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Abstract

The aim of this article is to initiating an exploration of the properties of bi-univalent
functions related to Gegenbauer polynomials. To do so, we introduce a new families
Ts(y, ¢, u,,1,6,3t,8) and Sy (0,7,60,3,t,8) of holomorphic and bi-univalent functions.
We derive estimates on the initial coefficients and solve the Fekete-Szegd problem of
functions in these families.

1. Introduction

“In [20] Legendre studied orthogonal polynomials comprehensively. The importance
of orthogonal polynomials for contemporary mathematics as well as for a wide range of
their applications in physics and engineering, is beyond any doubt. It is well-known that
these polynomials play an essential role in problems of the approximation theory. They
occur in the theory of differential and integral equations as well as in mathematical
statistics. Their applications in quantum mechanics, scattering theory, automatic control,
signal analysis, and axially symmetric potential theory are also known [7,12]. In
practical, the Gegenbauer polynomials is special case of orthogonal polynomials. They
are representatively related with typically real functions Ty as discovered in [19].
Typically, real functions play an important role in the geometric function theory because
of the relation T = coSi and its role of estimating coefficient bounds, where Sg
indicates the family of univalent functions in the unit disk with real coefficients and coSy

denotes the closed convex hull of Sg.”
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On this subject in geometric function theory, the so-called Fekete-Szego type
inequalities (or problems) which estimate some upper bounds for |a3 - ya§| for
holomorphic univalent functions. Its origin was in the disproof by Fekete and Szeg6 [16]
conjecture of Littlewood and Paley that the coefficients of odd univalent functions are
bounded by unity.

Let A stand for the collection of functions f have the type:

f@=2+) az, (L1
n=2

which are holomorphic in the open unit disk U = {z € C : |z| < 1}.

Further, symbolized by S the subfamily of A consisting the functions that are
univalent in U.

According to the “Koebe One-Quarter Theorem” [13] each function f from S has an
inverse f 1, which fulfills

fif@)=2  (zeU)

and

1
Frr ) =w (Wl <o) () =),
where
gw) = f1(w) = w — a,w? + (2a3 — az)w? — (5a3 — 5a,a; + a)w* + . (1.2)

A function f € A is named bi-univalent in U if together f and f~1 are univalent in
U. Let X indicate the family of bi-univalent functions in U satisfying (1.1). Beginning
with Srivastava et al. pioneering work [36] on the subject, the large number of works
associated with the subject have been presented (see, for example [1,2,4,5,8,9,10,11,14,
17,18,21,22,25,28,29,30,31,32,33,34,35,37,38,39,40,41]). We see that the set X is not
empty. We see that the functions

z 11 1+2z d —log(1 )
1-2’ 20g<1—z> anc —logll 2

are in the set 2 with the corresponding inverse functions

w e —1 eV —1
1+w’ e2w +1 ev
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respectively. But the functions

z? z
Z—? and T2

are not a member of the set Y.

The problem to find the bound of |a,|,(n = 3,4, ...) of functions f € X is still an
open problem.

The fundamental distributions like, the Pascal, the Binomial, the Poisson, the
Logarithmic, the Borel have been partially considered in the “Geometric Function
Theory” from a theoretical point of view (see for example [6,15,24,26,43]).

We say that the discrete random variable x have a beta negative binomial distribution,

B(M+6,) ,BN+63+1) 1
[GRYRR O RY 7006+

if it has the values 0,1,2,3,... with the probabilities

1) %, ... , respectively, where 7, 8, X are named the parameters.
Prob( ) <9+T—1)ﬁ(n+9,3+r) FrO@+0)T(n+)TrG+o)r(n+3)
rob(x =1) = =
T B, %) T TO@) Tn+0+3+)I(Mre)

B (Mo (8): (M)
RPN

t=0123..,

where (a),, is the Pochhammer symbol defined by

_Fw+40_{1 (n=0),

(a’)n_w_ a(a+1)..(a+n—1) (neN).

Recently, Wanas and Al-Ziadi [42] studied the following power series whose
coefficients are probabilities of the beta negative binomial distribution:

AR . M6 (O)n-1 (M1
Ia(z) =z 4 22 0+ (0 + 1+ Vs (1= DI

nozeU,
where 17,3,0 > 0. We see that, by making use of ratio test we deduce that the radius of
convergence of the above power series is infinity.

Now, we consider the linear operator 583,1 : A — A which is defined as follows:

(n)@(e)n—l(l)n—l a.z"
g0 +n+Np (-1

z€eU,

B).f(2) = ¥y [ =2+ ) s
n=2
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IRt

where “*” indicate the convolution of two series.

