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Abstract

In this work, we use fractional integral and Mittag-Leffler function to obtain some results related to differential
subordination and superordination defined by Hadamard product for univalent analytic functions defined in the
open unit disk. These results are applied to obtain differential sandwich results. Our results extend corresponding

previously known results.

1. Introduction and Preliminaries

Denote by H the class of analytic functions in the open unit disk U = {z € C : |z| < 1}. For a positive

integer n and a € C, assume that #'[a , n] be the subclass of H consisting of functions that have the form:
f(@)=a+apz™+ apy 2™+ (1.1)

Also, let A be the subclass of H consisting of functions of the form:

f@)=z+ Z a,z". (1.2)
n=2
For the functions f € A given by (1.2) and g € A defined by
9@ =7+ ) bpa",
n=2
we define the Hadamard product (or convolution) of f and g by
FrD@ =2+ ) anbpz" = (g + )@,
n=2
Let f,g € A. The function f is said to be subordinate to g, or g is said to be superordinate to f, if there
exists a Schwarz function w analytic in U with w(0) = 0 and |w(z)| < 1 (z € U) such that f(z) = g(w(z)). In

such a case we write f < g or f(z) < g(z)(z € U). Furthermore, if g is univalent in U, then we have the
following equivalent (see [8]), f < g © f(0) = g(0) and f(U) < g(U).
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etp,h € H an 7,5, t2):C>xU — C.If pan p(2),zp'(2),z°p" (z); z) are univalent functions in
L h € H and C3xU C.If dy(p(2),zp'(2),2%p" (2); z) ivalent functi i

U and if p satisfies the second-order differential superordination:

h(z) < Y(p(2),zp' (2),2%p" (2); 2), (1.3)

then p is called a solution of the differential superordination (1.3). (If f is subordinate to g, then g is
superordinate to f). An analytic function q is called a subordinant of (1.3), if ¢ < p for all the functions p
satisfying (1.3). A univalent subordinant § that satisfies g < g for all the subordinants g of (1.3) is called the best

subordinant.

The Hadamard product f * g of f and g is defined by

(F D@ =2+ ) anbyz" = (g + (2.
k=2

The Mittag-Leffler function E, (z), (z € C) (see [10,11]) is defined by

o0 o
E,(2) = ;m , (@ € C Re(a)>0).

Several researchers have investigated properties of Mittag-Leffer function and generalized Mittag-Leffler
function, see for example [1,6,7,9,15]. Moreover, Srivastava and Tomovski [11] introduced the function

E i;’ (2), (z € C€) in the form:

E%:O)(z) — (f)nwzn
ap I(an+ B)n!’
n=0
where a, B, ¢ € C,Re(a) > max{0,Re(w) — 1}, Re(w) > 0 and (x),, is the Pochhammer symbol defined by

_Tx+n) 1 (n=0),
®n =~ _{x(x+1)...(x+n—1)(neN).

Definition 1.1 [3]. For f € A the operator J{, 5;’ : A — A is defined by
HERF@) = Q@)+ fD(z e V),

where

F(a + :8) {w
Mk <E

B,v € C,Re(a) > max{0,Re(k) — 1}, Re(k) > 0.

Ewp \ r
AOE F(ﬁ)),

By some easy calculations, we have

fo N T +niT(a+ )
Hopll2) =2+ ; I'(y + k)T (B + an)n! nZ

Definition 1.2 [17]. The fractional integral of order A, (A > 0 ) is defined for a function f by

1@
rJy (z-or*
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where f is analytic function in a simply-connected region of the z-plane containing the origin and the

)A—l

multiplicity of (z —{ is removed by requiring log(z — {) to be real, when (z — {) > 0.

