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Abstract

In the present paper, we study a subclass for multivalent analytic functions with a fixed
point w defined in the unit disk U involving linear operator. Also, we obtain coefficient

estimates, extreme points, integral representation and radii of starlikeness and convexity.

1. Introduction

Denote by A(p, w) the class of functions f of the form:

00

F@)=(a=w)P + @y, -w)*P  (pON), (1.1)

n=1
which are analytic in the unit disk U ={z O C :| z| <1} and w is a fixed point in U.
Let S(p, w) denote subclass of A(p, w) containing of functions of the form:

f@)=(z-w)? - Zan+p(z —w)'*P (ay+p 20, pON). (1.2)

n=l1
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For the functions f 0 S(p, w) given by (1.2) and g O S(p, w) defined by

g(z) =(z-w) an+p(z— )" P (byep 20, pON),

we define the Hadamard product of fand g by

[e)

(£ 0)(2) = (2= W) = ans pbyep(z = w)" ™7

n=1

For a OR, cOR\Zy, with Z5 ={0,-1,-2,.}, 0<8<1, pON, 1>-p,
a,BOR with a +B-p<1 and f OS(p, w). The linear operator Egév (a, c):

S(p, w) — S(p, w) (see [3]) is defined by

00

Eg:év”g(a, c)f(z)=(z-w)? + Zd)(a, ¢, 0, B, 8, T, 1, playy,(z - w)'™ P (1.3)

n=1
where

(), (p+1-0),(p+1-3+B),(1+ p),
(a),(p+1),(p+1-a+p),n

¢(a. c, 0, B3, T, m, p) = (1.4)

Now, we define the class S;,V()\, N, W, T, a, B, 8) consisting the functions

£ 0OS8(p, w) such that

where 0 <A <1,0<n<1,0<u<l pONand p>2.

We note other studies of various other classes with different results, like, Ghanim
and Darus [2], Najafzadeh and Rahimi [4], Shenan [5], Atshan and Wanas [1] and Wanas

[6].
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2. Main Results

In the first theorem, we find sharp coefficient estimates for the class

Sy(\n. 1 T a, B, 3).

Theorem 2.1. Ler f O S(p, w). Then f O S, (A, n, W, T, a, B, 8) if and only if

00

(I’l + p)(l’l tp —1)(1’1 N —p.+)\(l’l +p _2))¢(a9 ¢ a, B? 6’ T, n, p)an+p
=1

n
<plp-D(n-p+Ap-2), 2.1)
where 0 SA<1,0<nN<10<pu<1and ¢§(a,c, a,B, d T, n, p) isgiven by (1.4).
The result is sharp for the function f given by
f(z)=(z-w)?

_ p(p=1)(n —p +A(p - 2)) (z = w)'™*P
(n+p)n+p-Dn+n-pu+An+p-2)d(a c a,B, d 1, n p)

(n=1. 22

Proof. Suppose that the inequality (2.1) holds true and (z — w) 0 AU, where 0U
denotes the boundary of U. Then, we find from (1.5) that

nr n

[z -w)(Lhpsa ) f(@) —(p-2)(LEp5(a ) f(2) |

" "

~[Mz-w) (L psla o) f(2) +(n-m(Lhgsa ) f(2) |

== nln+ p)(n+ p=1)0(a, ¢, o, B, 8, T, 1, pays,(z—w)' P

n=l1

[ pp =D -R A -2 w7 =D 4 )+ )
n=l1

x(N =W+ A+ p=2))0(a, ¢, o, B, 8T, pags,(z=w)" 77|
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< Zn(n + p)(n + p - 1)¢(a9 C, a’ By 6’ T9 n, p)an+p(Z - W)n+p_2

n=l1

-p(p -1 -p+A(p-2)z-w|"?
+> (n+p)n+p-1)
n=1
x(N-p+An+p-2)d(a,c,a,Bd T n, p)an+p| z _W|n+p_2

=D+ p)(n+p-D(n+n-p+An+p-2)da c.a B 8T n plays,

n=1
-p(p-1)(n-p+A(p-2))=<0.

Hence, by maximum modulus theorem, we conclude f 0 S Iv,"()\, n W T a, B, 0).

