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Abstract 

In this paper, by making use of binomial series, we define a new differential operator of 

holomorphic functions in the open unit disk. Also, we introduce and investigate two new 

classes containing this new operator associated with differential subordinations and 

superordinations. Furthermore, we determine important properties for functions belonging 

to these classes.   

1. Introduction  

Indicate by ( )DH  the collection of holomorphic functions in the unit disk =D  

{ }.1: <∈ zz C  For N∈n  and ,C∈a  let [ ] { ( ) ( ) n
nzaazffna +=∈= :, DHH  

}.1
1 ⋯++ +

+
n

n za  

Let we name by the notation A  the collection of all holomorphic functions in D  and 

having the form: 

 ( ) ∑
∞

=
∈+=

2

.,

n

n
n zzazzf D   (1.1) 

“With a view to recalling the principal of subordination between holomorphic 
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functions, let the functions f and g be holomorphic in ,D  we say that the function f is 

subordinate to g, if there exists a Schwarz function w holomorphic in D  with ( ) 00 =w  

and ( ) ( )D∈< zzw 1  such that ( ) ( )( ).zwgzf =  This subordination is indicated by 

gf ≺  or ( ) ( ) ( ).D∈zzgzf ≺  Furthermore, if the function g is univalent in ,D  then 

we have the following equivalent (see [4]), ( ) ( ) ( ) ( )00 gfzgzf =⇔≺  and 

( ) ( ).DD gf ⊂ ” 

Definition 1.1 [6]. Let ( )DH∈hp,  and ( ) .:;,
2

CDC →×ψ zsr  If p and 

( ) ( )( )zzpzzp ;, ′ψ  are univalent functions in D  and if p satisfies the first-order 

differential superordination 

 ( ) ( ) ( )( ),;, zzpzzpzh ′ψ≺   (1.2) 

then p is called a solution of the differential superordination (1.2). (If f is subordinate to 

g, then g is superordinate to f ). An analytic function q is called a subordinate of (1.2), if 

pq ≺  for all p satisfying (1.2). A univalent subordinate q~  that satisfies qq ~≺  for all 

the subordinants q of (1.2) is called the best subordinant.  

Now, by making use of the binomial series 

( ) ( ) { } { }( )∑
=

=∈=∈α−






=α−
k

m

mmk
mk

m

k

0

0 0,...,2,1,11 ∪NNN  

and for ,A∈f  ,R∈α  0≥β  with 0>β+α  and { }00 ∪NN =∈δ , we define the 

differential operator AA →δ
βα :
,
,

k
W  as follows: 

( ) ( ),
0,

,
zfzfW

k =βα  

( ) ( ( ) ) ( ) ( ( ) ) ( )
( ) ( )

( )zfW
zfzzf

zfW
k

kk

kk
k

βαβα =
β−−α−−

′β−−+α−−= ,
1,

,
112

1111
 

⋮  

( ) ( ( )).1,
,,

,
, zfWWzfW

kkk −δ
βαβα

δ
βα =  (1.3) 

If f is given by (1.1), then from (1.3), we can easily see that 
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 ( ) ( )∑ ∑
∞

=

δ

=

+δ
βα
























β+α
β+α−







+=
2 1

1,
, .1

n

n
n

k

m
mm

mm
mk

za
n

m

k
zzfW  (1.4) 

Remark 1.1. It should be remarked that the operator 
δ
βα
,
,

k
W  generalizes some known 

operators considered earlier 

(1) For ,1=k  the operator δ
βα

δ
βα = ,

,1
,

IW  was introduced and studied by Swamy [8]. 

(2) For 1=β  and ,1−>α  the operator δ
α

δ
α = IW

,1
1,  was investigated by Cho and Kim 

[2] and Cho and Srivastava [3]. 

(3) For β−=α= 1,1k  and ,0≥β  the operator δ
β

δ
ββ− = DW

,1
,1  was given by Al-

Oboudi [1]. 

(4) For 0,1 =α=k  and ,1=β  the operator δδ = SW
,1
1,0  was considered by Sălăgean 

[7]. 

We will require the following definition and lemmas in proving our present 

investigation. 