“For the functions f and g be holomorphic in U. We say that the function f is said to
be subordinate to g, if there exists a Schwarz function w holomorphic in U with w(0) =
0 and |w(2)| < 1 (z € U) such that f(z) = g(w(2)). This subordination is indicated by
f<g or f(z) <gz)(zeU). It is well known that (see [23]), if the function g is
univalent in U, then f < g if and only if f(0) = g(0) and f(U) c g(U).”

Recently, Amourah [3] studied the generating function of Gegenbauer polynomials

Hg(z,t) that are given by the following recurrence relation:

1
(1 -2tz + z2)5’

H5(Z, t) =

where § € R\ {0}, t € [-1,1] and z € U. For fixed t, the function Hg is holomorphic in

U, so it may be expanded in a Taylor-Maclaurin series as note that if ¢ = cos 5, where
T T
B € (—E,g), then

— 1 — N [} n
U0 = @ 30 v 7205~ ;g” "

where G2 (t) is Gegenbauer polynomial of degree n.

Clearly, Hs generates nothing when § = 0. Thus, the generating function of the
Gegenbauer polynomial is set to be

Hy(z,t) =1—log(1 — 2tz +z%) = Z GA(t)z™
n=0

L. . L 1.
Furthermore, it is worth to mention that a normalization of § to be greater than — s

desirable [12,27]. Also, Gegenbauer polynomials can be introduced by the following
recurrence relations:

1
Gn(®) =5 [2t(+6 = DGa_1 (&) = (1 + 26 = )Gz, (D],
with the initial values
Get) =1, G&(t) =26t and G(t) = 26(5 + Dt? -6 (1.3)

Remark 1.1. Choosing the special values of §, the Gegenbauer polynomial G2 (t)
reduces to the following well-known polynomials:

http:/fwww.earthlinepublishers.com
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1) Taking § = 1, we have the Chebyshev Polynomials.

2) Taking § = %, we obtain the Legendre Polynomials.

2. Main Results

This section start with defining the families Tyx(y,d,u,,n,60,)t,6) and
S5 (0,n,0,3t,6) as follows:

Definition 2.1. For 0 <y <1,0<¢ <1,0<u<1,te (%, 1] and & is a nonzero

real constant, a function f € X is called in the family Ty (y, ¢, u,n, 0,3, t,8) if it fulfills
the subordinations:

’ ’ NG
<z (85./(2) )y [(1 ) (8.5 (2) y <1 K (8%,/@) >] L

%z.lf(z) $z_1f(z) (’%z,:«f(z))’ = (1 — 2tz + z2)8

and

w (5133.19(W))’ ’ (1-
5819;,19 (w)

where the function g = f~1 is given by (1.2).

) <1 K (%ﬁag(w))”>r |

6 ! < — 2)é6’
B9 (W) (%f],}g(w)) (1-2tw+w?)

o 1 ) )
Definition 2.2. For0 <o < 1,t € (E’ 1] and 6 is a nonzero real constant, a function

f € X is called in the family S5 (o, 7, 8, ), t, §) if it fulfills the subordinations:

2(85:0)) + @0 + 17 (835 @) + 02 (87 @)
VA (%g_lf(z))’ + gz2 (%g,zf(l))” (1 — 2tz + 22)6
and
w (%g_lg(w)), + (2o + 1)W2 (%grlg(w))” + ow? (%g'lg(w))”' < .
v (%g,lg(w))’ +ow? (533,19(W))” (1 - 2tw +w?)8’

where the function g = f~1is given by (1.2).

In particular, if we choose ¢ =0 and y =1 in Definition 2.1, the family
Ts(y, o, u,,1,0,3t,6) reduces to the family Ty(n,d,3,t,5) of bi-starlike functions
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which fulfills the conditions:

2(80:/(2) |
<
%g‘lf(z) (1 -2tz +2z2%)$

and

w (B9,9(w)) 1
9 Nz 5
B39 (w) (1-2tw +w?)

where the function g = f~1is given by (1.2).

If we choose o = 0 in Definition 2.2, the family Sy(o,n,0,3,t,8) reduces to the
family H5(n, 6,3, t, §) of bi-convex functions which fulfills the conditions:

z(8]f (Z))” )
(%%f(z))' ) (1 — 2tz + z2)%

and

v (EB?I.JQ(W))” . .
(EBg.lg(W))’ (1 - 2tw +w?2)s’

where the function g = f~1is given by (1.2).