Conversely, suppose that f [ S;V()\, N, U, T, o, B, ). Then from (1.3), we have

Zn(n +p)n+p-1)0¢(a c, a,B 3T, n pla,(z- W) P2

p(p =1 =w+AMp-2)(z - w)"? —i(n+p)(n+p—1)

n=1

x(N-u+An+p-2)0a c a,B 3T n pla,(z-w

)n+p—2

<lI.
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On a Certain Subclass for Multivalent Analytic Functions ... 519

So, we obtain

Zn(n +p)(n+p-1)d(a,c,a,Bd T n P)an+p(Z - w)n+p—2
Req =1 <1.

Pp =001+ AP -2z = w2 =3 (0 p) o+ p 1)

n=1

x(N-p+An+p-2)0a c.a B 8T n p)a,(z-w P>

By letting (z —w) — 17, through real values, we have

00

(n+p)n+p-1)(n+tn-u+An+p-2)¢a c a B3 T n pla,.,
=1

n
<p(p-1)(n-p+ANp-2)).
Corollary 2.1. Ler f O S,/ (A, n, W, T, o, B, B). Then

plp=1)(n-p+A(p-2)
n+p)n+p-1)(n+n-p+Nn+p-2)¢ac a,B31,n p)

Aptp < (
(n=1).
In the next result, we discuss extreme points for the class S Iv,"()\, nWwTa,p, 6).

Theorem 2.2. Let f,(z) = (z = w)” and
farp(2) = (2 —w)?

p(p ‘1)(ﬂ - +)\(P _2)) (Z _W)n+p
(n+p)n+tp-1)n+n-p+A(n+p-2)¢(a c ap 81 n p)

(n=1).

Then fOS, (A N, W T, a, B, ) if and only if it can be expressed in the form

Earthline J. Math. Sci. Vol. 2 No. 2 (2019), 515-526



520 Asraa Abdul Jaleel Husien and Qassim Ali Shakir

= ZYn+pfn+p(Z)a (23)
n=0

where Y, , 20, Zyn+p =1

Proof. Let the f of the form (2.3). Then

f( ypfp Zyn+p[ W

_ p(p=1)(n-p+A(p-2)) (z- W)n+pj
(% D)0+ p D+ 0 - +AGr s p-2)dla. c. . B 5. . . p)
YR p(p —1)(n—p+A(p-2))
& G G p Dl n-w A+ p - D)ol e @ B8 7)

% Vn+p(Z _ w)n"'P_

Now,

i(ﬂ+p)(n+p—1)(n+n—u+?\(n+p—2))¢(a, ¢, o, B, 8 1, n p)
plp=1)(n-p+A(p-2)

n=l1

p(p =1)(n —p+A(p -2))
T )+ p-D(nrn - A+ p-2)0a. . 0. .8, T m p)

:Zyn+p :1_yp <1
n=1

Thus f O S;,V(A, n, W T, a,p,d).

Vn+p

Conversely, let f [ S;)V (A, n, 1, T, a, B, d). It follows from Corollary 2.1 that

a < p(p ‘1)('1 _u+)\(p_2)) (n S 1).
P+ p)n+p-Dntn-p+An+p-2)6a c,a B Tn p)

http://www.earthlinepublishers.com
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Setting

L)t p )N -p At p =2) 8l c a5 T n p)
o P(p =1 (-1 A(p -2) N

(n=1)

and y, =1- 2yn+p, we have

n=l1

[oe]
— )P
f(z) = Za’”l’ z

n=1

= (c=w) i p(p —1)(n—p+Ap-2))

(n+p)n+p-1n+n-u+An+p=-2)eac B3 1 n p)

n=1

x Vn+p(Z _ W)n+[7

[e)

=(2=w)" =D (=) = furp(D)Vusp

n=l

i [1 i zy,ﬁ,,j(z )+ e a2
n=1 n=1

=y, f,(2) Zvn+pfn+p Zvn+pfn+p( ).

n=1 n=0
that is the required representation.

In the following theorem, we establish integral representation for functions belongs

to the class S;,"()\, n W T a,pB,0).

