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Abstract

The main objective of this paper is to present integral representations of Euler type and
Laplace type for five new hypergeometric series of four variables.

1. Introduction

In diverse areas in engineering and mathematical physics, integral representations
play an important role in the view point of application. A number of integral
representations involving various hypergeometric functions have been investigated by
many authors (see [1, 2, 3, 4, 5, 6, 8, 15, 17]). Very recently, Bin-Saad et al. [2, 3] have
introduced and studied ten quadruple hypergeometric functions X 1(4), X 54), vy X l(g)' In
[17] Younis and Bin-Saad gave integral representations for twenty new hypergeometric
functions of four variables X g), X S), vy X %). Motivated mainly by the works [2, 3,

17], we further derive the following five new hypergeometric functions of four variables:
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4 . .
Xgl)(al, ay, ay, ay, ay, ay, a3, Ay €y, €1, €3, €35 X, Y, 2, U)

r X2 B (1.1)

_ i (al)zm+n+q(a2)q+n+p(03)p x™ yn zp ud

m,n, p,q=0

4 . .
ng)(al, ay, ay, ay, ay, ay, a3, Ay €, 1, €1, €35 X, Y, 2, U)

T 1.2
(cl)n+p(C2)m(c3)q m! n! p! g! (1.2)

i (@) omtnrq (@2 gansp@3)p 2™ 3" 2P u

m,n, p,q=0

4
X§3)(a1, ay, ay, ay, aj, ay, az, ay; €y, €1, €|, €25 X, Y, 2, U)

(1.3)

i (a1)2m+n+q(az)q+n+p(03)p ﬁy_niﬁ

m’n,p’qzo (Cl)m+n+p(C2)q m' I’l! p' q' ’

4 . .
X§4)(al’ a,, 4z, 4p, 4y, dp, 4z, dz; €, Cp, €1, €3, X, Y, Z, u)

i (a1)2m+n+q(a2)n+p(a3)1’+q X7yt ud (1.4)

m,n,p,qZO (cl)m+p(02)n(a3)q m’ l’l’ p’ q’ ,

4 . .
X§5)(611, a, asz, ap, ap, dp, Ay, Ar; €1, Cp, €1, €3, X, Y, Z, M)

i (al)2m+n+q(a2)n+q(a3)p(a4)l’ ﬂiiﬁ

) (1.5)

m,n, p,q=0
where (a) . denotes the Pochhammer symbol given by

r(a + m)

M(a)

In the present paper, we will introduce and study several integral representations for

(@) =

=afa+1)---(a+m-1) (mON:={1, 2, 3}) and (a), = 1.

the new quadruple functions defined above. In Section 2, we have obtained some Euler
type integrals involving quadruple functions X i(4) (i = 21, 22, 23, 24, 25). Then we aim
to present integral representations of Laplace-type are for each functions

x®) (i = 21, 22, 23, 24, 25).
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2. Integral Representations of Euler-Type

Here, in order to present our main finding, we recall the definition of some well-
known hypergeometric functions as follows:

The Gaussian hypergeometric function is defined by [15]

I’l

2Flabcx=z " . (x| <1).

C

Appell’s hypergeometric functions F,, F3 and F, of two variables and the Horn’s
series H, of two variables are given by

(o] b m n
Fy(a, b, c; d, e; x, y) = Z Mﬁc Yy

@), o LxlFlI<D.

m,n=0
v (@) (6), (), (), X Y
F(a, b, c,d; e; x, y) = Z B (max{ x|, |y} <1),
oo (€)en m! n!
© b + xm yl’l
Fyla, b; c, d; x, y) = z mn__’ Wlx[+4ly[<1)
a0 nd), m nl

and

Hy(a, by c, d; x, y) = i (@Bl

om0 (c)m(d)n m! n!

y|<s,4r:(s—1)2)

respectively (see [15]). The Exton’s triple functions X,, X3, X4, X153, X14, X135, X16
and X, [9] are defined by as follows:

a b m .n _p
Xo(a, by e, d, e x, y, 2 z )2m+2"+17( )p X'y oz

1 n! pl’
ey @u@), ), mtonpl

. . 2m+n+p(b)n+p x y Z
X3(a, b, C, d, X, ¥, Z Z C (d) m! n! p'
m,n, p=0 m+ni=/p
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S (a (b)
X4(a, b;c,d,e; x,y, 2 Z 2m+n+p n+p x y Z

m,n, p=0 m )n(e)p m' n! p'
c a b C n _p
X13(a, b, C, d; X, ¥, 2 Z ( 2m+n( n+p( )p x y Z_
m,n, p= =0 )m+n+p m' n! p'
> a b c m n _p
X14(a’ b’ C, d, e x,y, Z): z ( )2m+n( )n+p( )17 x_y_z_’
m,n, p=0 (d)m+n(e)p m! n! p!