Theorem 2.1. For 0<y <1,0< ¢ <1,0<u <1, t€ (5, 1] and & is a nonzero
real constant, let f € A be in the family Tx(y, ¢, u,n,0,3,t,8). Then

2181¢T( + 6 + 3+ DITO)V2[8¢

la,| <
502(y + p(u+ 1))’T2(n + OIT2( + DI2( + )
5@ +1)02(y + ¢+ D) T2+ OI2G+ D2+ |2
—-06%2Q, ¢, 1,1, 0, )M+ O+ N2+ 6 +3+ Drmra)
and

- AT2(m + 6 + 3+ DI2(mr2(3)s%t?

|a3| = 2
02(y + p(u+ 1)) T2(n+ T2+ DI2(n +3)
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N 2I(n + 6 + X+ )L )8t
000+ Dy +¢Qu+D)Fn+0OrG+2)r(n+3’

where

20+ Dy +d@u+ 1)L+ 2)
Tm+6+3+2)

Q, ¢, u,1m,6,3) =

LT+ Or2G+ DI+ Ny —-D+du+ D2y + (@ — D+ 1) —2(y + pGBu + 1))]
Mm+6+3+ Dr@ro)

. (21
Proof. Let f € T5(y, ¢, u,n,0,3t,8). Then there exists two holomorphic functions
u,v: U — U given by
u(z) = gz + upz? + uzzd + - (zel) (2.2)
and
v(w) = vyw + v,w? + vawd + - (w e l), (2.3)

with u(0) = v(0) =0, [u(2)| <1, l[v(w)| <1, z,w € U such that

' ' NE
(z (%g,zf(z)) )” l(l Y z (%g,;f(z)) a (1 .\ z (%g,lf(z)) >]

B7,f (2) B7,f () (8,/)
=1+ G2 (Ou2) + G5 (Ou?(2) + - (24)
and
nNY ! " ¢
w (ﬂzz,xgm)) N (izz,lg(m) eul1s” (%Z,lg(m),
By 9(w) B9 (w) (533,1 g(w))

=1+ G Ovw) + GOV W) + -+ . (2.5)
Combining (2.2), (2.3), (2.4) and (2.5), we obtain

' ' NE
(z (88, @) )V l(l o (B8.() » (1 L? (85./() )]

B)f () B)f () (89,5 @)

=1+ GF(Ousz + [6f ©Ou, + G5 OuZ]2% + (2.6)
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and

w(®89w)) - )w(%z,lg(w>)’+ 1+w(%3,;g(w>)" ’
B ,9(w) P gy (%Z,ag(W))’

=1+ G0 (Ovw + [6) O, + G (OvE]w? + - . (2.7)
It is quite well-known that if |u(z)| < 1 and |[v(w)| < 1, z,w € U, then
lu;] <1 and |v;|<1 forall i €N. (2.8)

Equating the coefficients in (2.6) and (2.7), we deduce that

0y + dp(u+ D)L+ OTrG+ DI(n +3)
Tm+6+3+1Dr(nra)

2 =GP (O)uy, (2.9)

80+ D(y+¢Qu+ D)+ 60)r(3+2)r(n +23)
T +6 +3+ 2R 3

LT+ 020+ D2 + My =D +¢u+D2y+ (@ -Du+1D)—2(y + ¢pGBu + 1))]
2I2(n + 6 + 2+ Drzmrz()

= G2 (Dup + G (O3, (2.10)

_0(y + ¢+ D) + TG+ DI (n +3)
Fm+6+23+Drmre)

2 = gf(t)vl (2.11)
and

60+ D(y+¢Qu+ 1))+ 0@+ 2)rn+3)
FTm+06+3+2)T(Mmre)

(Za% —asz)

92F2(n +Or20+Dr2M+NyG-D+ o+ D2y + @ - Dw+1) —2(y + pBu + 1))]
2I2(m+ 0 + 3+ DI2@r2Q)

= G2 (v, + G5 (Dvi. (2.12)
From (2.9) and (2.11), we conclude that

u, =—v 2.13
1 1 (

and

20%(y + p(u + 1)) I'’(n+6r2(+ 1ré(m + 3)
[Z(n+6+ 3+ DIr2(mrzQ)

2= (680) @ +vD). @14

http:/fwww.earthlinepublishers.com
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Adding (2.10) to (2.12), yields

oTr(n + )T (n + )
rmr@)

where Q(y, ¢, 4,1, 6,3) is given by (2.1). Consequently, we have

@y, ¢, 1005 = GP (O (u + v2) + G2 (O + v),

OT(n + 0)(n+2) 202(y + ¢(u+ 1))'T2(n + O)L2( + DI2(n + NGE (D) )
F( )F(J) Q(]/, ¢!#) - 2 2
7 [2(n+6 +3+ Dr2mrzm (65 )
= G () (uy + vy). (2.15)

Further computations using (1.3), (2.8) and (2.15), we obtain
2181tT(m+ 6 + 2+ DI(mMIr)+/216|t

802(y + ¢(u + 1))°T2(n + O)F2( + DI2(n +3)

| 8@+ 1)62(y + pu+ D) T2 + OF2G+ D2 +3) |2
-052Q(y, ¢, T+ 0O+ N2+ 6 +3+ 1r(mre)

la,| <

Next, if we subtract (2.12) from (2.10), we deduce that

2000 + D(y +d@u+ )T+ 0)TG+2)I( +3)
Tm+0+3+2)rmrQ)

=GP (D) (uz — vp) + G5 (O (WF — vP). (2.16)
In view of (2.13) and (2.14), we get from (2.16)

(a3 —a3)

[2(n + 643+ Dr2ree) (62
7 202(y + ¢(u + 1D)’T2(n + O)F2( + D2 + 3)

N T+ 6+ 3+ 2)TMrMGe (o)
2000+ Dy +dQu+ )T+ OTG+2)I(n +3)

a Wi +v)

(uz — v).

