Earthline Journal of Mathematical Sciences
ISSN (Online): 2581-8147

Volume 3, Number 1, 2020, Pages 121-138
https://doi.org/10.34198/ejms.3120.121138

Combination of Two Powerful Methods for Solving Nonlinear Partial

Differential Equations

Djelloul Ziane' and Mountassir Hamdi Cherif”

Laboratory of Mathematics and its Applications (LAMAP), University of Oranl Ahmed Ben Bella,
Oran, 31000, Algeria

e-mail: 1dj eloulz@yahoo.com, mountassir27 @ yahoo.fr

Abstract

The idea of this work is to combine the homotopy analysis method with a new transform
called “Shehu transform”. The goal is to try to take advantage of this transform to give a
better speed to the homotopy analysis method to solve nonlinear partial differential
equations. Several examples are given to re-confirm the efficiency of the suggested

algorithm.

1. Introduction

Integral transformations are defined by integrals, which play an important role in
solving linear ordinary differential equations or linear partial differential equations.
Among the most important of these integral transformations are the Laplace transform
and the Fourier transform, that appeared in the 18th century. In addition, several
transformations have appeared during the last 30 years, such as, Sumudu transform [25],
natural transform [14], Ezaki transform [6], Aboodh transform [1], ZZ-transform [32]
and the last transformation appeared is the Shehu transform [14], which is developed this

year.

In order to take advantage of these transformations and to use them to solve
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nonlinear differential equations, the researchers are using them a lot now, and they have
combined them with some usual methods, such as, the homotopy analysis method
(HAM). This method was developed in 1992 by Liao Shijun in his PhD dissertation
([15], [16], [17], [18]) and was used by many researchers to solve linear and nonlinear
differential equations ([2], [3], [4], [10], [21]).

Among the work done by combining this method with some transforms, we will
mention some of them, the homotopy analysis method coupled with Laplace transform
([81, [9], [12], [19], [24]), homotopy analysis Sumudu transform method ([7], [22], [23]),
homotopy Natural transform method ([5], [13], [29]), homotopy analysis Elzaki
transform method ([27], [28]) and homotopy analysis Aboodh transform method [30].

The basic idea of this paper consists of combining two important methods for solving
nonlinear differential equations. The first method is homotopy analysis method, and the
second is a new transform developed recently [14]. The combination of these two
methods gives us an efficient method to solve nonlinear partial differential equations.

The present paper has been organized as follows: In Section 2 some basic definitions
and properties of the Shehu transform, in addition, two propositions concerning the
partial derivative. In Section 3 an analysis of the proposed method. In Section 4 the

application of this method on three suggested examples. Finally, the conclusion follows.
2. Basics of Shehu Transform

In this section, we will provide the basic definition of Shehu transform, basic
theories and some important properties [20], and two propositions concerning the general

formula of the Shehu transform of partial derivatives.
2.1. Definition of transformation and existence theorem

Definition 2.1. The Shehu transform of the function v(t) of exponential order is
defined over the set of functions,

v(1)| < Nexp[%j, it 1O(-1)7 x[o, oo)} 2.1)

A= {V(T) N, ky, ky >0,

by the following integral

()] = [V (s, )] = Texp(TSij(T)dT
0

http://www.earthlinepublishers.com



Combination of Two Powerful Methods for Solving Nonlinear ... 123

a
= lim exp(_—ﬂ)v(T)dT, s>0,u>0. 2.2)
u

[0 NYe4)

It converges if the limit of the integral exists, and diverges if not.

The inverse Shehu transform is given by

SV (s, u)] = v(1), for T = 0. (2.3)
Equivalently
1 Y71 (st
v(t) = S V(s, u)] = — j —exp(s—)V(s, u)ds, (2.4)
2 J u u
a—ico

where s and u are the Shehu transform variables, and o is a real constant and the integral

in (2.4) is taken along s = 0 in the complex plane s = x + iy.
Theorem 2.1. The sufficient condition for the existence of Shehu transform. If the
function v(T) is piecewise continuing in every finite interval 0 <T<PB and of

exponential order O for T > B. Then its Shehu transform V (s; u) exists.
Proof. See [20]. O
2.2, Derivative of Shehu transform

Theorem 2.2. Derivative of Shehu transform. If the function v(”)(t) is the n-th

derivative of the function v(t) O A, then its Shehu transform is defined by

Sy )] s V(s u) > [S)n_(kﬂ) “(0) (2.5)
)] =—V(s, u)- E = : :
1% un S, U < y 1%

When n =1, 2, and 3 in (2.5) above, we obtain the following derivatives with

respect to t.

