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Abstract

The purpose of the present paper is to introduce a new extension of extended Beta
function by product of two Mittag-Leffler functions. Further, we present certain results

including summation formulas, integral representations and Mellin transform.

1. Introduction

The classical Beta function is defined in [11]:

I -1 -1
B(x, y) = -[Ot (1-1)""ar,  (Re(x) >0, Re(y) > 0) (1.1)
- % Re(x) > 0, Re(y) > 0, (12)

where I(x) denotes the classical Gamma function defined in [11]
M(x) = j . *le7ldr,  (Re(x) > 0). (1.3)

In 1903, Mittag-Leffler [6] introduced the function E4(z) defined by
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—_ Z
E“(Z)_r;)—r(anﬂ)’ a>0,z0C (1.4)

Ey(z) = "
The generalized Mittag-Leffler function Ey g(z) [12] is defined by

n

Eqp(z) = Z_:‘)m (a, O C, Re(a) > 0, Re(B) > 0). (1.5)

Eq,1(2) = Eq(2).

Afterward, Prabhakar [7] defined the generalized Mittag-Leffler function by

~ W,
EJ’B(Z)_’;WE’ (a, B, yO C, Re(a) > 0). (1.6)

Ey p(2) = Eqp(2)-

Recently, many authors have introduced certain extensions of extended Gamma and
Beta functions (1.3) and (1.1) (see [1, 2, 3,4, 5, 8,9, 10]).

The following two extended Beta functions are introduced by Chaudhry et al. [4] and
Choi et al. [5] respectively:

B(x, y; P)z_[;fx_l(l—t)y_lexp( _P ]dt, (1.7)

t(1-1)
(Re(p) > 0, Re(x) > 0, Re(y) > 0).

and

1 _ _
B,y pia)= [ -0 exp(T” o - t)}‘”’ (1.8)

(Re(p) > 0, Re(gq) > 0, Re(x) > 0, Re(y) > 0).

The following extended Beta function is given by Rahman et al. [9]:

B () = [ e - 2 o a9

t 1-1)
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(Re(x) >0, Re(y) >0,a >0, p, ¢ =0).

Also, Al-Gonah and Mohammed [1] introduced the following extension of Gamma
and Beta functions:

(a.B.y) _ (Nt yprlgy (P
BBV (x, ) jot (1-1) ans( t(1—t)jdt’ (1.10)

Re(x) > 0, Re(y) > 0, Re(a) > 0, Re(p) = 0

and

BN = [T EY o - L (Re(p) >0) (11

(Re(x) > 0, Re(a) > 0, Re(p) > 0).

Afterwards, Atash et al. [2] introduced the following extension of Beta function:

(a,B) - P x=1g _ ay-1 _p _ 9
B P ) = [ r7-0) EG,B( t]E&B[ (l_t)]dt, (1.12)

(Re(x) >0, Re(y) > 0, Re(a) >0,BOC, p, g =0).

In the present paper, we introduce a new extension of Beta functions in the following

form:
(v:a.p) (g gy (P gy (4
B SR (x, y) = jot (1-1) EG,B( JEG,B( T _t)]dt, (1.13)
(Re(x) > 0, Re(y) > 0, Re(a) >0, p, ¢ = 0).
Remark 1.

(i) For y =1, equation (1.13) reduces to extended Gamma function (1.12).
(ii) For y = 3 =1, equation (1.13) reduces to extended Beta function (1.9).
(iii) For y = a = =1, equation (1.13) reduces to extended Beta function (1.8).

(iv) For y=a =B=1 and p =g, equation (1.13) reduces to extended Beta
function (1.7).

(v) For y=a =B =1 and p =¢ =0, equation (1.13) reduces to the classical Beta
function (1.1).
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2. Properties and Formulas

In this section, we present certain properties of extension Beta function including

summation formulas, integral representations and Mellin transform.

Theorem 1. The following summation formulas hold true:

(@) BYZP) (x,1-y) = Z_(:) (1 )'" BB (x +n, 1), 2.1)
i) BY:EB (x ) = Y BY 8B x4,y +1). (2.2)
n=0

Proof. From (1.13), we have

" P P p __4
501 e

Using the generalized binomial theorem

(1-1) Zy)n ML <1,

we obtain

,al, (y n x+tn- p q
p,qa B)(x, 1- J' Z lEg B[_ TJE&I’B[_ i _t)]dt.

Now, interchanging the order of summation and integration in the above equation and
using (1.13), we obtain the required result (2.1). The proof of (2.2) is similar to that of
(2.1) and we use here the generalized binomial theorem

00

(=0 == D" el <l.

n=0

Theorem 2. The following summation formula holds true:
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Proof. For proof of (2.3) we use the mathematical induction on (n O N;) as

follows:
Clearly, for n = 0 the equation (2.3) holds.

For n =1, we have

BB +1, y) + BYEP(x, y +1)

= [ =007 EX,B(_ ?) Eg,ﬁ(_ (1 - t)jdt

= [, e (- £ -2 EX»B[' i z)]dt

o R e L e I

= By %P (x, ). 2.4)

Therefore, the equation (2.3) holds for n = 1.