[e)

(a)2m+n(b)n+p(c)p Xm yn Zp
Xislaobocds w2} = D,

m,n, p=0

d a b c m _.n _p

X16(a, b, c;d, e; x, v, Z) = z ( )2m+n( )n+p( )p x0Ty ozt

m,n,p:() (d)m+p(e)n m' l’l' P'

and
© (a (b (c) (d) m .n _p
X2O(aa b7 C7 d’ ey fa x Z 2m+n p p x_y_z_

m,n, p=0 em+p(f) m! n! p!

The Lauricella’s triple functions FC(3) and Fr (see [11]) are given by

[oe]
a
Fc(3)(a, b;cp, ¢, ¢33 %, 9, 2 E ( m+”+1’ )m+”+Px'y' Z'
e (), m ot

and

i (a)m+n+p(b)m+p(c)n£izp

Fr(a,a,a,b,c,b;d, e, e x, y,27)= @)@, RS

m,n, p=0

Sharma and Parihar hypergeometric function of four variables F1(4) is as follows (see

4
[12]):
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4
Fl(4)(a1, ay, ay, ay, by, by, by, by; ¢y, ¢a, €3, €15 X, Y, 2, 1)

S (@) p(@2)g B (B2)g x™ " 2 u?

mvnngo (Cl)m+q(02)n(c3)p m' n' p' q' ‘

Lauricella hypergeometric function of four variables FC(4) is as below (see [10])

4
Fé Ya, b: ¢y, ¢, ¢3, a3 %, ¥, 2, 1)

o0

- z (a)m+n+p+q(b)m+n+p+q Xm y" Zp Ltq
(e1),(c2),(c3) ,(ca), m! mt p! g

m,n, p,q=0
Wxl+ Iy T+ Alz] +4lul <1).

Now, we evaluate five integrals representations for each functions X i(4)
(i = 21, 22, 23, 24, 25) involving the Gauss hypergeometric function ,F, Appell
hypergeometric functions F,, F3 and F,, Horn’s function H, of two variables, the
Exton’s triple series X,, X3, X4, X3, X14, X15, X1 and X5, the Lauricella’s triple
series FéS) and Fg, and the quadruple series Fl(f), X gal,) and Fé4), as follows:

4
Xél)(al, ap, ap, ai, ay, a, as, dy; Cy, €1, €3, €3, X, Y, Z, u)

_ M(a +ay +a3)(c)
M(a1)T(a2)T (a3)T (@) (c; - a)

<[] [lan 10 - aye g et -yt - e

b

+a, + + +ay+1
XFC(4)(al a22 as ap a22 as ;a,q—a,Cz,C3;7\1x,7\2)”7\31’)‘4”jdadﬁdy

(A = 4a’By, Ay = 4a(l-a)B(1-y), Ay = 4(1 - a)B(1 - B). Ay = 4a(l - a)p?),

(Re(a;) >0,i=(1, 2, 3), Re(a) > 0, Re(c; —a) >0); (2.1)
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4 . .
X&B(al, ay, ay, ay, ay, ay, az, ay; €1, €1, €3, €33 X, Y, Z, U)

_ Mo +ay) J‘laal—l(l_a)az—1
M(a)T(az) 70
x Xo(ay + ay, a3; ¢|, ¢3, Co; o’x + a(l —a)y, a(l—a)u, (1 -a)z)da
(Re(ay) > 0, Re(ay) > 0); (2.2)

4
Xél)(al, ap, ap, ai, ay, a, as, dp; €y, €y, €3, €3, X, y, Z, u)

I 1 1
= &I 2 (sin? o) 5 (cos? a)3 4 5 (1 - usin? o) "2
M(a)l(c3 —a;)Jo

2
y tan ;1 , Z . da
(1-usin“a) (1-usin”a)

X X14[1 +a —c3, ap, az; ¢y, Cp; xtan4 a, —

(Re(ay) > 0, Re(ez —ay) > 0); (2.3)
4
Xél)(al, ap, ap, ai, ay, a, as, dp; Cy, €1, €3, €3, X, Y, Z, u)

