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Abstract

In this paper, by making use of binomial series, we define a new differential operator of
holomorphic functions in the open unit disk. Also, we introduce and investigate two new
classes containing this new operator associated with differential subordinations and
superordinations. Furthermore, we determine important properties for functions belonging
to these classes.

1. Introduction

Indicate by H(D) the collection of holomorphic functions in the unit disk D =
{zOC:|z|<1}. For nON and a OC, let Hla, n] ={f OHD): f(z) = a+a,"
+ an+1zn+1 +.-}.

Let we name by the notation A the collection of all holomorphic functions in ) and
having the form:

[e)

fR)=2+ ) a,", 0D (1.1)

n=2

“With a view to recalling the principal of subordination between holomorphic
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functions, let the functions f and g be holomorphic in D, we say that the function f is
subordinate to g, if there exists a Schwarz function w holomorphic in I with w(0) =0
and | w(z)| <1(zOD) such that f(z)=g(w(z)). This subordination is indicated by
f =g or f(z) < g(z) (zOD). Furthermore, if the function g is univalent in I, then
we have the following equivalent (see [4]), f(z)< g(z) = f(0)=g(0) and
f(D) 0 g(D).”

Definition 1.1 [6]. Let p, hOH(D) and Y(r,s;z):C>xD - C. If p and
W(p(z), zp'(z); z) are univalent functions in D and if p satisfies the first-order

differential superordination

h(z) < W(p(z), 2p'(z); 2). (1.2)

then p is called a solution of the differential superordination (1.2). (If fis subordinate to
g, then g is superordinate to ). An analytic function ¢ is called a subordinate of (1.2), if
g < p for all p satisfying (1.2). A univalent subordinate ¢ that satisfies ¢ < g for all

the subordinants ¢ of (1.2) is called the best subordinant.
Now, by making use of the binomial series

k
(1-a) = Z[Zj (-)™a™, (kON={1,2, .}, mON, =NU{0})

m=0
and for f 0A, aOR, B=0 with a+B>0 and 30N, =NU{0}, we define the

differential operator Wolf [? : A - A as follows:

Wapf (@)= £(2),

k1 oy (1-0-0)) £+ (- (-B)) o '(z) _ i
Wy pf(2) 2 (o) —(-p) Wa pf(2)
Wo]f,’gf (2) =W§,B(W§j§_1f (2)). (1.3)

If fis given by (1.1), then from (1.3), we can easily see that
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z ‘“Z[Z( j 1’”*{%}}6%1". (1.4)

n=2Lm=1
Remark 1.1. It should be remarked that the operator W B generalizes some known

operators considered earlier

(1) For k =1, the operator WOI(’ B =g 5 a,p was introduced and studied by Swamy [8].

(2) For B=1 and a > -1, the operator WOI(’? =1 g was investigated by Cho and Kim

[2] and Cho and Srivastava [3].

(3) For k=1, a=1-p and B=0, the operator Wll_’g B = Dg was given by Al-
Oboudi [1].

(4)For k =1,a =0 and 3 =1, the operator WO1 16 = 59 was considered by Saldagean
[7].

We will require the following definition and lemmas in proving our present

investigation.

Definition 1.2 [5]. Let Q be the family of all functions that are holomorphic and

injective on M\&(g), where

E(g) ={r 00D : lim ¢(z) = o},

-r
and ¢'(r) 2 0 for r 0D\ E(g). The subfamily of Q with ¢(0) = a is denoted by Q(a).
Lemma 1.1 [5]. Suppose that h is holomorphic and convex univalent function in D,

h(0) =a, A\ #0 and Re(A) 2 0. If p OH]a, n] and

P+ () < h(2), (1)
then
p(z) < q(z) < h(z),

where q(z) = )\z_}‘jgh(t)t)‘ Lt is convex and it is the best dominant of (1.5).
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Lemma 1.2 [6]. Suppose that the function h is convex in D, h(0) =a, X\ # 0 and

Re(A) =2 0. If p OH[a, n]NQ, p(z)+ %zp'(z) is univalent in D and

Wz) < pl2)+ ' (2) (16)
then
q(z) < p(z).

where ¢(z) = Az_}‘jgh(t)t)\ Lt is convex and it is the best subordinant of (1.6).