Sv@)] = 5V(s, u) - v(0), (2.6)
2
Sh'(1)] = :—2 V(s, u) - 5\/(0) -v(0), 2.7
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3 2

§h%m:£§w&@—§5m»—;wm—wm) (2.8)

<

Proof. See [20].
2.3. Some properties. Below, we summarize some important properties of this

transform, and their proof can be found in [20].

1. (Linearity): S[(af (1)) + Bg(1)] = aS[f ()] + aS[g(x)]-
2. (Change of scale). S[f(Bt)] = EV(E, u)

In the following table, we will present other properties of this transformation:

o) i) olr) i)
) u sin at 52 4(1.:_; u?
- ,:_- cos art ﬁ
T;T n=0,1,2,.. (% ”H siuhar 522;“2
T "
%l?((”) (vs—liz z:r)il—ﬂ coshar s? _u;z u?

av(r, T av(r, 1) . . .
M and L exist, and by using integration by parts,

Proposition 2.3. If
ot ot?
we obtain
§[av(r, r)} =2V(r, s, u) - v(r, 0), (2.9)
ot u
2 2
G5 -2 0)- 200 @10
a2 2 u ot

Proof. The use of integration by parts, gives
o 0] _ [, () T ()
gkuiﬂzjeu;limzhm eu M)
ot 0 ot rowd0 ot

—S‘T —sT

= lim||v(r, T)e “ —je”vrT
[ — 0

= iV(r, s, u) = v(r, 0).
u
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v(r, 1)
ot

Let = w(r, T), then, by using (2.5) and (2.9), we get

4 azv(r, )| _ afow(r 1)]_ s 4 B
S{ P }—S[ pe }—;S[w(r, )] - w(r, 0)

_ ig{av(r, T)} _0v(r, 0)
u ot ot

2
= S—zV(r, s, u) —iv(r, 0) - ov(r, 0).
u u aT

Proposition 2.4. Let V(r, s, u) is the Shehu transform of v(r, ). Then one has

Tan n n-1 n—=(k+1) yk
5{0 o T)} =Svsa)-y (220 e
aT u k=0 u aT

Proof. To demonstrate the validity of the formula (2.11), we use mathematical
induction.

If n =1 and according to the formula (2.11), we obtain

S[M} = Sy, s, 1) = v(r. 0). (2.12)
ot u

So, according to (2.9) we note that the formula holds when n = 1.
Assume inductively that the formula holds for n, so that

A 0"v(r, T) sn l(i) (k+1) gk, (r, 0) 21
S{—OI" } (r, s, u) z p —6Tk (2.13)

u

"v(x, t) _

- w(x, t) and according to (2.9)
ot

and show that it stays true at rank n +1. Let

and (2.13), we have

s{an%(n T)} = 5 2D S, ) - w0

aTn+1
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S *) "v(r,
:ZL_ -3 (2) “a"a( 0)}_6 (-, 0)

=0 T ot"
_ s"Jrl (r, 5. ) “ (sj’”l_(kﬂ) o*v(r, 0) _0"v(r, 0)
u*! o \ U otk ot”
~ Sn+1 n+1—(k+1) akv(r’ 0)
= u”+1 (r, s, u) g —aTk .

Thus by the principle of mathematical induction, the formula (2.11) holds for all
n=1. U

3. Homotopy Analysis Shehu Transform Method

To illustrate the basic idea of this method, we consider a general nonlinear

nonhomogeneous partial differential equation:

m
9 gv(n: D4 L (r, 1) + RO (. T) = h(r. 7). G.1)
T
m
where m =1, 2, ..., and 6‘;V_(mr,r) is the partial derivative of the function W(r, T) of
T

order m, L is the linear differential operator, R represents the general nonlinear

differential operator, and h(r, T) is the source term.