_ Me)(S -T)"(R-T)
[ (a) (e —a) (S = R)>1™ 422

IS(G _ R)al —1((x _ T)l+a1+a2—2c1
R

x[(R-T)(S = R)(S —a)(a = T) + (s~ T)*(a - RYP ]
x[($ =R)(a =T) = (s -T)(a = R)y|™
X Fy(ay, a3, 1+ a; = ¢y ¢5, ¢35 Nz, Myu)da

()\ _ (S-R)(a -T)
IR -1) (s~ 1) (@ - R)]

(S -R*(S-T)(a - R)(a -T)
[(R-T)(S =R)(S —a)(a -T)+(S - T)*(a - R)*x]
x[(§=R)(a=T)= (S -T)(a - R)y]

)\2:—

>

(Re(ay) >0, Re(c; —a;) >0, T <R<S); (2.4)
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4 . .
Xﬁl)(al, ay, ay, ay, ay, ay, az, ay; €1, €1, €3, €33 X, Y, Z, U)

_ ()l (c2)
Ma))T(a3)T (c) = )T (e — a3)

e ietp-cop

% [(1 _ e—a) + xe—2a ]q —a;-1 (1 _ ye—a _ Ze—B)—az

—a
ue

[(1-e %)+ xe 2](1 - ye @ - ze_B)

Jdudﬁ

x 2F1[1 ta —cp, ay;c3;
(Re(al) > 0, Re(a3) > 0, RC(Cl - al) > 0, RG(CZ - a3) > 0),
4
Xéz)(al, ay, ay, ay, aj, ay, Az, Gy; €3, €1, €1, €35 X, Y, 2, 1)

_ Moy +a3) (= o0 (] — p=0)e3
o) Jo €07

x Xy4(a; + a3, ay; ¢, €1, 35 xe 2% ye % + z(1-e™), ue ™) da

(Re(a;) > 0, Re(az) > 0);
Xﬁ‘é)(al, ap, az, 4, ap, ap, as, dp; €, €, €1, €3, X, Y, , u)

— F(c) 1a1— —g)3-a1l _ —a
_mjoa l1-a) 11 - au)

2
B . _atx ay <
XX15[1+"1 €3, @2, d35 2> 1 (1-o) (-a)(1-oau) (1‘0‘”)Jda

(Re(a;) > 0, Re(c3 = a;) > 0);

4 . .
Xéz)(al, ap, a, ay, ai, ap, az, dy; Cp, €|, €|, €35 X, ¥, 2, u)

— M(cy) J.ooaal—l(l + a)1+a1—2c2 [(1 +a)+ azx]cz—al—l
Ma)M (2 =ar) Y0

2.5)

(2.6)

2.7)
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X Fp(ay, ay, ay, 1 +a; = ¢y, a3, L+ a; = ¢5; ¢3, ¢, ¢p; A, 7, Ay)da

[)\ - a(l +a) J
[(1+ o) + a’x] ’
(Re(ay) > 0, Re(cy —aq) > 0); (2.8)

4
Xéz)(al, ay. ay, ay, ay, ay, az, ay; ¢y, €y, €1, €35 X, Y, 2, U)
2M (1)
[ (a2)M (e = az)

STV DR 2\~ 2\
xj02 (sin” a)?2 7 (cos” @)1 275 (1= ysin“ a) (1 = zsin“ a) 4

2
tan” a
X Hyl a), 1+ ay —cp; ¢, 3 )_62 5~ uan.z da
(1-ysin” ) (1= ysin~ a)

(Re(ay) > 0, Re(cy — ay) > 0); (2.9)
Xﬁ‘é)(al, ap, az, 4, ap, ap, as, dp; €, €, €1, €3, X, Y, Z, u)

_ 4T (e1) ()
Ma))T(a2)T (e) = ap)T(cr — )

R T IS ISR ISR
xj02 -[02 (sin” o)™ 75 (cos” a)2 M7, (sin” B)*2 75 (cos” B) 127,

x (1+ xsin” o tan® o + y tan a(sin® )2 747 (1 = zsin? B)™®

2 2
XsFl1+a; —cy, 1+ay —cy; c3; 3 utanzcxtan Bz 3 dadp
(1+ xsin”“ atan” o + y tan” o sin” B)
(Re(a;) >0, Re(ay) > 0, Re(c; —ay) >0, Re(cy —ap) > 0); (2.10)

