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Abstract 

The idea of this work is to combine the homotopy analysis method with a new transform 

called “Shehu transform”. The goal is to try to take advantage of this transform to give a 

better speed to the homotopy analysis method to solve nonlinear partial differential 

equations. Several examples are given to re-confirm the efficiency of the suggested 

algorithm. 

1. Introduction 

Integral transformations are defined by integrals, which play an important role in 

solving linear ordinary differential equations or linear partial differential equations. 

Among the most important of these integral transformations are the Laplace transform 

and the Fourier transform, that appeared in the 18th century. In addition, several 

transformations have appeared during the last 30 years, such as, Sumudu transform [25], 

natural transform [14], Ezaki transform [6], Aboodh transform [1], ZZ-transform [32] 

and the last transformation appeared is the Shehu transform [14], which is developed this 

year. 

In order to take advantage of these transformations and to use them to solve 
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nonlinear differential equations, the researchers are using them a lot now, and they have 

combined them with some usual methods, such as, the homotopy analysis method 

(HAM). This method was developed in 1992 by Liao Shijun in his PhD dissertation 

([15], [16], [17], [18]) and was used by many researchers to solve linear and nonlinear 

differential equations ([2], [3], [4], [10], [21]). 

Among the work done by combining this method with some transforms, we will 

mention some of them, the homotopy analysis method coupled with Laplace transform 

([8], [9], [12], [19], [24]), homotopy analysis Sumudu transform method ([7], [22], [23]), 

homotopy Natural transform method ([5], [13], [29]), homotopy analysis Elzaki 

transform method ([27], [28]) and homotopy analysis Aboodh transform method [30]. 

The basic idea of this paper consists of combining two important methods for solving 

nonlinear differential equations. The first method is homotopy analysis method, and the 

second is a new transform developed recently [14]. The combination of these two 

methods gives us an efficient method to solve nonlinear partial differential equations. 

The present paper has been organized as follows: In Section 2 some basic definitions 

and properties of the Shehu transform, in addition, two propositions concerning the 

partial derivative. In Section 3 an analysis of the proposed method. In Section 4 the 

application of this method on three suggested examples. Finally, the conclusion follows. 

2. Basics of Shehu Transform 

In this section, we will provide the basic definition of Shehu transform, basic 

theories and some important properties [20], and two propositions concerning the general 

formula of the Shehu transform of partial derivatives. 

2.1. Definition of transformation and existence theorem 

Definition 2.1. The Shehu transform of the function ( )τv  of exponential order is 

defined over the set of functions, 

 ( ) ( ) ( ) [ )






 ∞×−∈τ







 τ<τ>∃τ= ,01if,exp,0,,: 21
j

ik
NvkkNvA  (2.1) 

by the following integral 

 ( )[ ] ( )[ ] ( )∫
∞

ττ






 τ−==τ
0

exp,ˆ dv
u

s
usVvS  
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 ( )∫
α

∞→α
>>ττ







 τ−=
0

.0,0,explim usdv
u

s
  (2.2) 

It converges if the limit of the integral exists, and diverges if not. 

The inverse Shehu transform is given by 

 ( )[ ] ( ),,ˆ 1 τ=−
vusVS  for .0≥τ   (2.3) 

Equivalently 

 ( ) ( )[ ] ( )∫
∞+α

∞−α

−







 τ
π

==τ
i

i

dsusV
u

s

ui
usVSv ,,exp

1

2

1
,ˆ 1   (2.4) 

where s and u are the Shehu transform variables, and α is a real constant and the integral 

in (2.4) is taken along α=s  in the complex plane .iyxs +=  

Theorem 2.1. The sufficient condition for the existence of Shehu transform. If the 

function ( )τv  is piecewise continuing in every finite interval β≤τ≤0  and of 

exponential order α for .β>τ  Then its Shehu transform ( )usV ;  exists. 

