),Ker, fyx ∈  then ( ) ( )fxy Ker, ∈  and so ( )( ) 0,Ker =χ yxf  

( )( ).,Ker xyfχ=  

(c) If ( ) ( ) ( ),Ker,,, fzyyx ∈  then ( ) ( ).Ker, fzx ∈  Now 

( )( ) ( ) ( ( )( ) ( )( )).,,,0,000, KerKerKer zyyxCCzx fff χχ==≤=χ  

If ( ) ( ) ( ),Ker,,, fzyyx ∉  then ( ) ( ).Ker, fzx ∉  Then 

( )( ) ( ) ==≤=χ 1,111,Ker Czxf ( ( )( ) ( )( )).,,, KerKer zyyxC ff χχ  

If ( ) ( )fyx Ker, ∈  and ( ) ( ),Ker, fzy ∉  then ( ) ( ).Ker, fzx ∉  So 

( )( ) ( ) ( ( )( ) ( )( )).,,,1,011, KerKerKer zyyxCCzx fff χχ==≤=χ  

Thus 

( )( ) ( ( )( ) ( )( )).,,,, KerKerKer zyyxCzx fff χχ≤χ  

(d) Let ( ) ( ) ( ),Ker,,, ftzyx ∈  then ( ) ( ) ( ).Ker,,, fytxztyzx ∈++  So 

( )( ) ( ) ( ( )( ) ( )( ))tzyxCCtyzx fff ,,,0,000, KerKerKer χχ==≤=++χ  

and 

( )( ) ( ) ( ( )( ) ( )( )).,,,0,000, KerKerKer tzyxCCytxz fff χχ==≤=χ  

Then from (a)-(d) we obtain that ( ) ( ).Ker RAFCf ∈χ  
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Lemma 4.4. Let ( )RAFC∈µ  and 






 ⊕
µ

ε,,
R

 be a ring. Define 
µ

→µ∗ R
R:  as 

( ) aa µ=µ∗  for all .Ra ∈  Then ∗µ  is a ring homomorphism. 

Proof. Let ., Rba ∈  Then ( ) bababa µ⊕µ=µ=+µ +
∗  and ( ) abab µ=µ∗  

.ba µµ= ε  Thus ∗µ  is a ring homomorphism.  

Proposition 4.5. Let R and S be two rings and SRf →:  be a ring homomorphism. 

Then there is a homomorphism 
( )

S
R

g
f

→
χKer

:  such that ( ( ) ) .Ker
∗χ= fgof  

Proof. Define 
( )

S
R

g
f

→
χKer

:  by (( ( ) ) ) ( )afg af =χKer  for all .Ra ∈  At first we 

show that g is well-defined. Let Rba ∈,  and ( ( ) ) ( ( ) ) .KerKer bfaf χ=χ  Then 

( )( ) 0,Ker =χ baf  and so ( ) ( )fba Ker, ∈  and ( ) ( )bfaf =  as wanted. Now 

(( ( ) ) ) (( ( ) ) ) (( ( ) ) )bafbfaf ggg +χ=χ⊕χ KerKerKer  

( ) ( ) ( ) =+=+= bfafbaf (( ( ) ) ) (( ( ) ) ).KerKer bfaf gg χ+χ  

Also 

(( ( )) ) (( ( ) ) ) (( ( ) ) )abfbfaf ggg KerKerKer χ=χχ ε  

( ) ( ) ( ) (( ( ) ) ) (( ( ) ) ).KerKer bfaf ggbfafabf χχ=== ε  

Thus g will be a homomorphism. 

Since (( ( ) ) ) ( ) (( ( ) ) ) ( )afgag aff =χ=χ ∗
KerKer  so ( ( ) ) .Ker

∗χ= fgof  

Proposition 4.6. Let ( )RAFC∈νµ,  such that .ν⊇µ  Then there is an unique 

homomorphism 
ν

→
µ

RR
g :  such that ∗∗ ν=µgo  and 

( )gKerχ
µ

 is isomorphic to .
ν
R

 

Proof. Let ., Rba ∈  Define 
ν

→
µ

RR
g :  by ( ) .aag ν=µ  If ,ba µ=µ  then 

( ) 0, =µ ba  and since ( ) ( ) 0,, =µ≤ν baba  so ( ) 0, =ν ba  and so ba ν=ν  and this 
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means that g is well-defined. Also we get that ( ) ( ) ( )agago a
∗

α
∗ ν=ν=µ=µ  and so 

.∗∗ ν=µgo  Now we have ( ) ( ) ( ) ( ){ }baba ggg µ=µ|µµ= ,Ker ( ){ }., baba ν=ν|µµ=  

Define ( ) { }1,0:Ker →
µ

×
µ

χ RR
g  by setting 

( )( ) ( ) ( )


 ∈µµ

=µµχ
otherwise1

Ker,if0
,Ker

gba
bag  

( ) ( )


 µ=µ

=
otherwise1

if0 ba gg
 



 ν=ν

=
otherwise.1

if0 ba
 

Then we have that ( ) ( )gg KerKer χ=  and by Theorem 2.3 we obtain that  

( )
.

Ker ν
≅

χ
µ R

R

g
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