4
X§3)(a1, ai, ay, aj, aj, ay, as, dy; cy, €1, €|, €23 X, y, Z, U)

_ 2 (ey) > a-t o-a—t
=) [ n ) ot o)1
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X Xé‘i)(al, ap, ap, ap, ap, ap, as, ar, a, a, ¢y —a, Cy;
xsin2 q, y sin® a, zcosZ @, u)da
(Re(a) > 0, Re(c; — a) > 0); (2.11)

4 . .
X£3)(al’ aj, as, ay, ay, ay, Az, aa; Ci, €1, €1, €23 X, Y, Z, U)

_ Me) 1+ M)
Ma3)M (e —a3)

! a1—1( _ 41 —a3—1 ar —cy _ —ap
joa (1-a) (1+ Ma)™ =1 [(1 + Ma) - (1 + M)ag]

(1-a)x (1-a)y (1+Ma)u j

XX{“““”CI P Ma) [+ Ma) - (1+ M)az] [(1+Ma)—(1+M)oz]

(Re(as) > 0, Re(c; — a3) > 0, M > -1); (2.12)

4
X£3)(‘11’ a, ap, ap, ap, ap, asz, dp; €y, €1, €1, €p5 X, ¥, 2, M)

— () ooe—a a (] = g~ 2 a2l _ "0y a
it =) Jo (20700

—a —a

x ye ze
XX13 a1,1+a2—02,a3;c1; - , — — —, — da
[ (1-ue™®)? (- (1-ue®) (1-e9)

(Re(ay) > 0, Re(cp, —ay) > 0); (2.13)

4
X§3)(a1, ap, ay, ay, ap, ay, as, dy; €|, €1, €1, €25 X, Y, 2, U)

2I'(02)Ma1

= 1 1
== I 2 (sin? o)™ "5 (cos? )24 "5 (cos® o + M sin? )22
M(a)M(ez - ap)

0

2

x [(cos? o + M sin” a) — Mu sin® a] ™

x X13(1+ a) = ca, ay, asz; cq; MZ%xtana, Ay, Ayz)da

[ _ M(cos’a+Msin®a)tan’a _ (cos? a +M sin® a) J
1= s

= A, =
[(cos® o + M sin? a) — Musin? a] [(cos® o + M sin? o) — Musin? a]

(Re(a) > 0, Re(cy —ay) >0, M >0); (2.14)
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4 . .
X£3)(al’ aj, ay, ay, ay, ay, Az, ay; ci, Ci, 1, €23 X, Y, 2, U)

— r(al+az+a3 J‘ J‘ a1 = q)2"lgarar=l( — gy~
© e (an)T

s 7cla 62;

aptar,tay a ta taz +1
XF4(1 22 3 a9 223

4a’B%x + 4a(1 - a)p?y + 4(1 - a)B(1 - B)z, 4a(l - a)BzujdadB
(Re(a;) >0,i=(1, 2, 3); (2.15)

4 . .
X£4)(a1, ay, ay, ay, ay, a, as, az; ¢y, €y, €|, €35 X, ¥, 2, u)

I 1 1
S M) J. 2 (sin? o)™ 75 (cos? a)3 45 (1 — u sin® a) 793
M(a)T (e —ap) Yo
X Xy6| 1+ a) - ; s xtan*a, - ytan? a, ————|d
16 ap —c¢3, ap, az; ¢y, ¢p; xtan " A, — ytan™ d, R - 20() a
— u sin
(Re(ay) > 0, Re(ez — ap) > 0); (2.16)

4 . .
X£4)((,l1, ap, ap, ap, ap, ap, as, az; €y, €y, €1, €3, X, ¥, %, l/t)

Me3)(S -T)B(R-T)
M(a3)(e3 —a3)(s - R)™™ !