2. Key Lemma and Main Results

Before stating and proving our main results, we first establish the following
identities involving the operator defined by (1.4):

Lemma 2.1. Assume that f 0 A, aOR,B>0,a+B>0,00N, = NU{0} and

the operator Wy'g is defined by (1.4). Then

WS F () = Y(a, Bom, )W g ™ f(2) = e, B )W g f (), @)

where  Y(a, B, m, k) and ®(a,B, m, k) have the following binomial series

representations:
Y(a, B, m, k) = im(— 1)”’+1[(5Jm + 1} (2.2)
m=1" B
and
o(a, B, m, k) = i(kj(— 1)m+1(3jm. 2.3)
m=1\" B

Proof. In the light of (1.4), we find that

Yia, B m, WES £ (2) - o(a, B.m, WEL(2)
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{2 {(5T o Zeor (5 e
s [ 8 D e I
5 3 B (et oo

e &[Sl e ()
e e (o

e S S (e e

= 2Wy g (2D,

which establishes the identity (2.1).

Definition 2.1. Assume that ) is an holomorphic and convex univalent function in
D with P(0)=1 and a OR, n,B>0, a+B>0, dUN, =NU{0}. A function
fOA is called in the family E(n, o, B, d, k, m; ) if the following differential

subordination is satisfied:

Z

L - (e, B, K)WEL£(2) +n¥a, B, WSS (2] < ().

A function fOA is called in the family F(n, a,p, d, k, m; ) if the following

differential superordination is satisfied:

W(e) < [0 = n¥la. B, )WERT () + YT Bom. kW ()L

where Y{(a, B, m, k) is given by (2.2).
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Theorem 2.1. Suppose that U is a convex function in I with PY(0) =1 and n > 0.
If fOE(N, a,B,d,k, m;Y), then there is a convex function q such that q(z)< Y(z)
and £ OE(0. a, B, 5. k. m: q).

Proof. Assume that

, 00 1)
p(z)=W"+ﬂZ)=1+Z[i[ ] 1”’*1(%H a,z" L. (2.4)

n=2Lm=1 a” + B
It is obvious that p O H[1, 1].

Since f OE(n, a, B, 8, k, m; ), we find that
Leo k.3 k, 5+
, B, m, fa , , B, m, fo , ). .
;[(1 nY(a, B, m, k))Wogf(z) + nY(a, B, m, k)Wo g™ f(2)] < w(z). (2.5
Now from (2.1), (2.4) and (2.5), it is evident that
—[(1-nY(a B. m. k) Wy g f(2) + nY(a, B, m, k)Wo g™ £(2)]
= p(z) +nzp'(2) < W(2).

By making use of Lemma 1.1 with A = l we deduce that
n

p(z) < q(z) < w(z).

It follows from (2.4) that

2)
’T < q(z) < W(z),

where

—

,——z”I n

This shows that f 0 E(0, a, B, 8, k, m; g) and the proof is completed.

Theorem 2.2. Suppose that | is a convex function in I, with Y(0) =1 and n > 0.

http://www.earthlinepublishers.com



New Differential Operator for Holomorphic Functions 533

Waos f(2)

If fOF(n, a,B,d k, m ), OH[1, 1N Q and

k,0+1
—[(1— Yia, B, m, K))Wy g f(2) +nY(a, B, m, k)Wo'p ™ £ (2)]
is univalent in 1), then there is a convex function q such that f 1
F(0, a, B, d, k, m; q).

Proof. Assume that the function p is defined by (2.4). It is evident that
pOH[1,1]NQ. By routine computations and considering f O F(n, a, B, 8, k, m; ),

we conclude that

W(z) < p(z) +nzp’(2).

By making use of Lemma 1.2 with A = l, we obtain

q(z) < p(2).
In view of (2.4), yields

where
——z ”j t” dt
If we combine the results of Theorem 2.1 and Theorem 2.2, we obtain “sandwich

theorem”.