We now, by making use of Definition 1.1 and Definition 1.2, we have

_A}[fwf(z) _ 1 Zl+/1+ r(w+nf)r(a+ﬁ)

n+1
re+2a LT+ i+ DM@+ Dr@ran ™ O

It is easily verified from (1.4) that

( SHECF (2 )) (%5)0 A5 f (o) - ( ;5)0 HE9F(2), Re(w—A8) # 0. (15)

Very recently, Xu et al. [21], Tang and Deniz [18], Rahrovi [12], Attiya and Yassen [4], Seoudy [14], Wanas
and Alina [19], Aydogan et al. [2], Sakar and Canbulat [13] and Wanas and Khudher [20] have studied

differential subordinations and superordinations for different conditions of analytic functions.

The main object of the present paper is to find sufficient condition for certain normalized analytic functions
f in U such that (f * W)(z) # 0 and f to satisfy

DAHEE(f + @)(2)
DIAHLE (f + W) (2)

q1(2) < < q2(2),

and

P2+ D) [ DFAHELF + 9@ + 60735 (F @)\
(t; + tp)z1+2

q:1(2) < < q2(2),

where q; and g, are given univalent functions in U and ®(z) =z + Z t,z", Y(2) =z + Z Qpz" are
n=2 n=2

analytic functions in U with ¢, = 0, ¢, = 0 and t,, = ¢,. Also, we obtain the number of results as their special
cases.

To establish our main results, we need the following definition and lemmas:

Definition 1.3 [8]. Denote by Q the set of all functions f that are analytic and injective on U \ E(f), where

E(f)= {( € BU:liB}f(z) = oo}
and are such that f'({) # 0 for { € AU\E(f).

Lemma 1.1 [8]. Let q be univalent in the unit disk U and let 0 and ¢ be analytic in a domain D containing q(U)
with p(w) # 0 when w € q(U). Set Q(z) = Zq’(Z)d)(q(Z)) and h(z) = B(q(z)) + Q(2). Suppose that
(1) Q(z2) is starlike univalent in U,

zh'(2)

() Re { e

}>OforZEU.

If
8(p(2)) + zp' (D) d(p(2)) < 0(q(2)) + 2q' (2)p(q(2)), (1.6)

then p < q and q is the best dominant of (1.6).
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Lemma 1.2 [S]. Let q be convex univalent in the unit disk U and let 8 and ¢ be analytic in a domain D
containing q(U). Suppose that

6'(q(2))
¢(a(2)

(I)Re{ }>Of0rZEU,

2)Q(z) = Zq'(Z)qb(q(z)) is starlike univalent in U.
Ifp € H [q(0),1] n Q, with p(U) < D,8(p(2)) + zp'(2)p(p(2)) is univalent in U and

0(a(2) + 24" (@D d(a(2)) < 6(p()) + 20" (@ $(p(2)), (1.7)
then q < p and q is the best subordinant of (1.7).

2. Main Results

Theorem 2.1. Let ®,¥ € A, p,y, 1, &,0,T,8 € C such that § # 0 and o, T are not simultaneously zero, q be

convex univalent in U with q(0) = 1 and assume that

R 2 s, _ZTZq’(z)> 2q"(2) }
Re{aq(z)_l_T( e+vq°(2) + 2uq°(2) — 0zq'(2) o) + o) +1¢>0. (2.1)

If f € A satisfies the differential subordination

ag

LT
q(z) ~ q*(2)

£
N, (f,®, ¥, 0,7, 14,50,7,6,a,B,§wA;z) <p+yqz) +uq?(z) + o) + ( )zq’(z), (2.2)

where

Nl(fr cbrlp;p;yr,ur g0,T, 6; alﬁ’fl (I),A, Z)

DFAFLEH(f + @)(2) ’ DIAHS T (f * ®)(2) ’
=p+ +
P Ajffw(f «W)(2) vk ‘A}[fw(f « W)(2)
/1 ¢ 8 /1 ¢ 8
~Ag( P H « P
.. HGRJCR NN Se(f « w)(2)

D'Wér W+ @)(2) D_W: 2 0)(2)

(w+ 1+ g> DKL (f + 0)(2) (w+ g)D-A}f“’“(f*sv)(z) 23
. .