Applying the Shehu transform (denoted in this paper by S ) on both sides of (3.1),

we get

S{%} + S[LW(r, 1) + ROW(r, 1)) - h(r, T)] = 0. (3.2)

Using the property of the Shehu transform, we have the following formula

SW(r. 1) - mzl (Ejkﬂ 0" W (x, 0)

k=0 * ot
S ) + RV, D) - A Tl =0, ()
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Define the nonlinear operator

m-1 k+1 Ak
Nelr. T p)l = Sler. T p) - > (_) 2%q(r. 0. p)
k=0

otk

+ u—mg[L(p(r, T p)+ Ro(r, ; p) - h(r, T; p)]. (3.4)
s

By means of homotopy analysis method [15], we construct the so-called the zero-

order deformation equation

(1= p)Sler. T p) + @y(r. T, 0)] = phH(r, )N[g(r, T; p)]. (3.5)

where p is an embedding parameter and p (1[0, 1], H(r, T) # 0 is an auxiliary function,

A

h # 0 is an auxiliary parameter, S is an auxiliary linear Shehu transform operator.

When p =0 and p =1, we have

{([:(r, T, 0) = Wy(r, 1),
or, 1; 1) =wW(r, 1).

When P increases from O to 1, the @(r, T, p) various from Wy(r, T) to W(r, 1).

(3.6)

Expanding @(r, T; p) in Taylor series with respect to p, we have

or. T, p) = Wo(r, 1) ZW (r, 1) (3.7)
where
_ 1 3"¢r, 1 p)
W (r, T) T | p=0 - (3.8)

When p =1, the (3.7) becomes

+00
W(r, 1) =Wy(r, 1) + ZWm(r, 1). (3.9)
m=1
Define the vectors
W, ={Wy(r, 1), W(r, 1), Wy (r, 1), ..., W, (r, T)}. (3.10)

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 121-138



128 Djelloul Ziane and Mountassir Hamdi Cherif

Differentiating (3.5) m-times with respect to p, then setting p = 0 and finally dividing

them by m!, we obtain the so-called mth-order deformation equation

‘§[Wm(r’ T) - Xme—l(r’ T)] = th(I”, T)mm(Wm—l(r’ T))’ (3.1D)
where
7 __ 1 0"'N(rnup)
and
_ [0, m<1,
Xm 201 mos1.
Applying the inverse Shehu transform on both sides of (3.11), we can obtain
W, (r, ©) = X, Wi (r, T) + §_1[th(r, DR, (W,,_(r, V)] (3.13)

The m-th deformation equation (3.13) is a linear which can be easily solved. So, the

solution of (3.1) can be written into the following form
M
W(r, 1) = > W,(r 1), (3.14)
m=0

when M - oo, we can obtain an accurate approximation solution of (3.1).

4. Application of the HASTM

In this section, we apply the homotopy analysis transform method (HAM) coupled
with Shehu transform, to solve some nonlinear partial differential equations.
Example 4.1. First, we consider the following nonlinear KdV equation:
W +WW,. -W,. =0, 4.1)
with the initial condition
W(r, 0) =r. “4.2)

In view of the HAM technique and assuming H(r, T) = 1, we construct the so-called

the zero-order deformation equation as follows

http://www.earthlinepublishers.com
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(1 = p)STelr, w p) = @(r. 1. 0)] = phN[@(r. T: p)]. (4.3)

where

Nlglr. T, p)] = 8ol p)l =+ Slolr T p) (T p)), = (9l T p), ) 44

The series solution of (4.1) is given by (3.9). Thus, we obtain the m-th order deformation

equation:
Wy (r, T) = XWinet (1, T) + RAT R, (W, (7, T))] 4.5)
with
Ry W1 (1, 1)) = S[Wyyoy (. 1)] - % (1= Xm)r
+= Srfw,-(wm-l_i), = W),y (4.6)
S Lizo
and
0, m<1,