Theorem 2.3. Ler f U S, (A, n, W, T, a, B, 8). Then

cdto @)= I, foon I G Ry 4o

where |Y(z)| <1, z OU.
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Wy c)f(z))"' .
Proof. By putting = Q(z) in (1.5), we have

(Cl pala o) f(2)

‘ 0z) -p+2 |,
AQ(z) +n-H
or equivalently

0(z)-p+2 _

@) rn-p - Y@ (WEI<1.200).

So

(£q g5 ) f(2)) _(-wu@E)+p-2
Bila ) f@) W I-M()

after integration, we get

oa((cf: 3o ) ()) = [ LS

2
d,.
)

Therefore

ot " n-pu(y)+p-2
(,Cg, 8’5(61, )f(2)) = eXp|:I0 (n —w)(1 1— (1)) dt1:|.

By integration once again, we have

(ﬁgé"g (a, c)f(Z))' = I:eXpU()Z((ntl_—ul;p((lt

)+p-2
@) "”}”2

Also, after integration, we conclude that

W)+ p -2

L (a, c)f(z) = j j “o (= w) (- AE) dtl}dtzd@

and this the required result.

Theorem 2.4. If fOS, (A, n, W T, 0a,B ), then f is starlike of order 6

http://www.earthlinepublishers.com
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(0<6 < p) inthedisk |z —w| < r, where

1
mf{(mp)(p—e)(wp D +n-p+A(ntp- 2))¢(acasamp)}
(p=1)(n+ p-8)(n-p+A(p-2)

The result is sharp for the function f given by (2.2).

n-=

n

Proof. It is sufficient to show that

%—p <p-6 for|z-w|<n. (2.4)
But
, - Z”an+p(Z - W)n+p Znan+p| z=wl
(Z‘W)f(Z)_p — n=1 < _n=1 )
f(2) & O
zanﬂv 2= w)"? 1_Z:"n+p|z_w|n
n=1 n=1
Thus (2.4) will be satisfied if
Z”an+p| - Wln
l’l:loo <p-6,
1- Zan+p| = W|n
n=l1
orif
SOr8, e s
n=l1 p

with the aid of (2.1), (2.5) is true if

cntp)ntp-1)n+n-p+A(n+p-2)¢(ac ap 81 n p)
B p(p=1)(n -k +Ap -2)) ’
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or equivalently

[z =wl

< {(n+p)(p—9)(n+p “D(+n-p+An+p-2)é(ac a B3 10 p)}rlt
B plp=1)(n+p-08)(n-p+Ap-2)

(n=1),
which follows the result.

Theorem 2.5. If f DS;V()\, n, w1 a,p, 5), then f is convex of order ©

(0< 0 < p)inthedisk | z = w| < ry, where

1
, :inf{(p -0)(n+p-D(n+n-pu+An+p-2)é(a c, a,B 351 n, p)}n
g (p-1)(n+p-6)(n-p+A(p-2))

n

The result is sharp for the function f given by (2.2).

Proof. It is sufficient to show that

M+l—p <p-6 for|z-w|<n. (2.6)
f'(2)
But
=3l + P)agep (e = wy P
(Z—W)f"(Z)H_p‘: =
f'(2) 2

Z n+p ntp Z— )n+p—1
n=l1

S nfn+ p)agepl 2 =

n=1

IN

o0
p- zn+p n+p|Z wln
n=1
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Thus (2.6) will be satisfied if

[e)

Zn(” + p)an+p| ( Wln
nzloo <p-6,
p _Z(n + p)an+p| Z _wln
n=1
orif
= + +p-06
2:01 p)(n+p )%ﬁﬂz—MJ"SL 27
= r(p-9)

with the aid of (2.1), (2.7) is true if

(n+pﬂn+p—ehz
p(p-6)

c(ntp)n+tp-D)m+n-pu+Nn+p-2)¢(ac a B 3T n p)
B plp=1)(n-u+A(p-2))

_wln

>

or equivalently

|Z_W|s¥P_eﬂn+p_0w+n_u+hw+p—2nﬂaCJL&&TJLp?;
(p=1)(n+p-8)(n-u+Alp-2)

(n=1),
which follows the result.
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