Thus applying (1.3), we obtain

] < AT2(m+ 6 + 3+ DI2(mr2()s2e?
2T 02(y + d(u+ 1) 'T2( + O)I20+ DI2(n +3)
N 2T + 0 + 3+ 2T )8t
00+ D(y+¢Qu+ DI +0OrG+2)T(n+3)
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Putting ¢ = 0 and y = 1 in Theorem 2.1, we demonstrate the next outcome:

Corollary 2.1. Fort € G, 1] and 6 is a nonzero real constant, let f € A be in the
family T5(n,0,),t,08). Then

2|81tT(n + 6 + X+ DI(T(X)/ 2|8t
§02T2(n+0)r2(0+ Dr2(m+ )

laz| <

_y (6 + 1O T?2(m+0)r2(0+ Dr2(n +3) ]tz
—0626(1M, 0, V)T + )T +DI2(n+60 + 3+ DI(mrQ)
and
- AT2(m + 6 + 3+ DI2(mIr2(x)s2t? 2T+ 60 + 2+ 2)I(MrM)|s8|t
lasl < —reG TG DEG+3) T 80+ DTG + OTG + 2T 3
where

20+ D3 +2) —20T(n+6)r2(+ Dr(m +3)
Tm+6+31+2) Zn+60+3+1Drmre)

e, 6,3 =

1 )
Theorem 2.2. For0 <o <1, te€ (5, 1] and 8 is a nonzero real constant, let

f € A be in the family Sy (o,1,0,),t,5). Then

T(n+60+3+ DIMrR)|sle/181t
8§02%(c+ 1)2T2(n+ )20+ DIr2(n +13)
~ 26(8 + 1)62(a + 1)2T2(n + O)T2(A + 1)I2(n + ) ] 2
—06%2Y(0,1n,0, NI+ )T+ DNI2(Mm+ 6 +3+ DIrHra)

la,| <

and
- I2(n+6 + 3+ Dr2mr2(x)s2t?
a3l < 2t T DI G T PG F DG T
2T(n + 6 + 3 + 2)T()T )|t
T 300+ Do+ DI + TG+ 2T+ )’
where

30+ 1)R2c+ 13+ 2)
Th+6+3+2)

Y(o,n,6,3) =

http:/fwww.earthlinepublishers.com
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46(c + D T(n+ T2+ DI'(n +3)
B r2(n+6 +3+ DI@re)

(2.17)

Proof. Let f € Sy(o,1m,0,),t,6). Then there exist two holomorphic functions
wv:U—U

nr

z (%fmf(z))’ + (20 + 1)z2 (%g’lf(z))” + oz3 (%?Mf(z))
z (%g’lf(z))’ + 022 (%g_lf(z))"

=1+ G (Ou2) + ¢S (Ou?(2) + - (2.18)

and

nr

w (%fmg(w))’ + (20 + DHw? (%g’lg(w))” + ow3 (%fmg(w))
w (%g’lg(w))’ + ow? (%g_lg(w))”

=1+ GO vw) + GSO)v2(w) + - . (2.19)

where u and v have the forms (2.2) and (2.3). Combining (2.18) and (2.19), yield

nr

z (%fmf(z))’ + (20 + 1)z2 (%g’lf(z))” + oz3 (%?Mf(z))
z (%g’lf(z))’ + 022 (%g_lf(z))"

=1+ GP (Owz + [Gf O, + 6L (OuF]2% + - (2.20)

and

nr

w (%grlg(w))’ + (20 + Dw? (%grlg(w))” + ow3 (%grlg(w))
w (%g’lg(w))’ + ow? (%g_lg(w))”

=1+ G0 (Ovw + [P O, + GOV w2 + - . (2.21)

Equating the coefficients in (2.20) and (2.21), we deduce that
200+ DI(n+6)rGx+Dr(n +3)

_ 6
T(n+ 6 + 3+ DIMr) a; = Gr (Ouy, (2.22)
30(0 + 1)(20 + DI'(n + )T+ 2)I(n +3)
T+ 6 +3+ 2)T(MT() 43

Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 403-427
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46%(0 + 1)2T2(n + O)I2(3 + D2 (n + 3
- (GFZ(n) + 9(:7- 3 +)1)r(2 (n)F)Z(z)(77 263 = 68 ey, + G302, (2.23)

2600+ DI+ OTG+ DI +3)

T +6+3+DIEI®) 2 oL (2.24)
and
300 +1)(20 + DI+ OTG+ 2T +3)

I+ 6 +3+ 2T(IR) (20; ~ as)
e e Vg = gtww, + vt (29)
In view of (2.22) and (2.24), we have

Uy = —v, (2.26)

and

892 +121"2 +6F23+1F2 +3 5
(arz(n) + e(z p +)1)r(2 (n)r)z (;)(77 )z = (62®) @i +vd). (2.27)

If we add (2.23) to (2.25), we conclude that

20T(n+0)r(n+3)
rmra)

where Y(a,7,6,3) is given by (2.17).

Y(O-' n, 9' J)a% = gf(t)(uz + UZ) + gg(t)(u% + vlz)' (228)

By substitute the value of u? + v? from (2.27) in (2.28), yields

20T(n + O)C(n +3) Y(0,1,6,3) 86%(c + 1)’T*(n + O’ + DI2(n + NG ()| ,
1Y 2
Fmre) M2(n+ 0 +3+ DI (6@

= G7 (O (uz + vy),
or equivalently

P20+ 0 +3+ D) (680) (g +v)
a3 =

©20Y(0,7,6,)T@ + O)F(n + D20 + 0 +3 + DIEIG) (62 ®)
—8602(0 + 1)2I'2(n + O)F2(3 + DI2(n + NG (t)

S, (229)

Further computations using (1.3), (2.7) and (2.29), we obtain

http:/fwww.earthlinepublishers.com
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T+ 6+ 3+ DI@rR)|81t/ 18]t
§02%2(c+ 1)2T2(m+ OI2(+ Dr2(n +3) —
28(8 + 1)62(a + 1)2I2(n + O)I2(+ DI2(n + 3) ] "
—06%Y(0,1n,0,)T(n+ OT(n+Nr2(n+ 6+ 3+ Dr(nre)

laz| <

Next, if we subtract (2.25) from (2.23), we deduce that

606 + 1)+ DT(n+0)r(G+2)r(n +13) )
T+ 6 +3+ 2)TIG) (as - az)

=GP () (up — v2) + G () (Wi — vP). (2.30)
In view of (2.26) and (2.27), we get from (2.30)

[2(n+ 0 +3+ DIz (660
T 86%2(c + D2I2(n + O)F20 + DI2(n +3)

F(n+ 6+ 3+ 2)TMrM)G? (1)
T 8606 + 1) (20 + DT + TG+ 2T +3)

as i +v7)

(up — vy).

Thus applying (1.3), we obtain

I2(n+6 + 3+ Dr2mr2(x)s?t?
lasl < G2t + D2ty T O)rZ0 + DI +3)
20 + 6 + 3 + )T Q) |5t
300+ 1)R2a+ DI+ 0O+ 2)r(n+3°

Putting ¢ = 0 in Theorem 2.2, we demonstrate the next outcome:

Corollary 2.2. Fort € G, 1] and 6§ is a nonzero real constant, let f € A be in the
family $5(n,0,)t,6). Then

T+ 0 +3+DTMrMIsty/ 18]t

§0°T2(n+0)r2(0+ Drz(m+3)
B 26(8 +1)02I2(n + Or2(+ Dr2(m +3)
—052UM, 0,)T(n+OT(n+ N2+ 6 + 2+ DIr(mre)

laz| <

2

and
I2(n+6+ 3+ DIr2(mr2x)s%t? 2T+ 0 + 2+ 2)T(MrO)|s8|t
022+ 02+ Drz(n+3» 300+ DI+ 0OIrG+2)r(n +3)’
Earthline J. Math. Sci. Vol. 7 No. 2 (2021), 403-427
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where

30+ DI +2) 46T(n+ 6020+ DI +23)

A1, 0,3) = T+6+3+2) T2M+6+3+DI@Mre) -

Next theorems, show “Fekete-Szegé problem” of the families Tx(y, ¢, u,,n,6,3t,6)
and Sy(o,1,0,3,t,6).