Let us take the initial approximation as
Wo(r, 1) = r. 4.8)

According to (4.5) and (4.6), the formulas of the first terms are given by
Wi(r, 1) = hg_l(% SWo(Wo), = (W), ).
Wy(r, 1) = (1 + )Wy (r, T) + hﬁ‘l(%ﬁ[wo(wl)r + W (Wo), = W), 1),
Wi(r, 1) = (1 + i)Wy (r, T)
+hS7LCSWo (W), + Wi(W), +Wa(Wo), = (W2),,]),

4.9)

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 121-138
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Using the initial approximation (4.8) and the iteration formulas (4.9), we obtain
Wo(r, T) =,
Wy (r, 1) = (h)rT,
Wy(r, 1) = (h + hz)rT +h2r?,
Ws(r, T) = (h) (1 + B)* 1T + 3(h% + B2)t? + 1,
(4.10)

The other components of the (HASTM) can be determined in a similar way. Finally, the

approximate solution of (4.1) in a series form is given by

W(r, T) = Wo(r, T) + Wl(r, T) +W2(r, T) +W3(r, T) + ...
=+ [3h +30% + Bt + [4n? + 303 + 3 40 (@1

Substituting & = —1 in (4.11), the approximate solution of (4.1), given as follows

2

Wi t)=rl-t+12 -7 +.]. (4.12)

And in the closed form, is given by

(4.13)

(a) (b)

Figure 1. (a) The graph of the exact solution, (b) The graph of the approximate solution
for four terms and in the case & = —1, (c) The graph of the exact solution and the

approximate solution for four terms with different values for / in the case r = 1.
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Example 4.2. Second, we consider the following nonlinear gas dynamics equation:
Wy +WW, -W({1-W)=0, 1>0 (4.14)
with the initial condition
W(r,0)=¢". (4.15)

In view of the HAM technique and assuming H (r, T) =1, we construct the so-called the

zero-order deformation equation as follows

(1= p)S[e(r. & p) = @(r, T, 0)] = phN[@(r, T: p)]. (4.16)

where
N[o(r, T, p)] = S[e(r, T p)] - L™ + L S[ww, —w(1-w)]. 4.17)
N N

The series solution of (4.14) is given by (3.9). Thus, we obtain the m-th order
deformation equation

Wi (. ) = XpuWinoa (7 T) + B8 T [R,, (Wi (2, D)) (4.18)
with
— A u _
R Wy1 (7, 1)) = SW,q (r, T)] - ;(l ~Xmle "
U A m—1 m—1
+—S VVi(Wm—l—i)X + ZVVin—l—i ~Wp-1 |, (4.19)
S Li=o i=0
and
_ 10, m<1, (4.20)
A '

Let us take the initial approximation as
Wo(r, 1) =e". (4.21)

According to (4.18) and (4.19), the formulas of the first terms is given by

Wi(r. ) = 1571 S 0%0), + (W) - .

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 121-138
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Wy(r, 1) = (L+ m)W; + hSA_I(ZSA[WO(WOr + Wi (Wp), +2WoWy ‘W1]),
N
Ws(r, 1) = (1 + )W,

(U~ 2
o 1(;S[WO(W2)r *W(W), + Wa (W), +2WoW, + (W) _WZ])’

(4.22)
Using the initial approximation (4.21) and the iteration formulas (4.22), we obtain
Wo(r, 1) =e",
Wi(r, 1) = (= h)e T,
- 2 - T2
Wa(r 1) = (= M)+ B)e T e
2 - 2 o T 3y - T

Wa(r, 1) = (= )1+ e T 21+ AT ok ()

(4.23)

The other components of the (HASTM) can be determined in a similar way. Finally, the
approximate solution of (4.14) in a series form is given by

W(r, 1) = WO(r, 1)+ Wl(r, 1) +W2(r, 1) +W3(r, )+
=e " +[-3h-3h* -n]eT
2 31,-r T 3y, T
+[3h° +2h ]e’?+(—h )er?+--- (4.24)

Substituting & = -1 in (4.24), the approximate solution of (4.14), is given as follows

- T2 T3
W, t)=e l+t+—+—+--]. (4.25)
21 3!
And in the closed form, is given by
W(r,1)=e et =", (4.26)
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This result (4.26), represents the exact solution of the equation (4.14), as presented in
[11].