S - —ga— —c -
x [ (= RS ~ )3T (@ = T)ATS(S = R) o = T) = (5 = T) (o - R)u] ™

x Xig(ar, az, 1+ a3 = c35 1, €23 Aix, Mgy, As3z)da

[A _ (S -R)*(a-T)* _ (S-R)(a-T)
=

(5 R (o -T) (5 T)a—ruP 2 S -R)(a-1)~(s~1)(a-R)u]

(Re(az) > 0, Re(c3 —a3) >0, T <R <S); (2.17)
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4 . .
X£4)(a1, ay, ay, ay, aj, ay, a3, az; €y, €, €, €35 X, Y, 2, U)

_ r(a1+a2+a3 ay=1( —Byay+as (1 _ ~Byaz-1
rarare ) I e “yeePyte (- e f)

+a, + +a, +a; +1
% Fé3)(a1 a22 as , a a22 as ;¢ €y €33 MX + Npz, A3y, )\4u)dad[3

(A = 46 2OB) ) =401 - )P -e7P),
Ay = 4e @B (1 = o7 N, = 4,7@B) (1 - B,
(Re(q;) > 0,7 = (1, 2, 3)): (2.18)
Xéi)(al, ay, ay, ay, ay, ay, as, az; |, €3, €y, €33 X, Yy, 2, U)

[ (c2)T(c3)

M(ap)T (a3)T (cp — ap)T (e3 — a3)

N R (R e S (B0 R (B

a ap +1 4x Bz
XF3 —,1+a2—02,—,1+a3—63;cl; s deB
[2 2 (1-ay-Bu)? (1-a)(1-B)
(Re(ay) > 0, Re(az) > 0, Re(cy —ay) > 0, Re(cz — az) > 0); (2.19)

4 . .
X§4)(a1, ay, ay, ay, ay, a, as, az; ¢y, €y, €|, €35 X, Yy, 2, u)

- [ (eo)M(e3)
[(ay)M(a3)M (cr —ar)M(c3 — a3)

XI:I:O‘QZ_I(I +a) 172 RS 1+ B3 [(1+a) (1 +B) —a(l+B) y — (1+0)Bu] ™

) 2
XF ﬂ,l ar —c ,al—ﬂ,l as —c3;Cp; 4(l+a) (1+B) - ’ J
3[2 +ay —cy 3 taz—c3 1[(1+a)(1+B)_a(1+B)y—(1+G)Bu]2 aBz

x dodf

(Re(az) > O, Re(a3) > O, RC(02 - (,12) > 0, RC(C3 - 613) > O), (220)

Earthline J. Math. Sci. Vol. 2 No. 2 (2019), 325-341



336 Maged G. Bin-Saad and Jihad A. Younis

4 . .
ng)(al’ a, a3, ay, aj, ay, Ay, az; Cy, €, €1, €33 X, Y, 2, U)

2 (ay +ay) [ . 1 !
== 72/ I 2 (sin? o)™ "5 (cos® a)2 75
M(a)T(az) Jo

s i s s s

(4) ata, ata ata Cll+(l2+1
a7 2 2 f 2

atay, +1 a +ar +1
1 22 , 1 22 , Ay €], Co, €3, €13 AX, Aoy, Mg, z)da

(A = 4sin* o, A, =sin® 2a),
(Re(ay) > 0, Re(ay) > 0); (2.21)
4
X§5)(a1, aj, as, aj, ay, dy, Ay, dy; €|, Co, €|, €35 X, Yy 2, U)

_Te)(s ~T)P(R=TY1™
M(a3)T(c; = a3) (S~ R)17%47!

[ (@ = RS = )77 o = 1) (s - R) (@ =) = (5 = 7) (o - K)ol

(R-T)(S -a)x ]da

><X4(a1, a; ¢y —az, ¢, €33 S-R@-7)" v, u

(Re(az) >0, Re(c) —a3) >0, T <R<S); (2.22)

4 . .
ng)(al, aj, as, ai, aj, ap, a4, as; €|, Cp, C|, €35 X, ¥, Z, u)

— M(e3) ® jay- + )73 +a) - aul™@
s gy Jo 40T ) -

(1+a)’x _ all+a)y zJa’O(

XXoo|l a1, 1+ ay —c3, az, ayg; ¢y, ¢35 , ,
( ! ! [(1+a)-au]? [(1+a)-ou]

(Re(az) > O, RC(C3 - (,12) > 0), (223)
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4 . .
ng)(al’ a, a3, ay, ay, ap, Ay, az; Cy, €3, €15 €33 X, Y, 2, U)

_ Mo +ay +a3 +ay)
[ (a)T (az)T (a3)l (aq)

J‘ j J‘ a®~ 1(1 a2 -1 a1+a2 1(1 )a3—1ya1+u2+a3—1(1_y)a4—1

+a, +ax + +a,+aytay +1
xFC(S)(al ap 2a3 a4,a1 ap ;3 ag ;c1,02’0327\1X+)‘2Z’7\3y’7\3”)dad[3dy

