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Abstract 

The purpose of the present paper is to introduce a new extension of extended Beta 

function by product of two Mittag-Leffler functions. Further, we present certain results 

including summation formulas, integral representations and Mellin transform. 

1. Introduction 

The classical Beta function is defined in [11]: 
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where ( )xΓ  denotes the classical Gamma function defined in [11] 
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In 1903, Mittag-Leffler [6] introduced the function ( )zEα  defined by 
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The generalized Mittag-Leffler function ( )zE βα,  [12] is defined by 
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Afterward, Prabhakar [7] defined the generalized Mittag-Leffler function by 
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Recently, many authors have introduced certain extensions of extended Gamma and 

Beta functions (1.3) and (1.1) (see [1, 2, 3, 4, 5, 8, 9, 10]). 

The following two extended Beta functions are introduced by Chaudhry et al. [4] and 

Choi et al. [5] respectively: 
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and 
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The following extended Beta function is given by Rahman et al. [9]: 
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( ) ( )( ).0,,0,0Re,0Re ≥>α>> qpyx  

Also, Al-Gonah and Mohammed [1] introduced the following extension of Gamma 

and Beta functions: 
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Afterwards, Atash et al. [2] introduced the following extension of Beta function: 
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In the present paper, we introduce a new extension of Beta functions in the following 

form: 
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Remark 1. 

  (i) For ,1=γ  equation (1.13) reduces to extended Gamma function (1.12). 

 (ii) For ,1=β=γ  equation (1.13) reduces to extended Beta function (1.9). 

(iii) For ,1=β=α=γ  equation (1.13) reduces to extended Beta function (1.8). 

(iv) For 1=β=α=γ  and ,qp =  equation (1.13) reduces to extended Beta 

function (1.7). 

(v) For 1=β=α=γ  and ,0== qp  equation (1.13) reduces to the classical Beta 

function (1.1). 
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2. Properties and Formulas 

In this section, we present certain properties of extension Beta function including 

summation formulas, integral representations and Mellin transform. 

Theorem 1. The following summation formulas hold true: 
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Proof. From (1.13), we have 
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Now, interchanging the order of summation and integration in the above equation and 

using (1.13), we obtain the required result (2.1). The proof of (2.2) is similar to that of 

(2.1) and we use here the generalized binomial theorem 
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Theorem 2. The following summation formula holds true: 
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Proof. For proof of (2.3) we use the mathematical induction on ( )0N∈n  as 

follows: 

Clearly, for 0=n  the equation (2.3) holds. 

For ,1=n  we have  
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Therefore, the equation (2.3) holds for .1=n  

Continuing this process for all ( ),0N∈n  we finally obtain the desired relation (2.3).  

Remark 2. 

  (i) If ,1=γ  then (2.4) reduces to a known result of Atash et al. [2]. 

 (ii) If 1=β=α=γ  and ,qp =  then (2.4) reduces to a known result of Chaudhry 

et al. [4, p.23 (3.1)]. 

(iii) If ,1=β=α=γ  then (2.4) reduces to a known result of Choi et al. [5, p.362 

(3.1)]. 

(iv) If ,1=β=γ  then (2.4) reduces to a known result of Rahman et al. [9, p.7 (3.1)].  

 (v) If 1=β=α=γ  and ,0== qp  then (2.4) reduces to a known result for the 

classical Beta function. 

Theorem 3. The following integral formula holds true: 
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Under stated conditions of the above integral, the order of integration can be 

interchanging. Therefore, we have 
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Finally, using the result (1.13), we obtain the desired result. 

Remark 3. 

 (i) The special case 1=γ  of (2.5) reduces to a known result of Atash et al. [2]. 

(ii) The special case 1=β=α=γ  of (2.5) reduces to a known result of Choi et al. 

[5, p.360 (2.1)]. 
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Theorem 4. The following integral representations for ( )( )yxB qp ,,;
,

βαγ  holds true: 
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Proof. To prove the formula (2.6), putting θ= 2cost  in (1.13), we have 
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Similarly, the formulas (2.7) and (2.8) can be proved by taking the transformation 
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Theorem 5. The following Mellin transformation formula holds true: 

( )( )
( )

( ) ( )( ) ( )( )∫ ∫
∞+γ

∞−γ

∞+γ

∞−γ
γβαγβαβαγ ΓΓ++

π
=

i

i

i

i
qp vuvyuxB

i
yxB

1

1

2

2

,,
0

,,
02

,;
, ,

2

1
,  

,dudvqp
sr −−×                                                                        (2.9) 

( ) ( ) ( ) ( )( ).0,,0,,0Re,0Re,0Re,0Re 21 >γγ≥>β>α>> qpyx  



Salem Saleh Barahmah  48 

Proof. Clearly, by applying the definition of Mellin transformation to the right hand 

side of (2.5), we obtain  
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Now, by taking the inverse Mellin transformation on both sides of (2.10), we get the 

desired result. 

Remark 4.  

   (i) If ,1=γ  then (2.10) reduces to a known result of Atash et al. [2]. 

  (ii) If ,1=β=γ  then (2.10) reduces to a known result of Rahman et al. [9, p.5 

(2.2)]. 

(iii) If 1=β=α=γ  and ,qp =  then (2.11) reduces to a known result of Chaudhry 

et al. [4, p.28 (5.1)]. 

  (iv) If ,1=β=α=γ  then (2.11) reduces to a known result of Choi et al. [5, p.365 

(4.2)]. 
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