(a) (b)

Figure 2. (a) The graph of the exact solution, (b) The graph of the approximate solution

for four terms and in the case h = —1, (c) The graph of the exact solution and the

approximate solution for four terms with different values for 4 in the case r = 1.

Example 4.3. Finally, we consider the following nonlinear partial differential

equation:

r2

Wi —2—WW, =0, 1>0, 4.27)
T
with the initial conditions:
W(r, 0) =0, We(r,0)=r. (4.28)

In view of the HAM technique and assuming H (r, T) = 1, we construct the so-called the

zero-order deformation equation as follows

(1= p)S[e(r. & p) = @y(r. T, 0)] = phN[@(r, T; p)]., (4.29)
where
. u2 G2 2
N[@(r, T, p)] = S[e(r, T; p)] - —r ——ZS[ZTWWr}. (4.30)
S )

The series solution of equation (4.14) is given by (3.9). Thus, we obtain the m-th order

deformation equation

Wm (r’ T) = Xme—l (r’ T) + hﬁ_l[mm (Wm—l (r’ T))] (4.31)

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 121-138
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with
— A u2
2)%m(‘/vm—l(h T)) - S[Wm—l(r7 T)] __2(1 - Xm)r
s
Wt | 2
-8 Y W), | @32
§ T
and
_ 10, m<1, 433)
X =00 mos 1. ’
Let us take the initial approximation as
Wo(r, 1) =T (4.34)

According to (4.31) and (4.32), the formulas of the first terms is given by

2 2
Wi(r, s, 1) = —hs‘l[”—z S[z%wo(wo),D,

2 2
Wy (r, s, 1) = (L+ )W, —hﬁ_l[Z’—zﬁ{z%(Wo(Wl)r +VVI(WO)r):|J’
Ws(r, s, T) = (1 + h)W,
2
- hﬁ_l[u—z §[2rT(Wo(W2)r + W (W), + Wz(Wo),)D,

(4.35)
Using (4.34) and the iteration formulas (4.35) we obtain

Wo(x, t) = xt,
Wi(x, 1) = (- h)§x3z3,

Wy (x, 1) = (1+h)(= h)% JER R %X%S,

http://www.earthlinepublishers.com
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Ws(x, 1) = (1+ )% (- h)%x3t3 +(1+h)h? %x5z5 SERVENAS (4.36)

The other components of the (HASTM) can be determined in a similar way. Finally, the

approximate solution of (4.27) in a series form is given by
W(r, 1) = 1+ [ 3h - 30% - h3]%(rr)3

+[3n2 + 2h3]%(ﬂ)5 +(- h3)%(rr)7 +on (4.37)

Substituting 2 = —1 in (4.37), the approximate solution of (4.27), is given as follows

1 3 2 5 17 7
Wr,t)=rt+—=(rt) +— (1) +—0T)". 4.38
(o) = 27 + 2 () + S L () @38
Recall that the exact solution is given by
W(r, 1) = tan(r1). (4.39)

The result (4.39), represents the exact solution of the equation (4.27), as presented in
[31].

() (b)

Figure 3. (a) The graph of the exact solution, (b) The graph of the approximate solution

for four terms and in the case h = —1, (c) The graph of the exact solution and the

approximate solution for four terms with different values for 4 in the case r = 0.3.
5. Conclusion

On the basis of the results of the suggested examples, the combination of the
homotopy analysis method (HAM) with the Shuhu transform, gives us a powerful and

efficient method for solving nonlinear partial differential equations. Therefore, it can be

Earthline J. Math. Sci. Vol. 3 No. 1 (2020), 121-138
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said that the use of this method to solve other types of nonlinear partial differential

equations is certainly possible to achieve the desired results.
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