(A = 4a”B*y%, Ay = 4(1-B)Y(L - y), A3 = 4a(l - a)B%Y?),
(Re(a;) >0,i=(1, 2, 3, 4)); (2.24)

4 . .
ng)(al, aj, as, ai, aj, Ay, a4, as; €|, Cp, C|, €35 X, ¥, Z, u)

_ M (cr)(e3)
[(ax)M (ag)T(e) — as)l(c3 — ay)

J‘ j a4a+a2[3 _e @ )cl—a4—1 (1 _ e—B)C3—a2—1 (1 —ze @ )—a3 (1 _ ue—B)—al

x(1-e%) ye P
xHyl a1, 1+a, —c3; ¢c; —au, ¢o; , = dadp
4[1 PO e YT (1= PY (- ueP)

(Re(az) > 0, Re(a4) > 0, RC(Cl - 614) > O, RC(C3 - (,Zz) > O) (225)
Proof of the integral representations of Euler-type

Once substituting the series definition of the special function in each integrand and
then, changing the order of the integral and the summation, and finally taking into
account the following integral representations of the Beta function and their various
associated Eulerian integrals (see, for example, [7, 13, 14, 16]), we derive each of the
integral representations from (2.1) to (2.25).
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171 -1)"dr, (Re(a) > 0, Re(b) > 0),
0 (2.26)
— (a, bOC\Zy),

B(a, b) = j;a“'l(l —a)’da = j:’ () (1= e %Y da

(Re(a) > 0, Re(b) > 0), (2.27)
B(a, b) = zj g(sina)za_l(cosa)%_ldcx = j »_a
s 0 0 (1 +a)a+b
(Re(a) > 0, Re(b) > 0), (2.28)

B(a, b) da(T <R<S)

_(s-1)(R-T1) IS(O( -R)* (s -a)!
(S _ R)a+b—1 R (G _ T)a+b
laa—l(l _ a)b—l
0 (1+Ma)*®

:(1+M)“J

da (M >-1)
(Re(a) > 0, Re(p) > 0). (2.29)

3. Integrals Representations of Laplace-Type

Here we present certain integral representations of Laplace-Type for the functions in
(1.1) to (1.5).

4 . .
Xél)(al, a, ap, ap, 4y, ap, asz, dp, €y, €1, €, €35, X, Y, %, Lt)

—(s+t)sa1 -1 ay -1

t

) r(al)lr(az) Joloe

x oFi (= ¢ s2x + sty) 1Fi(as; ¢a; 12) oFy (=5 c3; stu)dsdt,

(Re(a;) > 0, Re(ay) > 0); (3.1

4 . .
ng)(al, a, dy, a1, A, dy, a3, aj; €y, €1, €1, C3, X, Y, T, Lt)

—(s+t)sa1 -1 ay -1

t

) r(al)lr(az) Joloe
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x Wy (ay; ¢, c3; sy + 1z, su) oFy (= ¢; szx)dsdt,
(Re(ay) > 0, Re(ay) > 0); (3.2)

4
XéS)(al’ ap, a,, ay, ay, s, az, ds; €1, €1, €1, €25 X, ¥, 2, u)

- J. J. J S‘+t+V al —1ta2 —lva3 -1
M (ay)M(a2)(a3)

x oF (= cps s%x + sty + 1v2) o Fy (= ¢p; stu)dsdidy,

(Re(ay) > 0, Re(ay) > 0, Re(az) > 0); (3.3)

4 . .
X£4)(a1, ay, ap, ap, ap, ap, as, az; €y, €y, €1, €3, X, ¥, %, u)

J‘ J‘ J‘ s+t+v al —1ta2 —lva3 -1
r(al I'(a2 (a3)

x oFi(=: cps s2x + 1v2) oFy (= ¢ s1) oFy (= 3 svu)dsdtdy,

(Re(ay) > 0, Re(ay) > 0, Re(az) > 0); (3.4)

4
Xés)(al, ap, as, ap, ai, dy, A4, dy; Cp, C, €1, C35 X, Y, Z, u)

= 1 Jme_ssal_l
Ma)J0

x=5(a3, ag; c|; 7, szx) W, (ay; ¢, 3 sy, su)ds, (Re(q) > 0); (3.5)

where (oFj, 1F), W, and =, denote the confluent hypergeometric functions and the

Humbert functions defined, respectively, by

F(=c¢x) = ! =
NOTEED oo
.