¢ AR (f D) (2) § / DFAHLE (F ) (2)
then

DAHLE™ (f * @)(2)
DG (f + ¥)(2)

<q(2)

and q is the best dominant of (2.2).

Proof. Let the function p be defined by
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DAHEEH(f + @)(2)
DTS (f + W)(2)

p(z) = , (zel). (2.4)

Then the function p is analytic in U and p(0) = 1.

A simple computation using (2.4) gives

ww_ (205 Ml (F o)) 2 (D @)

P@ T\ DAHET(f « 9)(2) DAL (f + W) (2)

In view of (1.5), we obtain

2p'(2) <w+1+f) DAL A (f * #)(2) (e g) DAL (f + ) (2)
p(2) § I uietied)@ N DAHE(F @) |

Also, we find that

£ o
p+yp(z)+“p2(z)+p(z)+( )Zp’(z):Nl(f’q)’lp’p’y’ﬂigio-"[lala’ﬂ’e’wlz’;z)’ (2'5)

T
+
p(z) p*(2)
where N, (f, ®,¥,p,v, 1, ¢,0,7,6,a,5,& w,; z) is given by (2.3).
By using (2.5) in (2.2), we have

2 & g T ,
p+vp(2) +pup*(z) + ) + (p(z) + pz(z)) zp'(z)

ag

£ +( Lt
qz)  \q(2) q*(z)

<p+7a() + gt (@) + )za'@.

By setting
T

€ o
0 = 24— d =—+—
W) =p+yw+uw +W and ¢(w) w+w2'

it can be easily observed that 8(w) and ¢ (w) are analytic in C \ {0} and that ¢p(w) # 0,w € C \ {0}. Also, we
get

0@ = 24'D9(4() = =+ =) 24’ ()

( (Z) q*(2)
and

o T
1@ @
In light of the hypothesis of Theorem 2.1, we see that Q(z) is starlike univalent in U and

2rzq’(z)> N zq"(2)
q(z) q'(2)

&
h(2) = 6(a(2) + (@) = p +74(@) + ua* (D) + s+ )20 @.

Re zh'(z) - R 1 —e+ 2()+2 3()_ "(z) - +1:;>0
€ oq(z)+1 ETYTZ Haz 7ea .

Q(2)
Hence the result is now followed by an application of Lemma 1.1.

By fixing ®(z) = ¥(z) = é in Theorem 2.1, we obtain the following corollary:
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Corollary 2.1. Let p,y, 1, €,0,7,8 € C such that § + 0 and o,7T are not simultaneously zero, q be convex
univalent in U with q(0) = 1 and assume that (2.1) holds true. If f € A satisfies the differential subordination

NaF ., 1, ,0,7,8,0,8,6,0,:2) < p+¥4(2) + g% + s+ (s + s ) 0@, (@26)

where

Nz(f’p’y’HJSlalrlala’ﬁlflwll;z)

DA f (2 N D;AHE “’“f<z)
—_— + _—
pacser@ |\ I\ bt

DAL f(2)
"17{5 w+1f(z)

D;H R f(2)

+6|lo+T1| ————
_1%5w+1f()

+¢

(a)+ 1+ §> DS (2) (a)+ 5) DA f (2)
D,

2.7
f A:H*f w+1f( ) f DZ—A}[f;’f(Z) ( )
then
_A}fg w+1f( ) . (Z)
DU )

and q is the best dominant of (2.6).

Theorem 2.2. Let ?,¥ € A, p,v, 1€, 0,7T,6 € C such that § # 0 and o, T are not simultaneously zero, q be

convex univalent in U with q(0) = 1 and assume that

Re {% (g% (2) + 213 (2) — s)} > 0. (2.8)

Let f € A,

DTG (f + @)\
DFAH S (f x W)(2)

€ Hlg(0)1]nQ

and N, (f,®,¥,p,v, 1, €,0,7,6,a,B,¢, 0, A; z) as defined by (2.3) be univalent in U. If

& g T
+ z + 2 Zz + +< + )Z ,Z <N rcbrlpr Il Iglo-"[l(s’al ’ ,(A),A;Z, 29
p+vq(z) + uq*(z) OO0 q'(z) < N.(f PV, 1 B¢ ), (2.9)
then

DKL (f + @)(2)
DFAFLE (f W) (2)

q(z) <

and q is the best subordinant of (2.9).
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Proof. Let the function p be defined by (2.4).