Theorem 2.3. For 0<y<1,0<¢<1,0<u<1, te(§,1], EER and § is a
nonzero real constant, let f € A be in the family Tx(y, P, u,,n,0,3,t,8). Then

las — &a3]
2t|8|IT(n + 6 + 3+ 2)T(MT () _
00+ 1)(y+oQu+ D)L+ 6OTG+2)T(n+»’
for 1€—1| < Tn+6+3+2)T(mMr®) o
2000+ 1Dy +¢Qu+ D)+ OO+ 2)I(n +3)

862(y + ¢p(u+ 1))°T2(n + OF2( + DI2(n +3)

5+ DOy + pu+ D) T2+ OIZA+ D2 +3) | 2
—052Q(y, ¢, 11,0, VT + DT+ NT2(m + 6 + 3+ DIL(EHITO)
262t2T2(n + 6 + 2 + DI2(Ir2(x)

8t3|63IT2(n + 6 + 3+ DI2(mMr2()|é — 1
862(y + ¢p(u + 1))°T2(n + OF2(3 + DI2(n +3)
» [ 56 +16%(y + ¢+ D) T2( + OI2G+ D2 +3) |2
—05%Q, b, u,1n,0,)T(n+ OT(n+ N2+ 6 +3+ Dr(nre)
Tn+6+3+2)T(mMr®)
for |E—1| = X
2000+ D(y +¢Qu+ DT +OTG+2)F(n +3)

IN

862(y + ¢p(u+ 1))°T2(n + O + DI2(n +3)

_2 [ (8 + 1DO2(y + dpu+ 1)’ T2( + Or( + D2y +3) ]tz
—08%Q(y, ¢, 1,1, 0, OT(n + 0T (M + NT2(M + 6 + 23+ DT@T)
262t2T2(n + 0 + 3 + DIZ(I2()

Proof. In the light of (2.15) and (2.16), we deduce that
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F(n+6 + 3+ 2)TMrM)Ge (£)(u, — v,)
2000+ Dy +d@u+ )T+ 60)TG+2)I(n +3)

az —§aj = (1-¢a3 +

P2+ 6 +3+ D22 (65©) (g +v)
68(n + 6)L(y + DITOIT(r +6 +3+ D, 6,0,6,9) (670) ~

20%(y + ¢(u + 1)) T2(n + OI2G + DI2(n + NG ()
N T+ 6 + 3+ 2)TMT®G? (1) (uz — vy)
2000+ D(y + d@u+1))T(n+OTG+2)I( +3)

=1-=9

s T(n+ 6 + 3+ 2)TIQ) )
=60 Klp@ * 2000+ Dy + dQ@u+ )T + 0)TG+ 2)I(n +3) 2
+< @ - T +6+3+2)T(mMr®) >
v 2000 + 1)(y + pQu + 1))T( + OTG+ 2)T(n + 3) vz]’
where
2
M2+ 6 +3+ Dr2aree (62 ©) -9
Y =

>
OT(n + )L + NIMIAI2(M + 6 + 3+ DA, ¢, 1,1,6,3) (Qf(t)) -

202(y + p(u + 1))°T2(n + OF2( + DI2(n + NG (£)
According to (1.3), we deduce that

2t|8IT(M + 6 + 3+ 2)T(MT ()
00+ D(y+¢Qu+ DI +OrG+2)T(n+3’
Tm+6+3+2)r(mra®)

0< <
las — €03 < - Ol 2606 + D(y +¢@u+ D)L+ OTG+ 2T +3)
4t|8([p(9I,
()| = F'(n+6+3+2)F(mrQ)

2000 + D(y + ¢QCu+ )T+ TG+ 2)I'(n +3)

After some computations, we obtain
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las — Sca§|
2t|8|IT(m + 6 + 3+ 2)T(MT Q) _
00+ 1)(y+oQu+ DI+ OTG+2)T(n+2’
Tm+6+3+2)T(nr®)
for | —1| < X
2000 + D(y + ¢Qu+ )T+ TG+ 2)T(n +3)

862(y + ¢p(u + 1))°T2(n + OF2( + DI2(n +3)

8+ DOy + pu+ D) T2+ OIZA+ D2 +3) | 2
—062Q(y, ¢, 11,0, V(M + DT+ NT2(m + 6 + 3+ DT(HITO)
262t2T2(n + 6 + 3 + DI2(n)I2(3)

-2

< 8t3|83|T*(n + 6 + 3+ DI*(mMIrz(M|¢ — 1
8602(y + p(u +1))°T?(n + OIT2( + DI2(7 +3)

> [ 56+ 10%(y + ¢+ D) T2( + OI2G+ D2 +3) |2
—-062Q@y, b, u,n, 0, )T+ O)T(n+ N2+ 6 +3+ Vr(mre)

Tn+6+3+2)(Mr@)
for |E —1| > X
2000+ D)(y + ¢Qu+ )T+ OTQG+ 2)F(n +3)

862(y + ¢p(u+ 1))°T2(n + OF2( + DI2(n +3)

. [ 8(8 +1)0%(y + dp(u+ 1)) ’T(n + O+ DI2(n +3) ]tz
—08%2Q(y, ¢, 1,1, 0, OT(n + OT(n + N2+ 6 + 23+ DT
262t2T2(1 + 6 + 3+ DIZIZ()