m=0 " /m "
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W, (a; b, c; x, y) = Z m+" 'y'
m,n=0 c), m nl

and

00

a) (b). x™ 1
3 (@) (B)y x™ "

=(a, by c; x, y) = Onr il )

m,n=0
Proof of the integral representations of Laplace-type

It is noted that each of the integral representations (3.1) to (3.5) can be proved
mainly by expressing the series definition of the involved special functions in each
integrand and changing the order of the integral sign and the summation, and finally

using the following well-known integral formula [1]:
M(z) = —[o e 1% lar.

4. Concluding Remarks

Integral representations for most of the special functions of mathematical physics
and applied mathematics have been investigated in the existing literature. Here we have

presented some integral representations for five new quadruple hypergeometric series.
References

[1] M. G. Bin-Saad and J. A. Younis, Some integral representations for certain quadruple
hypergeometric functions, Matlab J. 1 (2018), 61-68.

[2] M. G. Bin-Saad, J. A. Younis and R. Aktas, Integral representations for certain quadruple
hypergeometric series, Far East J. Math. Sci. (FJMS) 103 (2018), 21-44.
https://doi.org/10.17654/MS103010021

[3] M. G. Bin-Saad, J. A. Younis and R. Aktas, New quadruple hypergeometric series and
their integral representations, Sarajevo Math. J. 14 (2018), 45-57.

[4] J. Choi, A. Hasanov and M Turaev, Certain integral representations of Euler type for the
Exton function X5, Honam Math. J. 32(3) (2010), 389-397.
https://doi.org/10.5831/HMJ.2010.32.3.389

http://www.earthlinepublishers.com



Certain Integrals Associated with Hypergeometric Functions of Four Variables 341

(5]

(6]

(7]

(8]

[9]

[10]

[11]

(12]

[13]

[14]

[15]

[16]

(17]

J. Choi, A. Hasanov and M. Turaev, Certain integral representations of Euler type for the
Exton function Xg, J. Korean Soc. Math. Edu. Ser. B Pure Appl. Math. 27(2) (2012), 257-
264. https://doi.org/10.4134/CKMS.2012.27.2.257

J. Choi, A. Hasanov, H. M. Srivastava and M. Turaev, Integral representations for
Srivastava’s triple hypergeometric functions, Taiwanese J. Math. 15(6) (2011), 2751-
2762. https://doi.org/10.11650/twjm/1500406495

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcendental
Functions, Vol. I, New York, Toronto and London: McGraw-Hill Book Company, 1953.

H. Exton, Multiple Hypergeometric Functions and Applications, New York, London,
Sydney and Toronto: Halsted Press, 1976.

H. Exton, Hypergeometric functions of three variables, J. Indian Acad. Math. 4 (1982),
113-119.

G. Lauricella, Sulle funzioni ipergeometriche a piu variabili, Rend. Cric. Mat. Palermo 7
(1893), 111-158. https://doi.org/10.1007/BF03012437

S. Saran, Hypergeometric functions of three variables, Ganita 5(2) (1954), 77-91.

C. Sharma, and C. L. Parihar, Hypergeometric functions of four variables, J. Indian Acad.
Math. 11 (1989), 121-133.

H. M. Srivastava and J. Choi, Series Associated with the Zeta and Related Functions,
Dordrecht, Boston and London: Kluwer Academic Publishers, 2001.
https://doi.org/10.1007/978-94-015-9672-5_2

H. M. Srivastava and J. Choi, Zeta and q-Zeta Functions and Associated Series and
Integrals, Amsterdam, London and New York: Elsevier Science Publishers, 2012.
https://doi.org/10.1016/B978-0-12-385218-2.00002-5

H. M. Srivastava and P. W. Karlsson, Multiple Gaussian Hypergeometric Series,
Bristone, London, New York and Toronto: Halsted Press, 1985.

H. M. Srivastava, and H. L. Manocha, A Treatise on Generating Functions, Chichester:
Ellis Horwood Ltd., 1984.

J. A. Younis and M. G. Bin-Saad, Integral representations involving new hypergeometric
functions of four variables, J. Frac. Calc. Appl. 10 (2019), 77-91.

Earthline J. Math. Sci. Vol. 2 No. 2 (2019), 325-341