Proof. See [20]. □ 

2.2. Derivative of Shehu transform 

Theorem 2.2. Derivative of Shehu transform. If the function 
( )( )tv
n

 is the n-th 

derivative of the function ( ) ,Av ∈τ  then its Shehu transform is defined by 

 [ ( )( )] ( )
( )

( )∑
∞

=

+−






−=τ

0

1

.0,ˆ

n

k
kn

n

n
n

v
u

s
usV

u

s
vS   (2.5) 

When ,2,1=n  and 3 in (2.5) above, we obtain the following derivatives with 

respect to t. 

 [ ( )] ( ) ( ),0,ˆ vusV
u

s
vS −=τ′   (2.6) 

 [ ( )] ( ) ( ) ( ),00,ˆ
2

2

vv
u

s
usV

u

s
vS ′−−=τ′′  (2.7) 
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 [ ( )] ( ) ( ) ( ) ( ).000,ˆ
2

2

3

3

vv
u

s
v

u

s
usV

u

s
vS ′′−′−−=τ′′′  (2.8) 

Proof. See [20]. 

2.3. Some properties. Below, we summarize some important properties of this 

transform, and their proof can be found in [20]. 

1. (Linearity): [ ( )( ) ( )] [ ( )] [ ( )].ˆˆˆ τα+τα=τβ+τα gSfSgfS  

2. (Change of scale). [ ( )] .,ˆ 








ββ
=βτ u

s
V

u
fS  

In the following table, we will present other properties of this transformation: 

 

Proposition 2.3. If 
( )

τ∂
τ∂ ,rv

 and 
( )

2

2 ,

τ∂
τ∂ rv

 exist, and by using integration by parts, 

we obtain 

 
( ) ( ) ( ),0,,,

,ˆ rvusrV
u

srv
S −=





τ∂

τ∂
 (2.9) 

 
( ) ( ) ( ) ( )

.
0,

0,,,
,ˆ

2

2

2

2

τ∂
∂−−=













τ∂
τ∂ rv

rv
u

s
usrV

u

srv
S   (2.10) 

Proof. The use of integration by parts, gives 

( ) ( ) ( )
∫ ∫

∞ τ
−

∞→

−

τ
τ∂

τ∂=
τ∂

τ∂=





τ∂

τ∂
0 0

,
lim

,,ˆ d
rv

edt
rv

e
rv

S u

st

r

u

st

 

( ) ( )
















ττ+













τ= ∫

τ−τ−

∞→

t
u

st

u

s

t
drve

u

s
erv

0
0

,,lim  

( ) ( ).0,,, rvusrV
u

s −=  
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Let 
( ) ( ),,

, τ=
τ∂

τ∂
rw

rv
 then, by using (2.5) and (2.9), we get 

( ) ( ) ( )[ ] ( )0,,ˆ,ˆ,ˆ
2

2

rwrwS
u

srw
S

rv
S −τ=





τ∂

τ∂=












τ∂
τ∂

 

( ) ( )
τ∂

∂−





τ∂

τ∂= 0,,ˆ rvrv
S

u

s
 

( ) ( ) ( )
.

0,
0,,,

2

2

τ∂
∂−−= rv

rv
u

s
usrV

u

s
 

Proposition 2.4. Let ( )usrV ,,  is the Shehu transform of ( )., τrv  Then one has 

 
( ) ( )

( ) ( )
∑

−

=

+−

τ∂
∂







−=













τ∂
τ∂ 1

0

1

.
0,

,,
,ˆ

n

k
k

kkn

n

n

n

n
rv

u

s
usrV

u

srv
S  (2.11) 

Proof. To demonstrate the validity of the formula (2.11), we use mathematical 

induction. 

If 1=n  and according to the formula (2.11), we obtain 

 
( ) ( ) ( ).0,,,

,ˆ rvusrV
u

srv
S −=





τ∂

τ∂
  (2.12) 

So, according to (2.9) we note that the formula holds when .1=n  

Assume inductively that the formula holds for n, so that 

 
( ) ( )