Theorem 2.3. Assume that Y, and Y, are two convex functions in I with J;(0)

=Yy(0)=1 and n>0. If fOEMN,a,B, &k m; ) F(n,a,B,d k, m; Y,),
k,0

Wo g/ (2)

BT ML 1N Q and
Z

L0 =Y B )W R () + YT B W™ (2]
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is univalent in ), then
f D E(O7 aa Ba 67 k7 m; ql)ﬂ F(07 a, B7 6, k7 m; q2)$
where

1 1,

1 12 n
=—z N )" dr
MORRINT0
and

L

1
L Py,
0@ =2 [ WO

The functions q; and q, are convex.

Theorem 2.4. Suppose that  is a convex function in D with P(0) =1 and

7(z)= 122 [ OZzT F(@)d, (zOD, Re(t) > -2). 2.6)
Z

If fOE(, a,B,d, k, m;), then there is a convex function q such that q(z)< W(z)
and T O E(l, a, B, 0, k, m; q).

Proof. Let we choose p by
p(x) = WS, (z0D). @)

Equation (2.7) shows that p [ H[l, 1]. Consider (2.6), we deduce that

HT() = (1+2) IOZrT £)dr. 2.8)

By routine calculations of (2.8), we find that
(1+2)f(2) =(t+ )T (2) +2T'()
and

I

(+2WESF(2) = (L )WEST() + W BT ()
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Differentiating the last relation with respect to z, we have

1

(Wf,’gf (2)) =(W§,’§T(Z)) = (Wé‘;é’T(z)) . (2.9)

According to f OE(1, a, B, d, k, m; ), we can write

é[v(a, Bom, )Wy 'g  f(2) = (0, B, k)W R F (] < w(z),  (2.10)
where Y(a, B, m, k) and ®(a, B, m, k) have the forms (2.2) and (2.3), respectively.
Implementing (2.1) in (2.10), gives us
Wedr () < w(e). (2.11)

In the light of (2.9) and (2.11), we deduce that

4
T+2

(W dT(2)) +—— (W 8T(2) < W(z). (2.12)

Replacing (2.7) in (2.12), we can easily obtain that

p(z)+ zp'(z) < W(z).

T+2
Applying Lemma 1.1 with A =T +2, leads us to

p(z) < q(z) < ¥(z).
By virtue of (2.7), yields
WEST() < ()< (2).

where

q(z) = (1 + 2)z_(r+2)J.OZqJ(t) " lar.

Theorem 2.5. Suppose that ) is a convex function in D with PY(0) =1 and T(z) is

defined by (2.6). If fOF(l,q,B, 8,k m ), (Wé‘;gT(z))'DH[l, 1NQ and

l[Y(O(, B, m, k)WO]:’gﬂf(z) - ®(a, B, m, k)Wolf’gf(z)] is univalent in D, then there
p , ,

exists a convex function q such that T O F(1, o, B, 8, k, m; q).
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Proof. Let the function p be defined by (2.7). It is evident that p O H[l, 1]N Q. By

routine computations and considering f O F (1, a, B, o, k, m; l]J), we conclude that

1
T+2

W(z) < pl2) + — 2'(2).
Applying Lemma 1.2 with A =T +2, yields ¢(z) < p(z).
From (2.7), we can write

4(z) < W T (2)) .

where
q(z) = (t+ 2)z_(T+2)I;w(t)tT+ldt.

Combining results of Theorem 2.4 and Theorem 2.5, we state “sandwich theorem”.

Theorem 2.6. Assume that P, and Y, are two convex functions in D with

W,(0)=w,(0)=1 and T(z) is defined by (2.6). If fOE( a,p, 8, k m; ;)N
F(L o, B, 8 &, m; ), (WO’;;[?T(Z))' OH[L1NQ and %[Y(a, B, m, k)W(f;g” 1)
- (0, B, m, )Wy g f(2)] is univalent in D, then

TOE(Q a,B, 8 k, myq)N F(l, a, B, d, k, m; q3),
where

q(z) = (1+ 2)1_(T+2)J'0Zw1(t)tr+1dt and q,(z) = (T + 2)2_(T+2)I()Zlb2(t)tr+ldt.

The functions q and q, are convex.
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