Definition 1.2 [5]. Let Q be the family of all functions that are holomorphic and 

injective on ( ),\ qED  where 

( ) { ( ) },lim: ∞=∂∈=
→

zqrq
rz

DE  

and ( ) 0≠′ rq  for ( ).\ qr ED∂∈  The subfamily of Q with ( ) aq =0  is denoted by ( ).aQ  

Lemma 1.1 [5]. Suppose that h is holomorphic and convex univalent function in ,D  

( ) 0,0 ≠λ= ah  and ( ) .0Re ≥λ  If [ ]nap ,H∈  and 

 ( ) ( ) ( ),
1

zhzpzzp ≺′
λ

+  (1.5) 

then 

( ) ( ) ( ),zhzqzp ≺≺  

where ( ) ( )∫
−λλ−λ=

z
dttthzzq

0

1  is convex and it is the best dominant of (1.5). 
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Lemma 1.2 [6]. Suppose that the function h is convex in ,D  ( ) ,0 ah =  0≠λ  and 

( ) .0Re ≥λ  If [ ] ( ) ( )zpzzpQnap ′
λ

+∈ 1
,, ∩H  is univalent in D  and 

 ( ) ( ) ( ),
1

zpzzpzh ′
λ

+≺   (1.6) 

then 

( ) ( ),zpzq ≺  

where ( ) ( )∫
−λλ−λ=

z
dttthzzq

0

1  is convex and it is the best subordinant of (1.6). 

2. Key Lemma and Main Results 

Before stating and proving our main results, we first establish the following 

identities involving the operator defined by (1.4): 

Lemma 2.1. Assume that { }0,0,0,, 0 ∪NNR =∈δ>β+α>β∈α∈ Af  and 

the operator 
δ
βα
,
,

k
W  is defined by (1.4). Then 

 ( ( )) ( ) ( ) ( ) ( ),,,,,,,~ ,
,

1,
,

,
, zfWkmzfWkmzfWz

kkk δ
βα

+δ
βα

δ
βα βαΦ−βαϒ=′

 (2.1) 

where ( )km,,, βαϒ  and ( )km,,, βαΦ  have the following binomial series 

representations: 

 ( ) ( )∑
=

+













+









β
α−







=βαϒ
k

m

m
m

m

k
km

1

1
11,,,   (2.2) 

and 

 ( ) ( )∑
=

+









β
α−







=βαΦ
k

m

m
m

m

k
km

1

1
.1,,,   (2.3) 

Proof. In the light of (1.4), we find that 

( ) ( ) ( ) ( )zfWkmzfWkm
kk δ

βα
+δ

βα βαΦ−βαϒ ,
,

1,
, ,,,,,,  
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( ) ( ) ( ) ( )∑ ∑
= =

δ
βα

++δ
βα

+









β
α−







−













+









β
α−







=
k

m

k

m

k
m

mk
m

m
zfW

m

k
zfW

m

k

1 1

,
,

11,
,

1
111  

( ) ( )∑ ∑ ∑
∞

= =

+δ

=

++
























β+α
β+α−





















+









β
α−







+=
2 1

1

1

11
111

n

k

m

n
n

k

m
mm
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m

m
m

za
n

m

k

m

k
z  

( ) ( )∑ ∑ ∑
∞

= =

δ

=
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

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
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
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
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

β
α−







−
2 1 1

11
11

n

k

m

n
n

k

m
mm

mm
m

m
m

za
n

m

k

m

k
 

( ) ( )∑ ∑∑
∞

= =

+

=

+




















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
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
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β+α−
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
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
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=
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

















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β+α−






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( ( )) ,
,
,

′= δ
βα zfWz

k
 

which establishes the identity (2.1). 

Definition 2.1. Assume that ψ  is an holomorphic and convex univalent function in 

D  with ( ) 10 =ψ  and ,R∈α  ,0, >βη  ,0>β+α  { }.00 ∪NN =∈δ  A function 

A∈f  is called in the family ( )ψδβαη ;,,,,, mkE  if the following differential 

subordination is satisfied: 

[ ( )( ) ( ) ( ) ( )] ( ).,,,,,,1
1 1,

,
,
, zzfWkmzfWkm

z

kk ψβαϒη+βαϒη− +δ
βα

δ
βα ≺  

A function A∈f  is called in the family ( )ψδβαη ;,,,,, mkF  if the following 

differential superordination is satisfied: 

( ) [ ( )( ) ( ) ( ) ( )],,,,,,,1
1 1,

,
,
, zfWkmzfWkm

z
z

kk +δ
βα

δ
βα βαϒη+βαϒη−ψ ≺  

where ( )km,,, βαϒ  is given by (2.2). 
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Theorem 2.1. Suppose that ψ  is a convex function in D  with ( ) 10 =ψ  and .0>η  

If ( ),;,,,,, ψδβαη∈ mkEf  then there is a convex function q such that ( ) ( )zzq ψ≺  

and ( ).;,,,,,0 qmkEf δβα∈  

Proof. Assume that 

 ( )
( )