( ) ( )
∑

−

=

+−

τ∂
∂







−=













τ∂
τ∂ 1

0

1
0,

,,
,ˆ

n

k
k

kkn

n

n

n

n
rv

u

s
usrV

u

srv
S   (2.13) 

and show that it stays true at rank .1+n  Let 
( ) ( )txw
t

txv

n

n

,
, =

∂
∂

 and according to (2.9) 

and (2.13), we have 

( ) ( ) ( )( ) ( )0,,ˆ,ˆ,ˆ
1

1

rwrwS
u

srw
S

rv
S

n

n

−τ=





τ∂

τ∂=












τ∂
τ∂

+

+
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( )
( ) ( ) ( )
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∑
−
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+−+

+

+
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∂−
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−=

1

0
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1
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k
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( )
( ) ( )

∑
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+−+

+

+

τ∂
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−=

n

k
k

kkn

n

n
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u

s
usrV

u

s

0

11

1

1

.
0,

,,  

Thus by the principle of mathematical induction, the formula (2.11) holds for all 

.1≥n  □ 

3. Homotopy Analysis Shehu Transform Method 

To illustrate the basic idea of this method, we consider a general nonlinear 

nonhomogeneous partial differential equation: 

 
( ) ( )( ) ( )( ) ( ),,,,

, τ=τ+τ+
τ∂

τ∂
rhrWRrWL

rW

m

m

  (3.1) 

where ...,,2,1=m  and 
( )
m

m
rW

τ∂
τ∂ ,

 is the partial derivative of the function ( )τ,rW  of 

order m, L is the linear differential operator, R represents the general nonlinear 

differential operator, and ( )τ,rh  is the source term. 

Applying the Shehu transform (denoted in this paper by )Ŝ  on both sides of (3.1), 

we get 

 
( ) ( )( ) ( )( ) ( )[ ] .0,,,ˆ,ˆ =τ−τ+τ+













τ∂
τ∂

rhrWRrWLS
rW

S
m

m

  (3.2) 

Using the property of the Shehu transform, we have the following formula 

( )[ ] ( )
∑

−

=

+

τ∂
∂







−τ

1

0

1
0,

,ˆ
m

k
k

kk
xW

s

u
rWS  

( )( ) ( )( ) ( )[ ] .0,,,ˆ =τ−τ+τ+ rhrWRrWLS
s

u

m

m

 (3.3) 
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Define the nonlinear operator 

( )[ ] ( )[ ] ( )
∑

−

=

+

τ∂
φ∂







−τφ=τφ

1

0

1
,0,

;,ˆ;,

m

k
k

kk
pr

s

u
prSprN  

( ) ( ) ( )[ ].;,;,;,ˆ prhprRprLS
s

u

m

m

τ−τφ+τφ+              (3.4) 

By means of homotopy analysis method [15], we construct the so-called the zero-

order deformation equation 

 ( ) ( ) ( )[ ] ( ) ( )[ ],;,,0,,;,ˆ1 0 prNrphHrprSp τφτ=τφ+τφ−   (3.5) 

where p is an embedding parameter and [ ] ( ) 0,,1,0 ≠τ∈ rHp  is an auxiliary function, 

0≠h  is an auxiliary parameter, Ŝ  is an auxiliary linear Shehu transform operator. 

When 0=p  and ,1=p  we have 

 
( ) ( )
( ) ( )




τ=τφ
τ=τφ
.,1;,

,,0;, 0

rWr

rWr
  (3.6) 

When P increases from 0 to 1, the ( )pr ,, τφ  various from ( )τ,0 rW  to ( )., τrW  

Expanding ( )pr ;, τφ  in Taylor series with respect to p, we have 

 ( ) ( ) ( )∑
+∞

=
τ+τ=τφ

1

0 .,,;,

m

m
m prWrWpr   (3.7) 

where 

 ( ) ( )
.

;,

!