In view of (1.5), the superordination (2.9) becomes

p +vq(2) + uqg*(2) + )zq’(Z)

& +< g n T
q(z) \q(z) q%*(2)

2 o T
<p+yp(2) +up*(2) +

: +( +
p(z) \p(2) p*(2)

)zp’(z).

By setting 8(w) = p + yw + uw? + — and p(w) = — + , it is easily observed that 8(w) and ¢(w) are
analytic in C \ {0} and that ¢p(w) # O, w € C\ {0}. Also, we get

o (q(z))} {ﬂ 2 30y }
e {¢(CI(Z)) ke oq(z) + -(va*(2) + 2uq”(2) — &) > 0
Now Theorem 2.2 follows by applying Lemma 1.2.

By fixing ®(z) = ¥(z) = é in Theorem 2.2, we obtain the following corollary:

Corollary 2.2. Let p,y, 1, &,0,7,8 € C such that § + 0 and o,7T are not simultaneously zero, q be convex
univalent in U with q(0) = 1 and assume that (2.2) holds true. Let f € A,

S5
_;13_[5,w+1f(z)
W H[q(0),1] n
HECF(2)
and N, (f, p,v, 1, €,0,7,06,a, B, &, w, A; z) as defined by (2.7) be univalent in U. If

g

Lt
q(z) ~ q*(2)

p+vq(2)+ uq*(2) + qu) + ( )Zq’(Z) <N,(f,p,v,1,8,0,7,8,a,8,¢,w,4;,2), (2.10)

then

9(2) < #
HEf ()
and q is the best subordinant of (2.10).

Concluding the results of differential subordination and superordination, we state at the following sandwich
result.

Theorem 2.3. Let q; and q, be convex univalent in U with q;(0) = q,(0) = 1, p,y,u,&,0,7,8 € C such
that § # 0 and o, are not simultaneously zero. Suppose q, satisfies (2.1) and q4 satisfies (2.8). For f,®,¥ €
A, let

5
DAHLEH (f + @)(2)
DIAHLE (f « ¥)(2)

H[1,1]n Q

and N, (f, D, W,p,v,1,&,0,7,0,a,B,&, w, A; z) as defined by (2.3) be univalent in U. If

& g T
+vq:(2) + pugi(2) + +< + )z 1(@2) < N(f, D, ¥, p,7,1,60,7,68,aB,&w A z)
p+vq: uqi NOMCION 5 q1 1 (f PVl B¢
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162 Noor Yasser Jabir and Abbas Kareem Wanas

2 & g
<p+vq:(2) + uqz;(2) + ) <q2 O )> 2q5(2),
then
DAFCE S (f + @) ( N
0:(2) < =) <e@

DA (f W) (2)

and qq, q, are respectively the best subordinant and the best dominant.
By making use of Corollaries 2.1 and 2.2, we obtain the following corollary:

Corollary 2.3. Let q; and q, be convex univalent in U with q1(0) = q,(0) =1, p,v, 1, €,0,7,8 € C such
that § # 0 and 0,7 are not simultaneously zero. Suppose q, satisfies (2.1) and q, satisfies (2.8). For f € A, let

DR (2 )\
DI f(2)
and N, (f, p,v, 1, &,0,7,06,a, B, &, w, A; z) as defined by (2.7) be univalent in U. If

eH[1,1]1nQ

ag

Lt
0:(2)  qi(2)

&
<p+vq:(2) + nqi(2) + wot <

&
p +vq:1(2) + uqi(z) + ne) + < )Zq{(Z) <N (f,p.v,,&,0,7,6,a,3,¢,w,4; z)
1

o n T
12(z)  q%(2)

) 2q5(2),

then

AR

A}ff;;f(z) < qZ(Z)

q1(2) <

and qq, q, are respectively the best subordinant and the best dominant.