Putting £ = 1 in Theorem 2.3, we demonstrate the next outcome:
Corollary 2.3. For 0 <y <1,0<¢ <1,0<u<1 te (%, 1] and 8 is a nonzero
real constant, let f € A be in the family Tx(y, ¢, u,,n, 0,3, t,8). Then

2t|8|IT(n + 6 + 3+ 2)T(mT (D)
00+ D(y+¢Qu+1D)Fm+0rG+2)T(n+3)

las — a?| <

Putting ¢ = 0 and y = 1 in Theorem 2.3, we demonstrate the next outcome:
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Corollary 2.4. Fort € (%, 1], & € R and 6 is a nonzero real constant, let f € A be
in the family Ty (n, 0,3, t,85). Then

|a3 - Ea%|
( 2t|8]T(n+ 6 +3+2)F(MI'Q)
08+ 1DI(n+6)rG+2)f(n+3)’
Tm+0+3+2)rmra) y
2006 + DI'(n + T3+ 2)L(n +3)

for |E —1| <

8§6%T?2(n+ O)2(A+ DI2(n +3)
5 S(6+1)6T?(+ OI20+ DI2(n +13) .2
—06826(1, 0,)T( + T + N2+ 6 + 3+ DIL@Ire)
262t2T2(n+ 0 + 3+ DI2(mIr20)

8t3|83|T2(n + 6 + 3+ DIZ(mr2»|é — 1|
802(y + p(u+1))’T2(n + OIF2( + DI2(y + )
. [ 58 +1)62(y + p(u+ 1) T2(n + OF2G+ D2 +3) |
—0526(1, 0, )T + OI(H + N2 + 6 + 3+ DIEIIG)
Tm+6+3+2)T(mMr®) o
2000 + D(y + dp@u+ )T+ OTG+ 2)I(n +3)
502(y + d(u + 1))°T2(n + T2 + D2 + )
_2 [ 58 +16%(y + pu + 1) T2(n + OI2G+ D2 +3) | 2
—05%6(1, 6, )T+ O+ N2+ 6 + 3+ DIrmre)
262t2T2(+ 0 + 3+ DI2(mr2(0)

for |€ —1| =

\

Theorem 2.4. For0 <o <1,te€ G, 1], & € R and 6 is a nonzero real constant, let
f € A be in the family S5 (a,1,0,3,t,8). Then
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|a3 - Ea§|

( 2t|8|IT(m + 6 + 2+ 2)I'(MrQ) _

300+ 12+ DI(n+ 0O+ 2)T(n +3)°

1) < Tm+0+3+2)TmIr®)
=300+ 1o+ DI +0TG+2)I(H+23)

for |& —

56%(c + D2+ 020+ Dr2(m +3)
3 26(6 + 1)62%(c + DT2(m+ 6)r2(0+ 1r2(n +3) .2
—08%Y(0,1,6,VT(n +OOT(n + N2 +6 + 3+ DI (MmIre)
§2t°T2(Mm+ 6 + 3+ DI2mrz)

< { 263|183 IM2(m + 6 + 3+ DI2(mIr2m|E — 1|
562(a + 1)2T2(n + O)T2(d + DT2(n + )
B [ 26(6 + 1)0?%(c+ 1)?T?2(m+ T2+ Dr2(n +3)
—06%Y(0,1n,0, VI +OOI(n+NIr2(m+6 +3+ DHrmre)
F(+ 6 + 3+ 2)IIR)
3006 + 1)(20 + DTG + O)TG+ 20T +3)

t2

for |§ —1| =

56%(c + D2+ OIr2(+ Dr2(m +3)
3 26(6 + 1)62%(c + )T2(m+ O)r2(0+ Dr2(n +3) .2
—06%Y(0,1,6,)T(n+ T+ N2 +6 + 3+ DI(MmIre)
52t2T2(n + 0 + 3 + DI2(mI2()

\

Proof. In view of (2.29) and (2.30), we deduce that

T+ 6 + 3+ 2)TMTMGL (1) (uy — vy)
66(6 +1)(20 + 1)I'(n + L3+ 2)I'(n + )

as —§aj = (1-¢§)aj +

P2+ 6 +3+ D22 (65©) (g +v)
26Y(0,7,6, )01 + O)'(n + N2 + 6 + 3+ DIIQ) (67 (1:))2
—8602(c + 1)2I'2(n + )r2(3 + DI2(n + NG (1)

T+ 6+ 3+ 2)TMT®GE (O (uy — v)
606 + 1R+ 1DI(n+0)rG>+2)r(n+13)

=1=9)
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_G® O+ F(n+ 6+ +2)r(mre) y
72 [\ T 3006+ Do+ DI+ OIG+ 2)T( +3)) 2
F( + 6 + 3+ 2)TIR)
* (<p(€) T 3006+ D20 + DI( + 6)LG+ 2)I(n + 3)) ”2]’
where
2
M2(+6 +3+ Dr2Eree) (62 ©) -9
) =