1
, 0=|

∂
τφ∂=τ pm

m

m
p

pr

m
rW   (3.8) 

When ,1=p  the (3.7) becomes 

 ( ) ( ) ( )∑
+∞

=
τ+τ=τ

1

0 .,,,

m

m rWrWrW   (3.9) 

Define the vectors 

 ( ) ( ) ( ) ( ){ }.,...,,,,,,, 210 ττττ= rWrWrWrWW nn

�
  (3.10) 
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Differentiating (3.5) m-times with respect to p, then setting 0=p  and finally dividing 

them by ,!m  we obtain the so-called mth-order deformation equation 

 ( ) ( )[ ] ( ) ( ( )),,,,,ˆ
11 ττ=τχ−τ −− rWrhpHrWrWS mmmmm

�
R   (3.11) 

where 

 ( ( ))
( )

( )
,

;,

!1

1
, 01

1

1 =−

−

− |
∂

τ∂
−

=τ pm

m

mm
p

prN

m
rW

�
R   (3.12) 

and 





>
≤

=χ
.1,1

,1,0

m

m
m  

Applying the inverse Shehu transform on both sides of (3.11), we can obtain 

 ( ) ( ) [ ( ) ( ( ))].,,ˆ,, 1
1

1 ττ+τχ=τ −
−

− rWrhpHSrWrW mmmmm

�
R   (3.13) 

The m-th deformation equation (3.13) is a linear which can be easily solved. So, the 

solution of (3.1) can be written into the following form 

 ( ) ( )∑
=

τ=τ
M

m

m rWrW

0

,,,   (3.14) 

when ,∞→M  we can obtain an accurate approximation solution of (3.1). 

4. Application of the HASTM 

In this section, we apply the homotopy analysis transform method (HAM) coupled 

with Shehu transform, to solve some nonlinear partial differential equations. 

Example 4.1. First, we consider the following nonlinear KdV equation: 

 ,0=−+τ rrr WWWW   (4.1) 

with the initial condition 

 ( ) .0, rrW =   (4.2) 

In view of the HAM technique and assuming ( ) ,1, =τrH  we construct the so-called 

the zero-order deformation equation as follows 
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 ( ) ( ) ( )[ ] ( )[ ],;,0,,;,ˆ1 0 prphNrprSp τφ=τφ−τφ−   (4.3) 

where 

( )[ ] ( )[ ] [ ( ) ( )( ) ( )( ) ].,,,,,,ˆ;,ˆ,, rrr prprprS
s

u
r

s

u
prSprN τφ−τφτφ+−τφ=τφ   (4.4) 

The series solution of (4.1) is given by (3.9). Thus, we obtain the m-th order deformation 

equation: 

 ( ) ( ) [ ( ( ))]τ+τχ=τ −
−

− ,,, 1
1

1 rWhArWrW mmmmm

�
R    (4.5) 

with 

( ( )) ( )[ ] ( )r
s

u
rWSrW mmmm χ−−τ=τ −− 1,ˆ, 11

�
R  

( ) ( )











−+ ∑

−

=
−−−

1

0

11
ˆ

m

i

rrmrimi WWWS
s

u
           (4.6) 

and 

 




>
≤

=χ
.1,1

,1,0

m

m
m    (4.7) 

Let us take the initial approximation as 

 ( ) .,0 rrW =τ   (4.8) 

According to (4.5) and (4.6), the formulas of the first terms are given by 

( ) ( [ ( ) ( ) ]),ˆˆ, 000
1

1 rrr WWWS
s

u
ShrW −=τ −  

( ) ( ) ( ) ( [ ( ) ( ) ( ) ]),ˆˆ,1, 10110
1

12 rrrr WWWWWS
s

u
ShrWhrW −++τ+=τ −  

( ) ( ) ( )τ+=τ ,1, 23 rWhrW  

( [ ( ) ( ) ( ) ( ) ]),ˆˆ
2021120

1
rrrrr WWWWWWWS

s

u
Sh −+++ −  

⋮  (4.9) 
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Using the initial approximation (4.8) and the iteration formulas (4.9), we obtain 

( ) ,,0 rrW =τ  

( ) ( ) ,,1 τ=τ rhrW  

( ) ( ) ,,
222

2 τ+τ+=τ rhrhhrW  

( ) ( ) ( ) ( ) ,31,
332322

3 τ+τ++τ+=τ rhrhhrhhrW  

⋮  (4.10) 

The other components of the (HASTM) can be determined in a similar way. Finally, the 

approximate solution of (4.1) in a series form is given by 

( ) ( ) ( ) ( ) ( ) ⋯+τ+τ+τ+τ=τ ,,,,, 3210 rWrWrWrWrW  

[ ] [ ] ⋯+τ+τ++τ+++= 3323232
3433 rhrhhrhhhr     (4.11) 

Substituting 1−=h  in (4.11), the approximate solution of (4.1), given as follows 

 ( ) [ ].1,
32
⋯+τ−τ+τ−=τ rrW   (4.12) 

And in the closed form, is given by 

 ( ) ,
1

,
τ+

=τ r
rW  .1<τ   (4.13) 

This result represents the exact solution of the equation (4.1) as presented in [31]. 