Theorem 24. Let @, Y €A, p,y,l¢&0,1T,8,t1,t; €C such that § #0,t; +t, #0, and o,T are not
simultaneously zero, q be convex univalent in U with q(0) = 1 and assume that (2.1) holds true. If f € A

satisfies the differential subordination

& o T
N;(f,@,%¥,p,7, 1, 60,7,6,a,B,& w,Aty,t52) < p+yq(z) + pnq*(z) + +( + )z "(z), (2.11
3(f Py, B.§ 1vt2;2) < p+vyq(2) +pq*(2) FEMOMTEO) q'(z), (2.11)

where

N3(fr ¢r llu;p;y;.u; Er O-ITI 61 arﬁ: wrfrlr t]_r tZ;Z)

P+ ) [6DFHELT (f + 9)@) + 6DHES ( + )@]\
(t; + tp)z1+4

F@+ ) [6D72358 ™ (f * @)(2) + DA H (f + ¥)(2)] ’
(t1 + tp)z1+

Xly+tu
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S
(ty + )z
+e
T2+ ) [t,DFAHE () (2) + D715 (F + ) (2)

[
+0|o+1 (t + t)z""
@+ ) [ DFAFSE T (F + )(2) + 6D AHL G (f +¥)(2)]

(el 0 0@ + (SEER) T - ) @)
DML (f + @)(2) + DAL (F + W)(2)

. ‘, [(w;rs‘) Z—Ag_[f.wﬂ(f « W) (2) + (%) —Ag_[é’[c;(f . '{’)(z)]

. (212
tlDZ"l}ff“’“(f * ®)(2) +t,D ‘lﬂf;’(f *W)(2) (2.12)
then

2+ 2 [t DG (f + @)(2) + t,D; 2365 5 (f * '{’)(z)]
(ty + t)z'*4

<q(2)
and q is the best dominant of (2.11).

Proof. Let the function p be defined by

M@+ 2) [0S (f + )@ + 6D+ @)\
P = (ts + £)z172

, (z €U). (2.13)
Then the function p is analytic in U and p(0) = 1

A simple computation using (2.13) gives

zp'(2) _
p(z)

tz (D-l}ff""“(f . CD)(Z)), + tzz< DIAHEL(f » Lp)(z))

1+21) |
8 DFAHEE T f * @)(2) + DT KT (f + W) (2) Sy

In view of (1.5), we obtain

'@ _ (5 (25 D235 2 (f » ) () + (=2
p(z)

) DA (f + ) ()]
6 DFMHLE T (f + @)(2) + DAL (f + W) (2)

Ll g e s (Lt ]y
BDFAH S (F * @)(2) + D7 AHE (f < W)(2) S

Also, we find that

T
,0 +VP(Z) +[lp (Z) + p(Z) + (p(z) +p2(Z)) Zp (Z) = NS(f' (D,‘I—’,p,y,y,g,o,'[,é' a B 5 w /1 tl t2 Z)

(2.15)
where N3 (f, ®, ¥, p,y,u,€,0,7,6,a,B,¢, w, A, t1, ty; z) is given by (2.12)

Earthline J. Math. Sci. Vol. 15 No. 2 (2025), 155-168
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By using (2.15) in (2.11), we have

o 4 T
r(2) p*(2)
o

2 £ T ’
<p+vq(2) +uq(2) + @ + (q(z) + q2(z)) 2q'(2).