( )∑ ∑
∞

=

−
δ

=

+
δ
βα
























β+α
β+α−







+==
2

1

1

1

,
,

.11

n

n
n

k

m
mm

mm
m

k

za
n

m

k

z

zfW
zp  (2.4) 

It is obvious that [ ].1,1H∈p  

Since ( ),;,,,,, ψδβαη∈ mkEf  we find that 

 [ ( )( ) ( ) ( ) ( )] ( ).,,,,,,1
1 1,

,
,
, zzfWkmzfWkm

z

kk ψβαϒη+βαϒη− +δ
βα

δ
βα ≺  (2.5) 

Now from (2.1), (2.4) and (2.5), it is evident that 

[ ( )( ) ( ) ( ) ( )]zfWkmzfWkm
z

kk 1,
,

,
, ,,,,,,1

1 +δ
βα

δ
βα βαϒη+βαϒη−  

( ) ( ) ( ).zzpzzp ψ′η+= ≺  

By making use of Lemma 1.1 with ,
1

η
=λ  we deduce that 

( ) ( ) ( ).zzqzp ψ≺≺  

It follows from (2.4) that 

( )
( ) ( ),

,
,

zzq
z

zfW
k

ψ
δ
βα

≺≺  

where 

( ) ( )∫
−

ηη
−

ψ
η

=
z

dtttzzq
0

1
11

.
1

 

This shows that ( )qmkEf ;,,,,,0 δβα∈  and the proof is completed. 

Theorem 2.2. Suppose that ψ  is a convex function in ,D  with ( ) 10 =ψ  and .0>η  
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If ( ),;,,,,, ψδβαη∈ mkFf   
( )

[ ] Q
z

zfW
k

∩1,1

,
,

H∈
δ
βα

 and 

[ ( )( ) ( ) ( ) ( )]zfWkmzfWkm
z

kk 1,
,

,
, ,,,,,,1

1 +δ
βα

δ
βα βαϒη+βαϒη−  

is univalent in ,D  then there is a convex function q such that ∈f  

( ).;,,,,,0 qmkF δβα  

Proof. Assume that the function p is defined by (2.4). It is evident that 

[ ] .1,1 Qp ∩H∈  By routine computations and considering ( ),;,,,,, ψδβαη∈ mkFf  

we conclude that 

( ) ( ) ( ).zpzzpz z′η+ψ ≺  

By making use of Lemma 1.2 with ,
1

η
=λ  we obtain 

( ) ( ).zpzq ≺  

In view of (2.4), yields 

( )
( )

,

,
,

z

zfW
zq

k δ
βα

≺  

where 

( ) ( )∫
−

ηη
−

ψ
η

=
z

dtttzzq
0

1
11

.
1

 

If we combine the results of Theorem 2.1 and Theorem 2.2, we obtain “sandwich 

theorem”. 

Theorem 2.3. Assume that 1ψ  and 2ψ  are two convex functions in D  with ( )01ψ  

( ) 102 =ψ=  and .0>η  If ( ) ( ),;,,,,,;,;,,, 21 ψδβαηψδβαη∈ mkFmkEf ∩  

( )
[ ] Q

z

zfW
k

∩1,1

,
,

H∈
δ
βα

 and 

[ ( )( ) ( ) ( ) ( )]zfWkmzfWkm
z

kk 1,
,

,
, ,,,,,,1

1 +δ
βα

δ
βα βαϒη+βαϒη−  
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is univalent in ,D  then 

( ) ( ),;,,,,,0;,,,,,0 21 qmkFqmkEf δβαδβα∈ ∩  

where 

( ) ( )∫
−

ηη
−

ψ
η

=
z

dtttzzq
0

1
1

1

1

1
1

 

and 

( ) ( )∫
−

ηη
−

ψ
η

=
z

dtttzzq
0

1
1

2

1

2 .
1

 

The functions 1q  and 2q  are convex. 

Theorem 2.4. Suppose that ψ  is a convex function in D  with ( ) 10 =ψ  and 

 ( ) ( ) ( )( ).2Re,,
2

01
−>τ∈+τ= ∫ τ

+τ Dzdttft
z

zT
z

  (2.6) 

If ( ),;,,,,,1 ψδβα∈ mkEf  then there is a convex function q such that ( ) ( )zzq ψ≺  

and ( ).;,,,,,1 qmkET δβα∈  

Proof. Let we choose p by 

 ( ) ( ( )) ( ).,
,
, D∈′= δ
βα zzTWzp

k
 (2.7) 