 

                   (a)                                         (b) 

Figure 1. (a) The graph of the exact solution, (b) The graph of the approximate solution 

for four terms and in the case ,1−=h  (c) The graph of the exact solution and the 

approximate solution for four terms with different values for h in the case .1=r  
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Example 4.2. Second, we consider the following nonlinear gas dynamics equation: 

 ( ) ,01 =−−+τ WWWWW r   0>τ   (4.14) 

with the initial condition 

 ( ) .0,
r

erW
−=   (4.15) 

In view of the HAM technique and assuming ( ) ,1, =τrH  we construct the so-called the 

zero-order deformation equation as follows 

 ( ) ( ) ( )[ ] ( )[ ],;,0,,;,ˆ1 0 prphNrprSp τφ=τφ−τφ−   (4.16) 

where 

 ( )[ ] ( )[ ] [ ( )].1ˆ;,ˆ,, WWWWS
s

u
e

s

u
prSprN r

r −−+−τφ=τφ −   (4.17) 

The series solution of (4.14) is given by (3.9). Thus, we obtain the m-th order 

deformation equation 

 ( ) ( ) [ ( ( ))]τ+τχ=τ −
−

− ,ˆ,, 1
1

1 rWShrWrW mmmmm

�
R   (4.18) 

with 

( ( )) ( )[ ] ( ) r
mmmm e

s

u
rWSrW

−
−− χ−−τ=τ 1,ˆ, 11

�
R  

( ) ,ˆ
1

0

1

0
111 







−++ ∑ ∑

−

=

−

=
−−−χ−−

m

i

m

i

mimiimi WWWWWS
s

u
   (4.19) 

and 

 




>
≤

=χ
.1,1

,1,0

m

m
m   (4.20) 

Let us take the initial approximation as 

 ( ) .,0
r

erW
−=τ   (4.21) 

According to (4.18) and (4.19), the formulas of the first terms is given by 

( ) [ ( ) ( ) ] ,ˆˆ, 0
2

000
1

1 






 −+=τ −
WWWWS

s

u
ShrW r
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( ) ( ) [ ( ) ( ) ] ,2ˆˆ1, 1100110
1

12 






 −++++=τ −
WWWWWWWS

s

u
ShWhrW

rr  

( ) ( ) 23 1, WhrW +=τ  

[ ( ) ( ) ( ) ( ) ] ,2ˆˆ
2

2
120021120

1







 −+++++ −
WWWWWWWWWWS

s

u
Sh

rrr  

⋮  (4.22) 

Using the initial approximation (4.21) and the iteration formulas (4.22), we obtain 

( ) ,,0
r

erW
−=τ  

( ) ( ) ,,1 τ−=τ −r
ehrW  

( ) ( ) ( ) ,
!2

1,
2

2
2

τ+τ+−=τ −− rr
ehehhrW  

( ) ( ) ( ) ( ) ( ) ,
!3!2

121,
3

3
2

22
3

τ−+τ++τ+−=τ −−− rrr
ehehhehhrW  

⋮   (4.23) 

The other components of the (HASTM) can be determined in a similar way. Finally, the 

approximate solution of (4.14) in a series form is given by 

( ) ( ) ( ) ( ) ( ) ⋯+τ+τ+τ+τ=τ ,,,,, 3210 rWrWrWrWrW  

 [ ] τ−−−+= −− rr
ehhhe

3233  

[ ] ( ) ⋯+τ−+τ++ −−
!3!2

23
3

3
2

32 rr
ehehh   (4.24) 

Substituting 1−=h  in (4.24), the approximate solution of (4.14), is given as follows 

 ( ) [ ].
!3!2

1,
32

⋯+τ+τ+τ+=τ −r
erW   (4.25) 

And in the closed form, is given by 

 ( ) .,
rr

eeerW
−ττ− ==τ   (4.26) 
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This result (4.26), represents the exact solution of the equation (4.14), as presented in 

[11]. 