€ !
pHP() +p*(@) + s+ )ar'@)

By setting
T

£ o
0 = 24— d ==+ —,
W)y=p+yw+uw +W and ¢(w) W+WZ

it can be easily observed that 8(w) and ¢(w) are analytic in C \ {0} and that ¢(w) = 0,w € C \ {0}. Also, we
get

Q) = 20/ @D9(4@) = (775 + 2524 @

and

o T
i@ ' P
In light of the hypothesis of Theorem 2.4, we see that Q(z) is starlike univalent in U and

ZTzq’(z)> N zq"(2)
q(z) q'(2)

€ !
W) = 6(a()) +Q(2) = p+ya(2) + ua* () + s )za'@).

Re{zh’(z)}_Re{;<_€+ 2(Z)+2 3(2)—0'Z "(z) —
Q@ " log@ +t " M '

Hence the result is now followed by an application of Lemma 1.1.

+1}>O.

By fixing ®(z) = ¥(z) = é in Theorem 2.4, we obtain the following corollary:

Corollary 2.4. Let p,V, U, €,0,7,6,t1, t, € Csuch that § # 0,t; + t, # 0 and o, T are not simultaneously zero,
q be convex univalent in U with q(0) = 1 and assume that (2.1) holds true. If f € A satisfies the differential
subordination

g

Lt
q(z) ~ q*(2)

&€
N4(frpr]/rﬂi §0,T, 6; arﬂrf! (A),A, tll tZ;Z) < p + VCI(Z) +”q2(z) + q(Z) + ( )Zq,(z)r (216)

where

N4'(f’ pY,UhEOo,T, 6; alﬁl fl w, A, tl! th Z)

F2+ D[t DFAHEE f(2) + t,D;43¢) ;;’f(z)]
(t; + ty)z1+2

T2+ D[t DFAHTE T f(2) + t,D7 23] ,‘;’f<z>]
(t1 +tp)z1+2

Xly+tu

F2+ DD HEE T f(2) + D743 ;;’f(z)]
(ty +tz)z'*

+&
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I+ D[t DFAHTG f(2) + t,D7 A3 ,‘;’f<z>]
(ty + tp)z1*4

n (M) 09 e ) + () e @)

tln—mf O e 4+ t,D7ARE @

+6| o+1

X

t, [(w+$) —/’13_[50)+1f( ) +(w—s(§z/1—1)) A}[f«;f(z)]

¢
_|_
tDFAHE S (2) + DK f(2)

(2.17)

then

F@+ DD HEE T f(2) + D743 ;;’f(z)]
(ty +tx)z'*

<q(2)

and q is the best dominant of (2.16).

Theorem 2.5. Let ®,¥ € A,p,¥,U,€,0,7,0,t1,t5 €C such that § #0,t;+t, #0 and o0,T are not
simultaneously zero, q be convex univalent in U with q(0) = 1 and assume that (2.8) holds true. Let f € A,

(2 + D[t DFAHTE T (f « @) (2) + D7 H 5 (f + ¥)(2)] ’
(t; + t)z1*4

Hlq(0).1]n

and N3 (f, ®,¥,p,v, 1, €,0,7,6,a,B,&,w, A, t1, ty; z) as defined by (2.12) be univalent in U. If

2 & g T ,
P+ YD) + 1P @) + s+ (o5 + s ) 2 (@)

<N;(f,®,¥,p, v, 1b€,0,7,8,a,B,& w, A ty, ty; 2), (2.18)

then

P+ DIEDFAHELF 5 9)(2) + 6D HE(f = )]
(t; + tp)z1+4

q(z) <

and q is the best subordinant of (2.18).
Proof. Let the function p be defined by (2.13).

In view of (1.5), the superordination (2.18) becomes

p +vq(2) + uqg*(2) + )zq’(Z)

£ +< o N T
q(2) \q(2) q*(2)

2 o T
<p+yp(2) +up*(2) +

: +( +
p(z) \p(2) p*(2)

)zp’(z).