Continuing this process for all (n 0 N)), we finally obtain the desired relation (2.3).

Remark 2.
(1) If y =1, then (2.4) reduces to a known result of Atash et al. [2].

@) If y=a=pf=1and p =g, then (2.4) reduces to a known result of Chaudhry
etal. [4, p.23 (3.1)].

(iii)) If y = a =B =1, then (2.4) reduces to a known result of Choi et al. [5, p.362
(3.1)].

@iv) If y =B =1, then (2.4) reduces to a known result of Rahman et al. [9, p.7 (3.1)].

v If y=a=p=1and p =g¢g =0, then (2.4) reduces to a known result for the
classical Beta function.

Theorem 3. The following integral formula holds true:

1

[—(gG,B’ y)(u) r(ga,B, y)(v) = m

jo _f . Pl BYEP(x, y)dpdg  (2.5)
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(Re(x +u) >0, Re(y +v) >0, Re(a) >0
Re(B) > 0, Re(p), Re(g) > 0, Re(u), Re(v) > 0).

Proof. From (1.11), we have

(a.B.y) (L BY) () = X+u ytv u- 1 v=1py Y ([
o ()T ()= Bt n, y+vJ- I w E] B( )E(X,B( z) dwdz

- 1 Iltx+u—1(1 _ t)y+v—1
B(x+u, y+v)Jdo

L u- 1 v=1ry y B
X{IO J‘0 v Eq [3( W)Ea,p( Z)dwdz}dt.

P __ 4
Substitutin, = , we get
ubstituting w = . , Z (-1 we g
1 I _
r(G»B»V) r(O‘aB’V) = I (i
0 (u) 0 (v) B(x+u,y+v) 0 ( )

{j I p“g" 7 EY B(— l;jEV (— = )jdpdq}dt

Under stated conditions of the above integral, the order of integration can be

interchanging. Therefore, we have

r{@BY) () (@B () = 1 J‘ J‘ Pl

B(x +u, y +v)

1
x=1¢ _ \y-1 Yy _£ Y -
X{J-Ot (1-1) EG,B( JEOI,B(

Finally, using the result (1.13), we obtain the desired result.

q
dt » dpdg.
1—t)H’”’

Remark 3.

(i) The special case y =1 of (2.5) reduces to a known result of Atash et al. [2].

(ii) The special case y = a =3 =1 of (2.5) reduces to a known result of Choi et al.
[5, p.360 (2.1)].
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Theorem 4. The following integral representations for ngy a.p) (x, y) holds true:

T
@) B P y) =2 2cos™ ™! Bsin™ ! GEX»B[_ : e]E‘\‘/’B[_ ejde
cos sin’

(2.6)

P x-1
(i) BY:SP(x, y) = J' gy (— M) EY (- q(l+uw)du,  @.7)

u

c

Gii) BY Pk, v) = (e =) ™7 (=) e —uy!

a

x EY B[— H] EZ’B(— "((Cc__u“;)] du. (2.8)

Proof. To prove the formula (2.6), putting ¢ = cos 0 in (1.13), we have

BB 2[ 2cos> 2 Bsin2 2 0 £ (p)
g y) = jo cos sin a8l 7g

xEy

a, [3[_ L] cos Osin 6406,

1-cos?®
T

B(y By, y)=2 2 cos2* 7 gsin 21 o EY (— L )Ey (— 9 ]d@.
P ¥) = jo Bl cos20) %PU inZe

Similarly, the formulas (2.7) and (2.8) can be proved by taking the transformation

=

and r =2~ % in (1.13), respectively.
1+u c—a

Theorem 5. The following Mellin transformation formula holds true:

Yi +joo Y2 +[oo

(v:a
By

B)(x, y B(x +u, y+v)F(g°"B’V)(u) F(SG’B’V)(\/)

9

Yo ieo

x p~"q  dudv, 2.9)

(Re(x) > 0, Re(y) > 0, Re(a) >0, Re(B) >0, p, ¢ =0, vy, Y, >0).
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Proof. Clearly, by applying the definition of Mellin transformation to the right hand
side of (2.5), we obtain

MBYEP (e, Vi p = us g — v}
=B(x+u, y+v) I_(ga’B’ y)(u) I_(ga’ﬁ’ y)(v), (2.10)
(Re(x +u) >0, Re(y +v) >0, Re(a) > 0, Re(B) >0,

Re(p), Re(g) > 0, Re(u), Re(v) > 0).

Now, by taking the inverse Mellin transformation on both sides of (2.10), we get the
desired result.

Remark 4.
(1) If y =1, then (2.10) reduces to a known result of Atash et al. [2].
(i) If y =B =1, then (2.10) reduces to a known result of Rahman et al. [9, p.5
2.2)].
(@i)If y=a =B =1 and p =g, then (2.11) reduces to a known result of Chaudhry
etal. [4, p.28 (5.1)].

@iv) If y=a = =1, then (2.11) reduces to a known result of Choi et al. [5, p.365
4.2)].
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