6Y(c,m,8, )T (n + OL( + DI2(n + 6 +3 + DI (680)
—4602(0 + 1)2I2(n + OT2( + DI2(n + NGE ()

According to (1.3), we deduce that

( 2t|6IT(n + 6 + 2+ 2)L(mT )
300 + 1)+ DI(n+ TG+ 2)T(n +3)°
Tm+6+3+2)T(mrR)

a3 — £a3] < 0=10@ = 356720 + DI+ OFG + 2T + '
2|8l
()] = Fn+6+3+2)FmMIQ)

=300+ 1)(20 + DI(n + OTG+ 2)I'(n + )

After some computations, we obtain
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|a3 - Ea§|

( 2t|8|IT(m + 6 + 2+ 2)I'(MrQ) _

300+ 12+ DI(n+ 0O+ 2)T(n +3)°

1) < Tm+0+3+2)TmIr®)
=300+ 1o+ DI +0TG+2)I(H+23)

for |& —

56%(c + D2+ 020+ Dr2(m +3)
3 [ 26(6 + 1)62%(c + DT2(m+ 6)r2(0+ 1r2(n +3) .2
—08%Y(0,1,6,VT(n +OOT(n + N2 +6 + 3+ DI (MmIre)
§2t°T2(Mm+ 6 + 3+ DI2mrz)

< { 263|183 IM2(m + 6 + 3+ DI2(mIr2m|E — 1|
562(a + 1)2T2(n + O)T2(d + DT2(n + )
‘_ [ 26(6 + 1)0?%(c+ 1)?T?2(m+ T2+ Dr2(n +3)
—06%Y(0,1n,0, VI +OOI(n+NIr2(m+6 +3+ DHrmre)
F(+ 6 + 3+ 2)IIR)
3006 + 1)(20 + DTG + O)TG+ 20T +3)

t2

for |§ —1| =

56%(c + D2+ OIr2(+ Dr2(m +3)
3 [ 26(6 + 1)62%(c + )T2(m+ O)r2(0+ Dr2(n +3) .2
—06%Y(0,1,6,)T(n+ T+ N2 +6 + 3+ DI(MmIre)
52t2T2(n + 0 + 3 + DI2(mI2()

Putting £ = 1 in Theorem 2.4, we demonstrate the next outcome:

Corollary 2.5. For0 <o <1,t € G, 1] and 8 is a nonzero real constant, let f € A
be in the family Sy (a,1,08,3,t,6). Then

2t|8|IT(n + 6 + 3+ 2)T(mT ()
300+ 1)+ DI'(n+ OT(xA+2)I'(n+3)

|a3 - a%| <
Putting 0 = 0 in Theorem 2.4, we demonstrate the next outcome:

Corollary 2.6. Fort € (%, 1], & € R and § is a nonzero real constant, let f € A be
in the family $5(, 0,3, t,8). Then
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|a3 - §a§|
( 2t|6IT(m+ 0 +32+2)F(mMTI Q) _
300+ DI(n+ OO+ 2)T(n+2)°
Tm+06+3+2)r(mre)
for |§ =11 < S G+ DIty + TG + TG + )
56°%T?(n+ O)Ir2(x+ DIr2(n +3)
3 [ 26(6 + 1)O?T?(n+ 02+ DI2(n +13) .2
9 —05%AM, 0, )T+ OT( + N2+ 6 + 23+ DI@re)
§2t2T2(m+ 60 + 3+ DI2(mr2)
< 263|183 IT2( + 6 + 3+ DI2(mIr2|€ — 1|
§02T2(n+ 0)r2(x+ Vr2(n+ )
‘_[ 26(6 + 1)6°T?(n+6)r2(0+ 1r2(n+13) .2
—052UM, 0, VT + )T+ DI2(m+6 + 3+ DIr(mrQ)
Tm+6+3+2)T(nr®)
for 1§ =11 = S DIt + TG+ 2T £3)
562%T?(n+ 0)Ir2(x+ DIr2(n +3)
3 [ 26(6 + 1)O°T?(n+ O)IT?(+ DI2(n +3) .2
o —05%AM, 0, )T+ OT( + N2+ 6 + 23+ DI@re)
52t2T2(n + 0 + 3 + DHIZ()2(Y)
Conclusion

The primary objective was to create the families Tx(y,¢,u,,n,0,3,t,8) and
Sy(o,7n,6,3,t,6) of bi-univalent functions which governed by Gegenbauer polynomials.
We generated Taylor coefficient inequalities for functions in the families
Ts(y, o, u,,n,0,3t,6) and Ss(o,n,0,),t,6) and viewed the famous Fekete-Szego

problem.
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