By setting 8(w) = p + yw + uw? + % and ¢p(w) = % + ﬁ it is easily observed that 8(w) and ¢(w) are
analytic in C \ {0} and that ¢p(w) # 0,w € C \ {0}. Also, we get
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s (q(z))} {ﬂ 2 3.y }
e {¢(Q(Z)) ke aq(z)+1(yq (z) +2pq>(z) —€)¢ > 0.

Now Theorem 2.5 follows by applying Lemma 1.2.
By fixing ®(z) = ¥(z) = é in Theorem 2.5, we obtain the following corollary:

Corollary 2.5. Let p,y, i, €,0,7,06,t1,t5 € Csuch that § # 0,t; + t, # 0 and o, T are not simultaneously zero,
q be convex univalent in U with q(0) = 1 and assume that (2.8) holds true. Let f € A,

F2+ D[t DFAHEE T f(2) + t,D; 43¢ ;;’f(z)]
(t; + ty)z1+2

€ H[q(0),1]n

and N,(f, p, v, 1, &,0,T,6,a, B, &, w, A, tq, t3; ) as defined by (2.17) be univalent in U. If

p + ]/q(Z) + ”qz(z) + Zq’(z) < N4(f'p'V;Hr g0,T, 6; arﬂrf' (I),A, tll tZ;Z)i (219)

£ +< o 4 T )
q(z) \q(2) q*(2)

then

P2+ D67 f(2) + t,D7 23] ;;’f(z)]
(ty +tx)zt+2

q(z) <

and q is the best subordinant of (2.19).

Concluding the results of differential subordination and superordination, we state at the following sandwich

result.

Theorem 2.6. Let q; and q, be convex univalent in U with q1(0) = q,(0) = 1, p,y, L, &,0,T,6,t4, t, € C such
that § # 0,t; +t, # 0, and o, T are not simultaneously zero. Suppose q, satisfies (2.1) and q, satisfies (2.8).
For f,®,W € A, let

T2+ D[6DFMHLE ™ (f « @) (2) + DAL (f + »N\
(t1 + tp)z1*2

e H[1,1]1n0Q

and N3(f, ®,¥,p, v, 1, €,0,T,8,a,,&, w, A, t1, ty; z) as defined by (2.12) be univalent in U. If

& g T
+vq.(2) + uq?(z) + +< + )z 1(2) < N3(F, 2, %, 0,7, 11, €,0,7,8,a,B,& w, A, ty, ty; Z)
pP+vq: Uqi OO0 41 3(f Py, 1 B¢ 1t

<P +y3:(2) + ng3(2) + — +< S )zqé(z)
QZ(Z) QZ(Z) q%(Z) '
then

(2 + D6 DFAHE ™ (F + @)(2) + 6D A3 5 (f + w1\
(t; + tp)z1+4

q1(2) < < q2(2)

and qq, q, are respectively the best subordinant and the best dominant.

By making use of Corollaries 2.4 and 2.5, we obtain the following corollary:
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Corollary 2.6. Let q, and q, be convex univalent in U with q;(0) = q,(0) = 1,p,y, 1, &,0,7,8,t1,t, € C such
that § # 0,t; +t, # 0, and o, T are not simultaneously zero. Suppose q, satisfies (2.8) and q, satisfies (2.1).
For f € A, let

2+ D[6DF M f(2) + t,D; 43 ;;’f(z)]
(t; + tp)z1+2

e H[1,1]nQ

and N,(f,p,v, 1, &,0,T,6,a, B, &, w, A, ty, ty; ) as defined by (2.17) be univalent in U. If

p+vq:1(2) + uqi(2) + )Zq{(Z) <Ny(f,p, v, 1,60,7,8,a,B,¢ w, A ty, ty;2)

£ +< o N T
q1(2) q1(2) Qf(z)

<P+ Y02 + @)+ — +< 2
? ’ q2(2)

Lt
1:(z)  q%(2)

> 2q5(2),

then

F2+ DD f(2) + D743 ,‘;’f(z)]
(ty + tp)z'*

q1(2) < < q2(2)

and qq, q, are respectively the best subordinant and the best dominant.
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