Equation (2.7) shows that [ ].1,1H∈p  Consider (2.6), we deduce that 

 ( ) ( ) ( )∫ τ+τ +τ=
z

dttftzTz
0

1 .2   (2.8) 

By routine calculations of (2.8), we find that 

( ) ( ) ( ) ( ) ( )zTzzTzf ′++τ=+τ 12  

and 

( ) ( ) ( ) ( ) ( ( )) .12
,
,

,
,

,
,

′++τ=+τ δ
βα

δ
βα

δ
βα zTWzzTWzfW

kkk
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Differentiating the last relation with respect to z, we have 

 ( ( )) ( ( )) ( ( )) .
2

,
,

,
,

,
,

″
+τ

+′=′ δ
βα

δ
βα

δ
βα zTW

z
zTWzfW

kkk
  (2.9) 

According to ( ),;,,,,,1 ψδβα∈ mkEf  we can write 

 [ ( ) ( ) ( ) ( )] ( ),,,,,,,
1 ,

,
1,

, zzfWkmzfWkm
z

kk ψβαΦ−βαϒ δ
βα

+δ
βα ≺   (2.10) 

where ( )km,,, βαϒ  and ( )km,,, βαΦ  have the forms (2.2) and (2.3), respectively. 

Implementing (2.1) in (2.10), gives us 

 ( ( )) ( ).,
, zzfW

k ψ′δ
βα ≺  (2.11) 

In the light of (2.9) and (2.11), we deduce that 

 ( ( )) ( ( )) ( ).
2

,
,

,
, zzTW

z
zTW

kk ψ″
+τ

+′ δ
βα

δ
βα ≺   (2.12) 

Replacing (2.7) in (2.12), we can easily obtain that 

( ) ( ) ( ).
2

1
zzpzzp ψ′

+τ
+ ≺  

Applying Lemma 1.1 with ,2+τ=λ  leads us to 

( ) ( ) ( ).zzqzp ψ≺≺  

By virtue of (2.7), yields  

( ( )) ( ) ( ),
,
, zzqzTW

k ψ′δ
βα ≺≺  

where 

( ) ( ) ( ) ( )∫ +τ+τ− ψ+τ=
z

dtttzzq
0

12 .2  

Theorem 2.5. Suppose that ψ  is a convex function in D  with ( ) 10 =ψ  and ( )zT  is 

defined by (2.6). If ( ),;,,,,,1 ψδβα∈ mkFf  ( ( )) [ ] QzTW
k

∩1,1
,
, H∈′δ
βα  and 

[ ( ) ( ) ( ) ( )]zfWkmzfWkm
z

kk δ
βα

+δ
βα βαΦ−βαϒ ,

,
1,

, ,,,,,,
1

 is univalent in ,D  then there 

exists a convex function q such that ( ).;,,,,,1 qmkFT δβα∈  
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Proof. Let the function p be defined by (2.7). It is evident that [ ] .1,1 Qp ∩H∈  By 

routine computations and considering ( ),;,,,,,1 ψδβα∈ mkFf  we conclude that 

( ) ( ) ( ).
2

1
zpzzpz ′

+τ
+ψ ≺  

Applying Lemma 1.2 with ,2+τ=λ  yields ( ) ( ).zpzq ≺  

From (2.7), we can write 

( ) ( ( )) ,
,
,

′δ
βα zTWzq

k
≺  

where 

( ) ( ) ( ) ( )∫
+τ+τ− ψ+τ=

z
dtttzzq

0

12 .2  

Combining results of Theorem 2.4 and Theorem 2.5, we state “sandwich theorem”. 

Theorem 2.6. Assume that 1ψ  and 2ψ  are two convex functions in D  with  

( ) ( ) 100 21 =ψ=ψ  and ( )zT  is defined by (2.6). If ( ) ∩1;,,,,,1 ψδβα∈ mkEf  

( ),;,,,,,1 2ψδβα mkF  ( ( )) [ ] QzTW
k

∩1,1
,
, H∈′δ
βα  and [ ( ) ( )zfWkm

z

k 1,
,,,,

1 +δ
βαβαϒ  

( ) ( )]zfWkm
k δ

βαβαΦ− ,
,,,,  is univalent in ,D  then  

( ) ∩1;,,,,,1 qmkET δβα∈ ( ),;,,,,,1 2qmkF δβα  

where 

( ) ( ) ( ) ( )∫ +τ+τ− ψ+τ=
z

dtttzzq
0

1
1

2
1 2   and  ( ) ( ) ( ) ( )∫ +τ+τ− ψ+τ=

z
dtttzzq

0

1
2

2
2 .2  

The functions 1q  and 2q  are convex. 
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