 

(a)                                           (b) 

Figure 2. (a) The graph of the exact solution, (b) The graph of the approximate solution 

for four terms and in the case ,1−=h  (c) The graph of the exact solution and the 

approximate solution for four terms with different values for h in the case .1=r  

Example 4.3. Finally, we consider the following nonlinear partial differential 

equation: 

 ,0,02
2

>τ=
τ

−ττ rWW
r

W   (4.27) 

with the initial conditions: 

 ( ) ( ) .0,,00, rrWrW == τ   (4.28) 

In view of the HAM technique and assuming ( ) ,1, =τrH  we construct the so-called the 

zero-order deformation equation as follows  

 ( ) ( ) ( )[ ] ( )[ ],;,0,,;,ˆ1 0 prphNrprSp τφ=τφ−τφ−   (4.29) 

where 

 ( )[ ] ( )[ ] .2ˆ;,ˆ,,
2

2

2

2

2













τ
−−τφ=τφ rWW

r
S

s

u
r

s

u
prSprN   (4.30) 

The series solution of equation (4.14) is given by (3.9). Thus, we obtain the m-th order 

deformation equation 

 ( ) ( ) [ ( ( ))]τ+τχ=τ −
−

− ,ˆ,, 1
1

1 rWShrWrW mmmmm

�
R   (4.31) 
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with 

( ( )) ( )[ ] ( )r
s

u
rWSrW mmmm χ−−τ=τ −− 1,ˆ,

2

2

11

�
R  

( ) ,2ˆ
1
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  (4.32) 

and 

 




>
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,1,0

m

m
m   (4.33) 

Let us take the initial approximation as 

 ( ) .,0 τ=τ rrW   (4.34) 

According to (4.31) and (4.32), the formulas of the first terms is given by 
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Using (4.34) and the iteration formulas (4.35) we obtain 

( ) ,,0 xttxW =  

( ) ( ) ,
3

1
, 33

1 txhtxW −=  

( ) ( ) ( ) ,
15

2

3

1
1,

55233
2 txhtxhhtxW +−+=  
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( ) ( ) ( ) ( ) .
315

17

15

4
1

3

1
1,

773552332
3 txhtxhhtxhhtxW −++−+=   (4.36) 

The other components of the (HASTM) can be determined in a similar way. Finally, the 

approximate solution of (4.27) in a series form is given by 

( ) [ ] ( )332

3

1
33, τ−−−+τ=τ rhhhrrW  

[ ] ( ) ( ) ( ) .
315

17

15

2
23

73532
⋯+τ−+τ++ rhrhh      ��  (4.37) 

Substituting 1−=h  in (4.37), the approximate solution of (4.27), is given as follows 

 ( ) ( ) ( ) ( ) .
315

17

15

2

3

1
,

753 τ+τ+τ+τ=τ rrrrrW   (4.38) 

Recall that the exact solution is given by 

 ( ) ( ).tan, τ=τ rrW   (4.39) 

The result (4.39), represents the exact solution of the equation (4.27), as presented in 

[31]. 

 

                (a)                                                (b) 

Figure 3. (a) The graph of the exact solution, (b) The graph of the approximate solution 

for four terms and in the case ,1−=h  (c) The graph of the exact solution and the 

approximate solution for four terms with different values for h in the case .3.0=r  

5. Conclusion 

On the basis of the results of the suggested examples, the combination of the 

homotopy analysis method (HAM) with the Shuhu transform, gives us a powerful and 

efficient method for solving nonlinear partial differential equations. Therefore, it can be 
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said that the use of this method to solve other types of nonlinear partial differential 

equations is certainly possible to achieve the desired results. 
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